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To the memory of
Sergey L’vovich Sobolev
on the occasion of his centenary



Main Topics

Sobolev’s discoveries of the 1930’s have a strong influence on de-
velopment of the theory of partial differential equations, analysis,
mathematical physics, differential geometry, and other fields of math-
ematics. The three-volume collection Sobolev Spaces in Mathematics
presents the latest results in the theory of Sobolev spaces and appli-
cations from leading experts in these areas.

1. Sobolev Type Inequalities

In 1938, exactly 70 years ago, the original Sobolev inequality (an embed-
ding theorem) was published in the celebrated paper by S.L. Sobolev “On
a theorem of functional analysis.” By now, the Sobolev inequality and its
numerous versions continue to attract attention of researchers because of
the central role played by such inequalities in the theory of partial differ-
ential equations, mathematical physics, and many various areas of analysis
and differential geometry. The volume presents the recent study of different
Sobolev type inequalities, in particular, inequalities on manifolds, Carnot—
Carathéodory spaces, and metric measure spaces, trace inequalities, inequal-
ities with weights, the sharpness of constants in inequalities, embedding theo-
rems in domains with irregular boundaries, the behavior of maximal functions
in Sobolev spaces, etc. Some unfamiliar settings of Sobolev type inequalities
(for example, on graphs) are also discussed. The volume opens with the survey
article “My Love Affair with the Sobolev Inequality” by David R. Adams.

11. Applications in Analysis and Partial Differential Equations

Sobolev spaces become the established language of the theory of partial dif-
ferential equations and analysis. Among a huge variety of problems where
Sobolev spaces are used, the following important topics are in the focus of this
volume: boundary value problems in domains with singularities, higher order
partial differential equations, nonlinear evolution equations, local polynomial
approximations, regularity for the Poisson equation in cones, harmonic func-
tions, inequalities in Sobolev—Lorentz spaces, properties of function spaces in
cellular domains, the spectrum of a Schrodinger operator with negative po-
tential, the spectrum of boundary value problems in domains with cylindrical
and quasicylindrical outlets to infinity, criteria for the complete integrability
of systems of differential equations with applications to differential geome-
try, some aspects of differential forms on Riemannian manifolds related to the
Sobolev inequality, a Brownian motion on a Cartan—Hadamard manifold, etc.
Two short biographical articles with unique archive photos of S.L. Sobolev
are also included.



viii Main Topics

1I1. Applications in Mathematical Physics

The mathematical works of S.L. Sobolev were strongly motivated by particu-
lar problems coming from applications. The approach and ideas of his famous
book “Applications of Functional Analysis in Mathematical Physics” of 1950
turned out to be very influential and are widely used in the study of various
problems of mathematical physics. The topics of this volume concern mathe-
matical problems, mainly from control theory and inverse problems, describ-
ing various processes in physics and mechanics, in particular, the stochastic
Ginzburg-Landau model with white noise simulating the phenomenon of su-
perconductivity in materials under low temperatures, spectral asymptotics
for the magnetic Schréodinger operator, the theory of boundary controllabil-
ity for models of Kirchhoff plate and the Euler—Bernoulli plate with various
physically meaningful boundary controls, asymptotics for boundary value
problems in perforated domains and bodies with different type defects, the
Finsler metric in connection with the study of wave propagation, the electric
impedance tomography problem, the dynamical Lamé system with residual
stress, etc.
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On the Mathematical Works of

S.L. Sobolev in the 1930s

Vasilii Babich

Abstract A review of the works of S.L. Sobolev that have played a funda-
mental role in the development of the theory of partial differential equations
and mathematical analysis in the second part of the 20th century. Supplied

with a short biographical note.

Birth and Education

Sergey Sobolev was born on 6 October
1908 in Petersburg (Leningrad, Petro-
grad). His parents, Lev Aleksandrovich
and Natalia Georgievna, met in the provin-
cial town of Saratov where both were sent
into exile for their revolutionary activities
in the 1900’s. His father originated from
the Siberian Cossacks. Unfortunately, he
passed away when Sergey was only 14
years old. His mother graduated with a
gold medal from the prestigious Bestuzhev
courses of higher education for women and
later she graduated from the medical in-
stitute. Sergey inherited the shining talents

S.L. Sobolev, 1939.

of his parents. In his childhood, he was interested in the French language,
music, poetry, chess, and photography, among other things. But his mission
was mathematics. At the age of 12, he was already familiar with elementary

algebra, geometry, and trigonometry.
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2 V. Babich

In 1925, S. Sobolev entered the Physics and Mathematics Faculty of
Leningrad State University.

As a student, his bright talent was spotted by Professors V.I. Smirnov and
N.M. Gyunter, prominent specialists in mathematical physics. Sergey pub-
lished his first scientific paper [1] when he was a final year student. In 1929,
four people graduated from the Faculty: S.L. Sobolev, S.A. Khristianovich,
S.G. Mikhlin, and V.N. Zamyatina (married name Faddeva). Each of them
has left a deep impact on science.

At the Seismological Institute and
Steklov Mathematical Institute

After their university education, Solomon Mikhlin and Sergey Sobolev were
invited by Professor Smirnov, who always supported talented young mathe-
maticians, to work at the Theoretical Department of the Seismological Insti-
tute of the USSR Academy of Sciences (Leningrad).

S. Sobolev (right) and his student at
the Leningrad Electrotechnic Institute
(1930-31).

The period of working at the Seismological Institute and then at the Steklov
Institute of Physics and Mathematics was extremely fruitful for Sobolev.
In one decade, the young mathematician not only solved several difficult
problems of mathematical physics but also introduced and developed new
theories and constructions. In particular, we associate the name of Sobolev
with outstanding advantages in the study of the well-posedness of the Cauchy
problem and boundary value problems for elliptic operators, construction of
functional-invariant solutions for the wave equation (in collaboration with V.
Smirnov), theory of distributions (generalized functions), weak solutions of
problems of mathematical physics, Sobolev spaces, and embedding theorems
or Sobolev inequalities.

Sobolev was elected a corresponding member (1933) and then a full mem-
ber (1939) of the USSR Academy of Sciences. He was the youngest member
of the Academy (in 1933, he was only 25 years old!).
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In 1939, the Steklov Mathematical Institute moved from Leningrad to
Moscow, and Sergey Sobolev moved with it. In 1941, at the beginning of
World War II, Sobolev was appointed as Director of the Institute. Under
his leadership, the Institute was evacuated from Moscow to Kazan’, where it
continued to work despite extreme wartime conditions. In 1943, the Institute
came back to Moscow. In the same year, Sobolev was involved (together with
other prominent Soviet scientists) in the realization of the nuclear project
and was appointed as a deputy director of the Institute for Atomic Energy.
A new chapter of his life had begun.

S. Sobolev with his children.

Hyperbolic Equations of Second Order
2, 3, 5, 9, 14, 15, 19, 23, 25, 27, 28, 29|

The first scientific works of Sobolev were devoted to the Cauchy problem for
a linear hyperbolic equation with smooth coefficients. The well-posedness of
this problem had been established by J. Hadamard by the method based on
smooth asymptotics of the so-called elementary solution (the fundamental so-
lution in the modern terminology). Having constructed such asymptotics, it is
simple to derive an integral equation similar to the Volterra integral equation
which can be solved by successive approximations. This method leads to the
well-posedness of the Cauchy problem and also provides information about
the analytic structure of the solution. However, this method works only if the
number of spatial variables is even. Therefore, in the odd-dimensional case,
Hadamard used an elegant, but rather artificial trick, the so-called descent
method.

Sobolev developed a new method, covering the case of odd dimensions,
for reducing the Cauchy problem to an integral equation and proved the
well-posedness of the Cauchy problem for the model wave equation with
variable velocity [2, 3, 5, 9, 14] and then for general hyperbolic equations
[15, 19, 23, 25, 27, 28, 29]. Moreover, his method yields a solution to the
classical wave equation in an explicit form. Sobolev’s method was based on
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the analysis of certain relations on characteristic conoids satisfied by the
solution to a hyperbolic equation.

The remarkable results of the young mathematician were highly regarded
by J. Hadamard and A.N. Krylov.

Three Russian academicians.
Left to right: S.A. Chaplygin, S.L. Sobolev, A.N. Krylov.

The theory of distributions easily explains why Hadamard’s method “did
not work” in odd dimensions. The issue is that, in the physical language,
Hadamard’s elementary solution is a solution to the problem about a point
source of oscillations of impulse type. Singularities of such a solution are
described by distributions

7
r'(A+1)

y=(ta), = (eha® ™), grada| _, #0,

where v = 0 is the equation of the wavefront (7 < 0 in front of the wave), I
is the I'-function, A = —(m —1)/2, and m is the number of spatial variables.
A

If m > 3 is odd, then F(;\Y:— 1 goes to 5(7”2_3)(7), where 0 is the delta-

function. In other words, constructing the elementary solution by Hadamard’s
method, one necessarily arrives at a formula containing J-functions. But, in
the early 1930s, very little was known about distributions! Moreover, while
physicists freely manipulated with the J-function introduced by P. Dirac for
the needs of quantum mechanics, mathematicians did not regard the Dirac
function as a mathematical object at all. S. Mikhlin told me that once Sobolev
had attempted to introduce expressions like (5([)(7) at his lecture, but his
innovation had not been accepted by mathematical attendance.



On the Mathematical Works of S.L. Sobolev in the 1930s 5

Functional-Invariant Solutions
[4, 6, 7, 8, 10, 11, 12, 13, 16, 18, 21, 22]

V. Smirnov and S. Sobolev constructed and described an important class of
the so-called functional-invariant solutions to the wave equation

1 0°U 0*U 0°U
a2 92 0x2  Oy? =0 (1)

To explain the notion of a functional-invariant solution, let us consider
smooth functions ¢(7), m(7), n(7), and p(7) of variable 7 and define

0 = L(T)T +m(T)x + n(r)y + p(7).
Under the conditions
09
# 0 and ¢ = a®(m? + n?),
or
the function 7 = 7(z,y) determined from the equation

d=l+mx+ny+p=0

turns out to be a solution to Eq. (1). Furthermore, any function of the form
3(7r(t,x,y)), where F(7) is a smooth function, is also a solution to Eq. (1),
which expresses the functional-invariant property. If £, m, n, p, § are smooth
functions of complex variable 7, we obtain complex functional-invariant solu-
tions. In the case p = 0, the functional-invariant solutions form the important
class of homogeneous solutions of zero degree. Smirnov and Sobolev solved
(in many cases, explicitly) a number of important problems of mathematical
physics (in particular, a remarkable example of the solution to the problem
of diffraction of a plane wave on a semi-infinite plane screen was included by
Smirnov in his “A Course of Higher Mathematics,” Vol. I1I, Part 2!).

Weak Solutions [18, 20, 29]

The necessity to generalize the notion of a classical (smooth) solution was
dictated by the physical nature of mathematical problems. Of course, at-
tempts to extend too restricted frameworks of smooth solutions were taken
far before Sobolev’s definition [18, 20, 29] and can be traced in the literature.
For example, Leonhard Euler considered the solution to the vibrating string
equation uy — a’ug, = 0 in the form of a curve arbitrarily drawn by hand

I English transl.: Smirnov, V.I.. A Course of HIgher Mathematics. Vol. III. Part two.
Complex Variables. Special Functions. Pergamon Press, Oxford-Edinburg et al. (1964).
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and moving without deformation with velocity a along the x-axis. A natural
question arises: Whether such a curve can serve as a solution if it is not twice
differentiable? Similar questions arise in the consideration of the plane waves
m
u= f(—at + ajz;), Za? =1,

7j=1
where f € C?, satisfying the wave equation

0% 1 8%
Ou = — = 2
“ L Oz a2 Ot? 0 (2)
=1 9%

and the spherically symmetric solution of (2) with m = 3:
1 T &
— t— )7 = 2
u= f ( u r J; 3

The triumph of Sobolev’s notion of a weak solution (which is in common
use today) is explained by its ability to be adapted to numerous problems of
mathematical physics and various fields of mathematics. Another important
reason is that Sobolev’s notion essentially weakens the smoothness require-
ments on solutions, so that a large class of discontinuous functions, including
the Dirac function and many other outsiders of the classical approach had
been involved and become allowable in mathematics.

To be complete, let us recall Sobolev’s definition of a weak solution. Let
D C R3 be a domain with boundary admitting integration by parts. A func-
tion u € L1(D) is called a weak solution to Eq. (2) in D if for any function
v € C?(D) vanishing, together with its normal derivative, on D the following

integral equality holds:
/ uw OvdD = 0.

D

It is evident how to extend the definition to unbounded domains, more general
operators, etc.etc.

Distributions [17, 19, 23]

In 1935/36, Sobolev introduced [17, 19] the notion of a distribution (Sobolev
called it a solution in functionals; the term “distribution” appeared much
later). A more detailed description of fundamentals of the theory of dis-
tributions is contained in his celebrated paper [23] of 1936 (see also [29]).
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In particular, Sobolev proposed to understand a (generalized) function as a
functional on the space of compactly supported functions of class C* and
introduced differential operators on the space of generalized functions.

The theory of distributions was further developed by efforts of many out-
standing mathematicians (I.M. Gel'fand, L. Schwartz, and many others). As
is known, the theory of distributions, originated from the theory of partial
differential equations, turned out to be closely linked with harmonic analy-
sis, linear group representations, integral geometry, and many other fields of
mathematics.

Commenting on the paper [23] by S.L. Sobolev in the review (see [29]) of
the theory of distributions, V.P. Palamodov wrote that the theory of distri-
butions become one of the main events in the development of Analysis of the
20th century. We completely joint to his viewpoint.

Sobolev Spaces and
Sobolev Inequalities [24, 26, 29]

A feature of the mathematical physics of the 20th century is that there are
a lot of researches devoted to the proof of the well-posedness of different
boundary value problems and initial-boundary value problems. The proof
of the well-posedness is usually based on a priori estimates for solutions in
various norms. At present, mathematicians dealing with questions of well-
posedness follow the rule to choose spaces that are natural for the problem
under consideration.

One of the most important problems of mathematical physics was the
problem (coming from the 19th century) of proving the well-posedness of the
Dirichlet and Neumann problems for the Laplace equation and more general
elliptic equations of second order, so that the proof must be based on the fact
that the solutions to these problems are minimizer of the Dirichlet integral.
This problem attracted the attention of outstanding scientists of that time:
D. Hilbert, K.O. Friedrichs, R. Courant, G. Weyl. S. Sobolev overcame the
central difficulty in this problem: he found adequate function spaces, known
now as Sobolev spaces sz(ﬁ), where p > 1,£=20,1,2,---, {2 is a domain in
R"™. The Sobolev space WIf(Q) is defined as the space of functions in L;({2)
whose distributional derivatives of order up to ¢ exist and belong to L, (£2).

In his celebrated paper [26] of 1938, Sobolev also proved the first embed-
ding theorems (or Sobolev inequalities) which established relations between
Wf(()) and the spaces L, (£2), C™(12).

Sobolev spaces and Sobolev inequalities have played a fundamental role in
the further development of the theory of partial differential equations, math-
ematical physics, differential geometry, and various fields of mathematical
analysis.
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Conclusion

Sobolev’s advantages in the 1930’s are very impressed. He dealt with par-
ticular problems of mathematical physics. But general methods and tools he
introduced and developed for solving these problems are applicable to many
other different situations. Owing to this fact, the discoveries of Sobolev (weak
statements of problems, Sobolev spaces, embeddings, etc.) are very attractive
for researchers and are generalized in different settings.

Acknowledgement. I thank Professors M.Sh. Birman and G.A. Chechkin
(the grandson of S.L. Sobolev) for our helpful discussions on the subject. I
used the book Dinastiya, Piligrim. Moscow (2002) written by A.D. Sobol-
eva and the bibliography of S.L. Sobolev published by “Nauka,” Novosibirsk
(1969). Pictures, kindly presented by Grigori Chechkin, were compiled and
prepared for printing by Tamara Rozhkovskaya and are reproduced here by
permission.
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On my 20th birthday, as a birthday present, my friends gave me a book en-
titled “Mathematics in the USSR in 30 years.” It was in this book that I
read a review of particular interest on partial differential equations written
by S.L. Sobolev. The paper contained a definition of objects, now called dis-
tributions, and formulations of theorems, now known as Sobolev inequalities
or embedding theorems. I must confess that I did not realize the significance
of this discovery at that time.

From 1948, I attended the seminar on geometry at the Leningrad State
University. The seminar was supervised by Professor A.D. Aleksandrov, an
outstanding expert in geometry. One of the principles Aleksandrov asserted
was that the main notions of geometry must be formulated by purely ge-
ometric means, without any intervention of Analysis. Personally, I believed
that Analysis may be useful for the greater understanding of geometric ideas,
and at the seminar, I initiated to review some studies in order to familiarize
myself with the latest ideas taking place in Analysis.

In 1950, in the book-shop of the Leningrad State University, I noted
the recently published book “Some Applications of Functional Analysis in
Mathematical Physics” by S.L. Sobolev. I looked through the book, and my
initial feeling was that Sobolev’s theory was exactly what we needed. Then
we reviewed Sobolev’s book at Aleksandrov’s seminar.

S.L. Sobolev at the foundation of the Institute of Mathematics.

The ideas of Sobolev’s book strongly influenced my research, in particu-
lar, my main result that concerns isothermic coordinates in two-dimensional
manifolds of bounded curvature (for which I was later awarded with the
Lobachevski Prize of the Russian Academy of Sciences). In Novosibirsk, I
obtained results on different aspects of the theory of Sobolev spaces. My last
challenge is the definition of the spaces WP of mappings with the values in
general metric spaces.
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But let us return to events of the 1950’s. When, in the spring of 1957,
I heard that S.L. Sobolev was appointed the Director of the Institute of
Mathematics (in a new scientific center at Novosibirsk), my decision to follow
him to Siberia was instant. My wife supported my choice, and my whole
family including two babies moved from Leningrad to Siberia. We arrived at
Novosibirsk at the end of November 1957, and on the 1st December 1957, I
was appointed to the Institute of Mathematics where I have now worked for
more than 50 years.

In 1957, the Institute consisted
of 5 persons (including the di-
rector) and occupied one small
room of a building in the center
of Novosibirsk. The construction
of Akademgorodok started in 1958
and continued very rapidly. Soon
we moved to Akademgorodok, a
very nice place in the forest near
the artificial Ob’ Sea.

There were three founders
of the Siberian Branch of the
USSR Academy of Sciences: M.A.
Lavrent’ev, S.A. Khristianovich,
and S.L. Sobolev. The idea was to
create a new center for fundamental
research in mathematics, physics,
chemistry, etc. The center was
planned to be in Siberia (which was
not rich with scientists the time).
So, initially, it was proposed that
the scientific staff should consist
of specialists from Moscow and
Leningrad. Now we can see that
this ambitious project was success-
fully achieved.

Sobolev organized the Insti-
tute of Mathematics with great
enthusiasm. He personally re-
cruited researchers for the Institute.
A.1. Mal’tsev, .N. Vekua, A.V. Bit- = : .
sadze, L.V. Kantorovich, and S.L. Sobolev during his lecture.
other prominent mathematicians
accepted Sobolev’s invitation. In 1959, the Novosibirsk State University in
Akademgorodok opened the doors to students. The first Rector of the Uni-
versity was I.N. Vekua. The first lecture was given by S.L. Sobolev.
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“That was one of the best meetings I ever went to.”

Interview with Louis Nirenberg. Notice of the AMS, 49 no. 4, p. 447 (2002)
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International Meetings at Akademgorodok

= Soviet-American Conference in Partial Differential Equations.
1963 Front row (left to right): J. Moser, A. Zygmund, L. Ahlfors, N. Brunswick,
S.L. Sobolev, C.B. Morrey, C. Loewner, R. Courant, M.A. Lavrent’ev, I.N. Vekua,
S. Bergman, A.N. Tikhonov, G.I. Marchuk, D. Spencer, A. Dynin; Second row:
T.I. Zelenyak, M.G. Krein, O.A. Oleinik, H. Weinberger, H. Grad, M. Schechter,
J. Douglas, F. Browder, M.H. Protter, A.D. Myshkis, Yu.M. Berezanskii, V.A. II'in,
A.P. Calderén, P.D. Lax, E.B. Dynkin; Third row: A.Ya. Povzner, B.L. Rozhdestven-
skii, P.E. Sobolevskii, —, V.G. Maz’ya, B.V. Shabat, L.D. Kudryavtsev, —, T.I. Ama-
nov, P.P. Belinskii, S.G. Krein, I.D. Safronov, R. Richtmeyer, A.A. Lyapunov,
S.K. Godunov, L.I. Kamynin; Fourth row: Abalashvilli, M.S. Salakhatdinov, R. Finn,
—, —, L. Nirenberg, —, D.K. Fage, B.P. Vainberg, L.V. Ovsyannikov, —, L.I. Dani-
lyuk, M.I. Vishik, S.M. Nikol’skii, V.N. Maslennikova, Yu.V. Egorov; Fifth row:
M.S. Agranovich, —, N.D. Vedenskaya, L.R. Volevich, T.D. Ventsel’, A.M. II'in,
A.F. Sidorov, Ya.A. Roitberg, T.G. Golenopol’skii, I.A. Shishmarev, Ya.S. Bugrov,
, — A.V. Sychev, V.S. Ryaben’kii, O.V. Besov, S.V. Uspenskii, V.N. Dulov,
—, V.K. Ivanov, S.N. Kruzhkov; Sixth row: V.A. Solonnikov, M.M. Lavrent’ev,

A.K. Gerasimov, —, —, A. Dzhuraev, —, P.I. Lizorkin, —, T. Dzhuraev, —, G. Sa-
likhov, V.M. Babich, L.D. Faddeev, A.I. Koshelev, M.Sh. Birman, S.I. Pokhozhaev,
—, —, A.L. Prilepko, —, A.M. Molchanov, —, —, —, Yu.l. Gil’"derman, —. L.G. Mikhailov,

Yu.V. Sidorov

Left to right: R. Finn, O.A. Oleinik, —, Yu.G. Reshetnyak,
N.N. Uraltseva, T.N. Rozhkovskaya (1983).
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In 1960, the Institute launched the Siberian Mathematical Journal. From
1966 the journal was translated into English and published in the USA by
Plenum Publishing Corporation (now known as Springer). The journal made
the latest research of Siberian mathematicians available to the international
mathematical community.

By 1962, the organizational structure of the Institute of Mathematics was
complete: the departments were comprised of algebra and mathematical logic,
analysis, the theory of partial differen-
tial equations, the theory of functions
of a complex variable, geometry and
topology, = mathematical  economics,
cybernetics, theoretical physics and
computational center.

S.L. Sobolev was Director of the
Institute of Mathematics from the day
of foundation until 1981. Under his
leadership, the Institute became a world
renowned center for mathematics. The
international scientific authority of
Sergey L’vovich Sobolev played a key
role.

There were many remarkable events
in the history of the Institute. I recall a
Soviet—American Conference in Partial
Differential Equations held in August
S.L. Sobolev and A.A. Trofimuk. 1963. It was a great event! It seemed
as though all the best experts from both countries gathered at this meeting.
The American contingent was represented by R. Cournat, A. Zygmund, A.P.
Calderon, L. Nirenberg, P.D. Lax and others. Even the number of foreign
participants was extraordinary for a meeting in the Soviet Union at that time!
It was a unique opportunity to discuss recent studies with foreign colleagues
personally. At this meeting, I lectured about aspects of the theory of spatial
quasiconformal mappings and then had useful discussions with C.B. Morrey
and A. Zigmund.

The life of S.L. Sobolev can be distinctly divided into three periods.
The first period covers the youth of Sergey Sobolev. All the major results
which established his name in the mathematical community were obtained
by S.L. Sobolev in the 1930’s. Note that the idea to generalize the notion of
derivatives of solutions to problems in mathematical physics was actual in
the 1920-1930’s. In particular, N.M. Gyunter, the supervisor of S. Sobolev
at the Leningrad State University, tried to realize this idea by applying set
functions to equations of mathematical physics. Other researchers used the
classes ACT), of functions absolutely continuous in the sense of Tonelli. The
definition was based on the behavior of functions on almost all lines parallel
to the coordinate axes. However, the definition of a distribution that we use
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today was first proposed by S.L. Sobolev who also introduced function classes,
known as Sobolev spaces, and established relationships (embeddings) between
these spaces. The Sobolev approach is very elegant and simple. Moreover,
Sobolev showed how to use weakly differentiable functions in applications.
Owing to S.L. Sobolev, the common viewpoint on a solution had been re-
vised and new possibilities have now been discovered in the theory of PDEs
and mathematical physics. The ideas of S.L. Sobolev became very attractive
and were developed by many mathematicians in different ways.

The second period could be dated from 1941 to 1957. At the beginning of
the World War II, the main task of the Director of the Steklov Mathematical
Institute, S.L. Sobolev, was to evacuate the Institute from Moscow to Kazan’
and to organize conditions for work. In 1943, S.L. Sobolev was appointed
as the deputy director of the Institute for Atomic Energy. The best Soviet
mathematicians were gathered under the roof of this institute to work on the
nuclear project. S.L. Sobolev worked there for more than 14 years, however
not much is known about these years.

The third period of Sobolev’s life was devoted to Akademgorodok. S.L. So-
bolev was the Director of the Institute of Mathematics for 25 years and then
returned to Moscow. Sergey L’vovich Sobolev passed away on 3 January 1989.
Now the Institute of Mathematics in Novosibirsk bears his name.
Acknowledgement. Pictures of the press-photographers Rashid Akhmerov
and Vladimir Novikov were compiled and prepared for printing by Tamara
Rozhkovskaya and are reproduced here by kind permission.

Sergey L’vovich and Ariadna Dmitrievna Sobolev. Autumn in Akademgorodok.



Boundary Harnack Principle and the
Quasihyperbolic Boundary Condition

Hiroaki Aikawa

Abstract We discuss the global boundary Harnack principle for domains in
R™ (n > 2) satisfying some conditions related to the quasihyperbolic metric.
For this purpose, we reformulate the global boundary Harnack principle and
the global Carleson estimate in terms of the Green function. Based on our
other result asserting the equivalence between the global boundary Harnack
principle and the global Carleson estimate, we obtain four equivalent con-
ditions. Using the box argument for the estimate of the harmonic measure,
we obtain the global Carleson estimate in terms of the Green function (and
thus the global boundary Harnack principle) for a domain satisfying a con-
dition on the quasihyperbolic metric and the capacity density condition, as
well as for a Holder domain whose boundary is locally given by the graph of
a Holder continuous function in R*~!'. Our argument is purely analytic and
elementary, unlike the probabilistic approach of Bass—Burdzy—Banuelos.

1 Introduction

One of the most important partial differential equations is the Laplace equa-
tion: Au = 0. A solution to this equation is called a harmonic function. When
we impose further the boundary condition, say u = f, the problem is said to
be the Dirichlet problem. The notions of weak derivatives and Sobolev spaces
play a crucial role in the variational method for solving the Dirichlet problem.
Harmonic functions and Sobolev spaces are inextricably related.

In this paper, we deal with positive harmonic functions. Our purpose is
to show the global boundary Harnack principle for domains satisfying some
conditions related to the quasihyperbolic metric. Throughout the paper, D
is a bounded domain in R™ with n > 2 and ép(z) = dist(x,0D). We write

Hiroaki Aikawa
Hokkaido University, Sapporo 060-0810, Japan, e-mail: aik@math.sci.hokudai.ac.jp

V. Maz’ya (ed.), Sobolev Spaces in Mathematics 11, 19
International Mathematical Series.
doi: 10.1007/978-0-387-85650-6, (© Springer Science + Business Media, LLC 2009
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B(z,r) and S(z,r) for the open ball and the sphere of center at x and radius r
respectively. We denote by the symbol A an absolute positive constant whose
value is unimportant and may change from one occurrence to the next. If
necessary, we use Ag, A1,..., to specify them. If two positive quantities f
and g satisfies A=! < f/g < A with some constant A > 1, then we say that
f and g are comparable and write f = g.

We counsider a pair (V, K) of a bounded open set V' C R™ and a compact
set K C R"™ such that

KCV,KND+®o,and KN3D # @. (1.1)

Definition 1.1. We say that a domain D enjoys the global boundary Har-
nack principle if for each pair (V, K) with (1.1) there exists a constant Ag
depending only on D, V and K with the following property: If v and v are
positive superharmonic functions on D such that

(i) v and v are bounded, positive, and harmonic in V N D,

(ii) u and v vanish on V N OD except for a polar set,

then
w@/uy) 4 o vy e KD, (1.2)
v(x)/v(y)
Remark 1.1. Since K N D may be disconnected, the superharmonicity of u
and v over the whole D is needed. Usually, the harmonicity and positivity
of u and v over the whole D are assumed for the global boundary Harnack
principle. Our boundary Harnack principle is slightly stronger.

For a Lipschitz domain the global boundary Harnack principle was proved
by Ancona [3], Dahlberg [11] and Wu [16] independently. Caffarelli-Fabes—
Mortola—Salsa [10] and Jerison—Kenig [13] gave significant extensions. From
the probabilistic point of view, Bass—Burdzy—Bafiuelos [8, 7] proved the global
boundary Harnack principle for a Hélder domain, a domain whose boundary
is locally given by the graph of a Hélder continuous function in R" 1.

The term “Holder domain” was used for a different type domainin [14, 15].
We define the quasihyperbolic metric kp(z,y) by

. ds(z)
kp(z,y) = inf 5p(z)

where the infimum is taken over all rectifiable curves v connecting = to y in
D and ds(z) stands for the line element on . In [14, 15], a domain D is called
a Holder domain if

5D(x0)

kp(z,zo) < Alog 5p(x)

+ A" forallz e D (1.3)
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with some positive constants A and A’. In [6], such a domain is called a

Holder domain of order 0. To avoid the confusion, in this paper, we say that

D satisfies the quasihyperbolic boundary condition (of order 0) if (1.3) holds.
Extending (1.3), we consider the following condition:

dp(zo)
op(x)
with some positive constants A and A’. We say that D satisfies the quasi-

hyperbolic boundary condition of order « if (1.4) holds. The above condition
and (1.3) are interior conditions. Let us consider an exterior condition.

kp(x,xo) <A< )a—i—A’ forall z € D (1.4)

Definition 1.2. By Cap we denote the logarithmic capacity if n = 2 and
the Newtonian capacity if n > 3. We say that the capacity density condition
holds if there exist constants A > 1 and rg > 0 such that

A1y ifn=2
Cap(B(¢, D) > ’
ap(B(E1) \ D) { e ey
whenever £ € 9D and 0 < r < rq (see [5, p. 150] for the logarithmic capacity,
which illustrates the inhomogeneity between the cases n =2 and n > 3).

In [6], a domain D is called a uniformly Hélder domain of order « if
(1.4) and the capacity density condition hold. It seems that the capacity
density condition is needed for o« > 0 because of the lack of the exponential
integrability of the quasihyperbolic metric which was proved in [15] for a
domain with the quasihyperbolic boundary condition.

While the main interest in [6] was the intrinsic ultra-contractivity for a
domain satisfying the quasihyperbolic boundary condition of order o and the
capacity density condition, Bass-Burdzy-Banuelos [8, 7] proved the boundary
Harnack principle for a Hélder domain. The main tool was the so-called box
argument. They also claimed that the boundary Harnack principle may hold
for a domain satisfying the quasihyperbolic boundary condition of order «,
0 < a < 1, and the capacity density condition. However, no proof has not
been provided so far.

Though the arguments of [8, 7] were very probabilistic, the author [1]
managed to understand analytically the box argument and applied it to the
proof of the local (or scale-invariant) boundary Harnack principle for a uni-
form domain. In [2], the author showed a completely different approach to the
boundary Harnack principle: the Domar method and the equivalence between
the boundary Harnack principle and the Carleson estimate.

Definition 1.3. We say that a domain D enjoys the global Carleson estimate
if for each pair (V, K) with (1.1) and a point xy € KND there exists a constant
Aj depending only on D, V., K and zy with the following property: If u is a
positive superharmonic function on D such that

(i) w is bounded, positive and harmonic in V' N D,
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(ii) w vanishes on V' N OD except for a polar set,

then
u(z) < Aju(xg) forx e KND. (1.5)

Theorem 1.1 ([2]). The global boundary Harnack principle and the global
Carleson estimate are equivalent.

As a consequence, we obtain the following assertion.

Theorem 1.2 ([2]). The global boundary Harnack principle holds for a do-
main satisfying the quasihyperbolic boundary condition (of order 0).

The purpose of this paper is to prove analytically the boundary Harnack
principle for a domain satisfying the quasihyperbolic boundary condition of
order 0 < a < 1, and the capacity density condition. The proof will clarify
the role of the capacity density condition.

Theorem 1.3. Let D be a bounded domain satisfying the capacilty density
condition and (1.4) for 0 < a < 1. Then the global boundary Harnack prin-
ciple holds for D.

Let 0 < 8 < 1. We say that D is a S—John domain if there is a point
o € D and every point € D can be connected to ¢ by a rectifiable curve
v with

p(y)” = Al(y(z,y)) forally €,

where ¢(y(z,y)) is the arc length of the subcurve y(z,y) connecting z and
y along v (see [4, 9.2]). If 8 = 1, then a S-John domain is a classical John
domain and the quasihyperbolic boundary condition of order 0 is satisfied. In
general, a #-John domain satisfies the quasihyperbolic boundary condition of
order 1 — (3. Hence we obtain the following assertion.

Corollary 1.1. Let 0 < 8 < 1. Then a (3-John domain with the capacity
density condition enjoys the global boundary Harnack principle.

Remark 1.2. In view of Theorem 1.2, the capacity density condition is super-
fluous in case 5 = 1.

A typical example of a 3-John domain is a S-Holder domain, whose bound-
ary is given locally by the graph of a S-Holder continuous function in R™*1.
A 1-Holder domain is a Lipschitz domain, so that the boundary Harnack
principle is classically established. A $-John domain need not to satisfy the
capacity density condition if 0 < 3 < 1. However, Bass-Burdzy-Banuelos [8]
showed that the global boundary Harnack principle holds for a S-Hoélder do-
main without the capacity density condition. Their proof is very probabilistic.
We give an elementary analytic proof.

Theorem 1.4. Let 0 < 3 < 1. A f-Hélder domain enjoys the global boundary
Harnack principle.
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In the next section, we restate the boundary Harnack principle and the
Carleson estimate by using the Green function. Several equivalent conditions
will be given in Theorem 2.3. We prove that one of them holds for a domain
in Theorems 1.3 and 1.4. Our argument will rely on the capacitary width,
estimates of harmonic measures, and the box argument. It will be purely
analytic.

2 Boundary Harnack Principle and Carleson Estimate
in Terms of the Green Function

Let us recall the definition of the global Carleson estimate (Definition 1.3).
The Riesz decomposition theorem says that, in D NV, u can be represented
as the Green potential Gu of a measure p on DNOV. Therefore, we can easily
see that the global Carleson estimate can be restated in terms of the Green
function. One more geometrical observation is relevant. Let B be a closed
ball including D. Then F'= B\ V is a compact set and D\ V = DN F and
K NF = @. Thus, instead of a pair of a bounded open set V' and a compact
set K, we can consider a pair of disjoint compact sets K and F' with

KNoD#@, KND+#@, FNOD+o,and FND # . (2.1)

Definition 2.1. We say that a domain D enjoys the global Carleson estimate
in terms of the Green function if for each pair of disjoint compact sets K and
F with (2.1) and a point 2o € K N D, there exists a constant A; depending
only on D, K, F and x such that

G(z,y) < AiG(zo,y) forze KNDandye FND (2.2)

(see Fig. 1(a)).

(a) (b)

Fig. 1 (a) Carleson estimate in terms of the Green function. (b) Boundary Harnack prin-
ciple in terms of the Green function.
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Theorem 2.1. The global Carleson estimate and the global Carleson esti-
mate in terms of the Green function are equivalent.

Using the Riesz decomposition theorem, we similarly obtain a counterpart
of the boundary Harnack principle.

Definition 2.2. We say that a domain D enjoys the global boundary Harnack
principle in terms of the Green function if for each pair of disjoint compact
sets K and F with (2.1) there exists a constant Ay depending only on D, K,
and F' such that

G(z,y)/G(z',y)
G(z,y')/G(2',y)
(see Fig. 1(b)).

Theorem 2.2. The global boundary Harnack principle and the global bound-
ary Harnack principle in terms of the Green function are equivalent.

<Ay forx,2’ ¢ KNDandy,y € FND (2.3)

Remark 2.1. This boundary Harnack principle in terms of the Green function
resembles the parabolic boundary Harnack principle due to Bass-Burdzy [9,
Theorem 1.2]. Nevertheless, there is a significant difference. In the elliptic
case, the positions of points are limited whereas they are free for the parabolic
case. In other words, positive harmonic functions vanishing on some portion
of the boundary are treated in the elliptic case, whereas positive solutions
to the heat equation vanishing on the whole lateral boundary are treated in
the parabolic case. It seems that the background of these phenomena is a
backward Harnack inequality [12].

Just for the convenience sake, we combine Theorems 1.1, 2.1, and 2.2 to
obtain the following assertion.

Theorem 2.3. Let D be a bounded domain in R™. Then the following state-
ments are equivalent:
(i) D enjoys the global boundary Harnack principle.

(ii) D enjoys the global boundary Harnack principle in terms of the Green
Sfunction.

(iii) D enjoys the global Carleson estimate.

(iv) D enjoys the global Carleson estimate in terms of the Green function.

3 Proof of the Main Result

Lemmas

We write w(E,U) for the harmonic measure over an open set U of E C 9U,
i.e.,, w(E,U) is the Dirichlet solution in U of the boundary function xg (see,
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for example, [5, Chapt. 6]). Let 0 < n < 1. For an open set U C R™ we define
the capacitary width w,(U) by

Cap(B(z,r)\U)

wy(U) = inf {7‘ >0: Cap(B(z.1))

=>n foralleU}.

Under the capacity density condition, the capacitary width of certain sets
can be estimated in a straightforward fashion.

Lemma 3.1. If the capacity density condition holds, then w,({x € D :
op(x) <r}) < 2r for somen > 0.

The capacitary width is useful for the estimate of harmonic measure (see
[1, Lemma 1]).

Lemma 3.2. There is a positive constant Ay > 0 depending only on n and
n with the following property: if x € U and R > 0, then

W (U N S(a, R):U N Blx, B)) < exp (2 As wn}(%U) ).

We say that z,y € D are connected by a Harnack chain {B(x;,
50D () My if

1 1
T € B(w1, 25D(3?1)), y € By, 25D(yk))

and

Bly, 39p(r1)) 1 Blzsan, 5 00(zi01)) # 2

2
for j =1,...,k— 1. The number k is called the length of the Harnack chain.
We observe that the shortest length of the Harnack chain connecting « and y
in D is comparable to kp(x,y). Therefore, the Harnack inequality yields the
following assertion.

Lemma 3.3. There is a constant As > 1 depending only on the dimension
n (even independent of D) such that

exp(~As(kp(z.) + 1) < )

for every positive harmonic function h on D.

< exp(As(kp(z,y) +1)) (3.1)

Proof of Theorem 1.3

In view of Theorem 2.3, it suffices to show the global Carleson estimate in
terms of the Green function. Let D be as in Theorem 1.3. Let K and F be a
pair of disjoint compact sets with (2.1), and let 2o € K N D. For simplicity,
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we put U(r) = {z € R" : dist(x, F) < r} for r > 0. Let 2R = dist(K, F).
We put U = U(R). It is obvious that U is an open set including F and yet
its closure is apart from K. Let wy = w(D NOU,D NU) be the harmonic
measure of D NOU in D NU. First, wes compare wy and G(zo, ).

Lemma 3.4. Let wg be as above. Then
wo(y) < AG(zo,y) forye FND.

Proof. We employ the box argument. Let Ry = R, and let

Then it is easy to see that R;_; — R; = (3R)/(w%5?), so that

oo

;Rj = 1;. (3.2)

It is obvious that G(zo,-) is bounded on U N D. Hence, by a suitable choice
of A > 1, we may assume that v = G(z9,-)/A is bounded by 1 on U N D.
Now let

Uy = {y € U(R;) N D: 0 < uly) < exp(~27)},

D; ={y e U(R;)ND :exp(—27") < u(y) < exp(—27)}
for j > 1. Let ¢; = Supp, wo/u if D; # @ and ¢; = 0if D; = @. It is clear
that g; is finite. Since 0 < u < 1on UND, from (3.2) it follows that F'NOD is
included in the closure of U D;. Hence, by the Harnack principle, it suffices

to show that ¢; is bounded
By (1.4) and (3.1), we have

exp(—27) > u(y) > exp(—As(kp(y,z0)+1)) = Aexp (— fory € U;.

A
5D(y)a>

In other words, dp(y) < A277/® for y € U;. Hence Lemma 3.1 implies that
wy(Uj) < A2™ J/O‘ Observe that dlst(Dﬁan 1,U;) 2 Rj_1 — R;. Applying

the maximum principle on U;_1, we obtain
w(DN 8Uj,1 \ Dj;_q, Uj71) +gj—1u onUj_

(see Fig. 2).
We divide both sides by u and take the supremum over D;. Then Lemma
3.2 yields

q; < Aexp <2j+1 - ARj722j/a) + qj—1-
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Fig. 2 Box argument

Since 0 < a < 1, it follows that > exp(2/+! — ARj=22//%) < oo, so that ¢;
j=1
is bounded. O

Proof of Theorem 1.3. In view of Theorem 2.3, it suffices to obtain the global
Carleson estimate in terms of the Green function. Let K and F be disjoint
compact sets with (2.1). Let U and wg be the same as in Lemma 3.4. Since
there is a distance between K and U, it is obvious that G(z,y) < A uniformly
forzx € KND and y € UN D. For a while we fix z € K N D. The maximum
principle implies that

G(z,y) < Awo(y) foryeUND.
Combining with Lemma 3.4, we obtain
G(z,y) < AG(zo,y) forye FND.

Thus, the Carleson estimate in terms of the Green function holds. O

Proof of Theorem 1.4

Let 0 < 8 < 1. Because of the local nature of the boundary Harnack principle,
we may assume that D is above the graph of a 8-Holder continuous function
¢ in Rt We may assume that |||l < 1 and ¢(z) = 0 for || > 1. For a
point x € D we define d(x) = x,, — ¢(2’), where = = (2/, x,,). Let x¢ be high
above from the boundary. Suppose z is just below zg and 0 < d(z) < 1. In
general, §p(z) ~ d(z) does not hold. We can assert only that 6p(z)” > Ad(x).
Considering the line segment connecting = and xg, we obtain the following
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estimate of the quasihyperbolic metric:

d(zo)
kp(x,x0) < A / tii/tﬁ < Ad(x)YP + A (3.3)

d(z)

(see Fig. 3). The same estimate holds if x € D is close to 0, say || < 1. Now

X0

Fig. 3 Quasihyperbolic metric in a Holder domain

we easily obtain a counterpart of Lemma 3.1.

Lemma 3.5. Let D be as above. If 0 < r < 1, then w,({x € D : d(z) <
r}) < ArP for some n > 0.

In view of Theorem 2.3, it suffices to obtain the global Carleson estimate in
terms of the Green function. Let K and F be a pair of disjoint compact sets
with (2.1). We may assume that F'is included in the ball of radius 1 and center
at the origin. As above, we put U(r) = {& € R" : dist(z, F') < r} for r > 0.
Let 2R = dist(K, F'). We put U = U(R). It is obvious that U is an open set
including F' and yet its closure is apart from K. Let wg = w(DNOU,DNU)
be the harmonic measure of D N JU in D N U. First, we compare wy and

G(J?o, )

Lemma 3.6. Let wg be as above. Then
wo(y) < AG(zo,y) forye FND.

Proof. We employ the box argument again. Let Ry = R, and let

3~ 1 ,
Rj:(l_ﬂ'Q;kQ)R for j > 1.

Then it is easy to see that Rj_; — R; = (3R)/(n%5?), so that (3.2) holds. It
is obvious that G(xo,-) is bounded on U N D. Hence, by a suitable choice of
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A > 1, we may assume that u = G(xo,-)/A is bounded by 1 on U N D. Now
let

Uj={ycU(R)ND:0<u(y) < exp(—27)},
D; ={y € U(R;)ND :exp(—2""") < u(y) < exp(—27)}

for j > 1. Let ¢; = supp, wo/u if D; # @ and ¢; = 0 if D; = @. It is clear
that g; is finite. Since 0 < w < 1 on UND, from (3.2) it follows that F'NOD is

included in the closure of D;. Hence, by the Harnack principle, it suffices
j=1
to show that ¢; is bounded.
By (3.3) and (3.1), we have

exp(—27) > u(y) > exp(—As(kp(y,z0) + 1)) = Aexp (— Ad(y)' /")

for y € U;. In other words, d(y) < A277/(/8=1 for y € U;. Hence Lemma
3.5 implies that w, (U;) < A277/(1=#) Applying the maximum principle on
U;_1, we obtain

wo < w(D n 8Uj—1 \Dj_l, Uj_l) +qj—1u on Uj_q.

We divide both sides by u and take the supremum over D;. Then Lemma 3.2
yields

q; < Aexp (2j+1 - ARj_QQj/(l_ﬁ)) + qj-1.

Since 0 < 1 — 8 < 1, it follows that > exp(2/T! — AR;j=227/0-P)) < o0, s0
j=1
that ¢; is bounded. a

Proof of Theorem 1.4. In view of Theorem 2.3 , it suffices to show the global
Carleson estimate in terms of the Green function. Let K and F be disjoint
compact sets with (2.1). Let U and wp be as in Lemma 3.6. Since there is
a distance between K and U, it is obvious that G(z,y) < A uniformly for
€ KND and y € U N D. For a while we fix x € K N D. The maximum
principle implies that

G(z,y) < Awo(y) foryeUND.
Combining Lemma 3.6, we obtain
G(z,y) < AG(xo,y) forye FND.

Thus the Carleson estimate in terms of the Green function holds. O
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Sobolev Spaces and their Relatives:
Local Polynomial Approximation
Approach

Yuri Brudnyi

Dedicated to the memory of Sergey L’vovich Sobolev

Abstract The paper presents a survey of the theory of local polynomial
approximation and its applications to the study of the classical spaces of
smooth functions. The study includes such topics as embeddings and exten-
sions, pointwise differentiability and Luzin type theorems, nonlinear approx-
imation by piecewise polynomials and splines, and the real interpolation.

Introduction

The first part of the paper surveys topics in the theory of Local Polynomial
Approximation developed in my work during the 1960-1969’s. The results
were announced on several occasions; the detailed account was then presented
in two long paged manuscripts, of which only the second one was published
[9]. The first one was, however, never published for reasons irrelevant to its
content (see, for example, the letter of the leading American mathemati-
cians [1] on the situation in Soviet Mathematics at that time). Some results
and their generalizations of this manuscript have appeared in the subsequent
publications of the author and his students and collaborators.

In this survey, I attempt to present the theory systematically restricting
myself, however, to topics that can be described without a lot of technical
details.

The remaining part of the paper is devoted to applications of the theory
to the study of different properties of functions belonging to Sobolev spaces
and other commonly used spaces of smooth functions (BV, Besov, Triebel-
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Ligorkin, etc). The key point of this approach is the possibility to represent
all of these spaces via behavior of local approximation of their members. Us-
ing such representations, we rather easily derive from the results of Local
Polynomial Approximation theory extensive information on properties of the
spaces. In particular, we discuss such topics as embeddings, pointwise differ-
entiability and Luzin type “correction” theorems, extensions and traces, the
real interpolation and nonlinear approximation by piecewise polynomials and
wavelets. Some of these results are refined versions of those presented in [9],
others are rather new and their proofs will appear elsewhere.

The relation of the present paper to Sobolev’s scientific heritage is clear
to the reader well acquainted with the theory of smooth spaces. But I have a
personal motivation for publishing the paper in Sobolev’s volume. By a lucky
chance, I had a possibility to recognize Sobolev’s attitude to an early version
of the theory presented here. His support strongly influenced my scientific
career.

Throughout the text, we freely use standard facts of smooth space theory.
The reader can find required information in one of numerous books on the
subject (see, in particular, [33, 47] for comprehensive study of Sobolev and
BV space and the encyclopedic two-volume treatise [44, 45] containing, for
example, the theory of Besov and Lizorkin—Triebel spaces).

1 Topics in Local Polynomial Approximation Theory

Local polynomial approximation of continuously differentiable functions is
one of the cornerstones of classical analysis. Modern analysis deals with func-
tions of much more complicated structure, such as functions of Sobolev and
Lipschitz classes, fractal functions, etc. In this case, the main tool of the
classical approach, Taylor approximation, cannot be used since Taylor poly-
nomials may not exist or be unstable.

It would be natural to replace Taylor polynomials by those of local best
approzimation. The area investigating approximation of this kind may be
conventionally called local approzimation theory. However, it cannot be seen
as a field of Approximation Theory for reasons indicated below. To this end,
we introduce several basic notions of local approximation theory.

Definition 1.1. Let f € LLOC(R"), 0 < p < 00. Local approximation of f of
order k € Z, is a set-function given for a measurable set S C R™ by

Ex(S5 5 Ly) =nf || f =mllL,s), (1.1)
where m runs over the space Py—1(R™) of polynomials of degree k — 1.

Note that order of approximation differs from degree of approximating
polynomials by one. In particular,
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Eo(S; f5 Lp) = I fllz,s)

We denote by P;(S; f; L) an optimal for (1.1) polynomial called a poly-
nomial of best approzimation. If p ¢ (1,00), such a polynomial is not unique
and we choose one of them arbitrarily.

Hence, unlike Approximation Theory where approximation is done on a
fized domain by polynomials of increasing degree, we do it on a variable set
by polynomial of fized (maybe small) degree and study the behavior of best
approximation and relative approximating polynomials as a function of the
position and size of the variable set. This simple change of the point leads,
however, to the essential transformation of the subject and methods of the
theory.

The following example [5], a local version of the Markov—Bernstein in-
equality, demonstrates the interaction of the basic concepts of Approximation
Theory and geometric measure theory.

Let V be a convex body in R", and let S be its subset whose Hausdorff
{-measure satisfies

He(S) = AV (1.2)
for some A € (0, 1). Hereafter, |{2| stands for the Lebesgue n-measure of a set
2 CR™

Theorem 1.2. Assume that (1.2) holds withn—1 < { < n. Given 0 < p,q <
0o, k € N, and a € Z'} , there exists a constant® ¢ = c(k,n,p,q,\) > 1 such
that for every polynomial m € Py (R™)

{|‘1/| ‘/|D“mlpdx};’ < ¢(diam V)~lel. {Hel(S) S/|m|qdw};- 13)

Remark 1.3. (a) The result is clearly untrue for £ < n — 1.

(b) The constant c is increasing in | .

The sharp asymptotic of ¢ as A — 0 and k,n — oo is known for ¢ = n; in
particular, ¢(\) ~ A" in this case (see [16, 23]).

The basic properties of local approximation regarded as a set-function is
described by the following assertions.

Theorem 1.4. (Continuity) Assume that a sequence {S;} of measurable
subsets in a fized n-cube converges in measure. Then for 0 < p < oo

Im E(S;; f; Lp) = Ex(im S ; f; Ly).

1 The notation ¢ = c(x,y...) throughout the paper means that the constant ¢ depends
only on the parameters in the brackets.
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For p = oo the same is true for every nondecreasing sequence of measurable
subsets of the cube.

(Partial subadditivity) Assume that subsets Si,Ss C R™ satisfy for some
A€ (0,1)
|S1 N S|
> A\
|conv (S U Sa)]

Then there exists a constant ¢ = c¢(n, k,p*), where hereafter p* := min(1, p),
such that

Ep(S1US2; £35 Ly) <A™ N By (Sis f1 L)

i=1,2

(Pointwise convergence) Let S C R™ be measurable and 0 < p < oco. Then
for almost all xg € S

hm P(QNS; f; L) f (o).

—>’E0

(Linearization) Let S C R™ be a bounded measurable subset of pos-
itive n-measure, and let 1 < p < o0o. Then there exists a projection
Ty (S; Lp) from L,(S) onto the subspace Pr—1(R"™)|, with a norm bounded

s
by \/dim Pr—1(R™). In particular,

17 = TS5 f5 Lp)ll ) < k) BR(S5 f5 L) (1.4)

Remark 1.5. (a) All but the last assertions are direct consequences of the
inequality (1.3) (see, for example, [7]). The last assertion follows from the
Kadets—Snobar theorem [31].

(b) Using the inequality (1.3), one can show that the orthogonal pro-
jection Ty(S) : L1(S) — Pr_1(R™) |s satisfies for every 1 < p < oo the

k-1
inequality (1.4) with the constant c(k,n) ( ‘COTE‘(S”) .

(c) Clearly, there is no such linear projections if 0 < p < 1. Using the
Brown-Lucier theorem [4], one can find a homogeneous nonlinear projection
from L,(S) onto Py_1(R™)| ¢ which is independent of p and satisfies (1.4)

_qal
|conv (S)] ) k=lt,

with the constant c(k, n,p)( S|

For the effective applications of geometric analysis methods and results
the set-functions S +— Ey(S; f; Lp) should be restricted to a subclass of
geometrically better organized measurable subsets (cubes, Ahlfors regular
sets, etc.). In the sequel, we confine ourselves to the class K(R™) of cubes
homothetic to the unit cube Qg := [0, 1]™. Then we denote by Q,(z) a closed
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cube from K(R™) of center x and side length 27 (or of radius r if we regard
Qr(x) as an £ -ball).

In the case of functions over a measurable subset S C R™, we deal with
a subclass () of IC(R™) consisting of all cubes centered at S that do not
contain S. Hence, K(S) consists of quasicubes @ NS instead of cubes.

The following theorem, a variant of an extension result proved in [8] in
a special case and generalized by Shvartsman [39], allows us to work in the
sequel only with cubes.

Theorem 1.6. Assume that a measurable subset S C R™ satisfies the condi-
tion

QN SI/IQI = A (1.5)

for all Q € K(S) and some A € (0,1). There exists an extension operator
T: LLOC(S) — L,(R™), linear if 1 < p < 0o and homogeneous otherwise, such

that for some constants ¢ = c¢(n,k,p*) and v = ~y(n) € (O, %) and every cube
Q € K(5)

Er(vQ; Tf; Ly) < clk,n, p)A "M EL(SNQ; £ Ly).

Hereafter, v@Q is the v-homothety of Q with respect to its center (so |[yQ| =
7"QJ).

This result allows us to restrict our consideration to the case of functions
over R™ and to use K(R™) as a class of supports. To simplify the notation,
we fix numbers p € (0,+00] and k € N and write for f € L°(R") and
Q € KR")

EQ; f) = Ex(Q; f; Ly), P(Q; f) = P(Q; f; Lp).

In the subsequent text, it is also convenient to use a normed local approxi-
mation defined by

E1(S5 [5 Ly) = |S|T» Ew(S; [ Ly).

As above, we shorten this notation for f € LI°°(R") and Q € K(R") by
writing

EQ;: f)=¢E@Q; [ Ly).
It is the matter of definition to check that for p < ¢ and k > ¢,

EQ; [)=E(Q; [i L) SEQ; [ Ly). (1.6)

Our following results give a partial conversion of this inequality.
We begin with a conversion in k£ which may be seen as a local version of
the so-called Marchaud inequality (see, for example, [43, Chapt. 2]).
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Theorem 1.7. Given f € L°(R"), Q = Q.(x) and an integer £ € [0,k),
there exists a constant ¢ = ¢(k,n,p*) such that

E(ryw; f) < crz{/(&(t;f;f)y Cit}”*7

T

where we set for brevity

5k(7'§33§f) = gk(Qr(x) ; f?Lp)-

Clearly, there is not direct conversions of (1.6) in p, but the results of
this kind do exist for some regularizations of normed local approximation.
The first of them, g-average (¢ > p) of local approximation, is a function
E R, x K(R™) x L*¢(R") — Ry given by

“t:Q; f) —bup{ZEK f) } (1.7)

Kenm

where 7 runs over all disjoint families of congruent subcubes K C @ of volume
min{ (20)", |Q|}.

Hence E{? is nondecreasing in the first two arguments and is a norm
(quasinorm for p < 1) in f on L,(Q)/Pr—1(R™). Using the Besicovich covering
lemma (see, for example, [28, Theorem 1.1]) and partial subadditivity of local
approximation, one can show that E(? also satisfies the Ay-condition? in .

The same argument leads to equivalence of E{9 to an integral q-average
of local approximation, a function E{? of the same arguments as E(? given

by 1
Bt O: f) = A(2); 9. 1°
B9 Q; f) {Q/S(Q()f)d}

Actually, the following is true:

Proposition 1.8. There exist constants ci,co > 0 depending only on k, n,
p* such that, for all arguments of E‘?

aBY (1 Q:f) SED(r: Qs f) < B (r; Q).

The desired conversion of the inequality (1.6) in p can be derived from
an estimate for the nonincreased rearrangement of the restriction ( f—
P(Q; f)) | o Denoting this rearrangement by f¢, we then have the following
result [13, Appendix II].

2 recall that ¢ : Ry — R4 satisfies this condition if sup ((t)) < 0.
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Theorem 1.9. There exists a constant ¢ = c(k,n,p*) such that for 0 < t <

Q»

Q| »

/E Qf)ds

. (1.8)

fo™)

In turn, E\Y computed in the L, and Ly norms with p < q < oo satisfies
Jor 0 <t <|Q]»

FTED (50 p* o
q><t;Q;f;Lq><c{/[E"t;Q,f)} d;} |

0

()
o:=n - .
p q

As a consequence, we obtain a partial conversion of the inequality (1.6)
given by

where ¢ = c(k,n,p*,q) and

Corollary 1.10. There exists a constant ¢ = c(k,n,p*, q) such that for p <
q < o0 and for every cube Q := Q,(x)

EQ; fi Ly) gc{/<E<P>(ss;gQ; f))qus}q.
0

Remark 1.11. Apparently, the inequality (1.8) holds for E(? with ¢ > p
substituted for E{?. Note, however, that for ¢ = oo this result would im-
ply the John—Nirenberg exponential estimate [30] for BMO-functions defined
over L, with p < 1. The latter is true, but requires a much more elaborate
argument than that applied in the aforementioned paper, see [42].

Another kind of regularization for local approximation, weighted q-
variation, is defined as follows.

Let w : Ry — Ry be a k-majorant, i.e., a nondecreasing function such
that ¢ — w(t)/t*, ¢ > 0, is nonincreasing (in particular, w may be constant).
Then the (¢, w)-variation (q¢ > p) of local approximation is a function E(¢+) :
K(R™) x L;LOC (R™) — R4 given by

()Y o

T Kem

where 7 runs over all disjoint families of subcubes in Q.
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Clearly, (q,w)-variation relates to g-average by the inequality
E(r; Q; f) Sw(r)E)(Q; f).

An upper bound for (g,w)-variation may be obtained using a kind of the
weighted Hardy-Littlewood maximal operator given for @ € K(R"), f €
LL‘“C(R”), and z € @ by

BFew; Q; )= swp ST (1.10)
Q@oKaz w(|K|n)
In the case w(r) = 7*,0 < A < 1, this notion was introduced and studied by
Calderén and Scott [20]; the case of arbitrary A € [0, k] was then investigated
in [26].
It is the matter of definition to check that

E(q,w)(Q; f) < HE#"”('; Q; f)HLq(Q)'

Now, we present the second partial inversion of the inequality (1.6). To
this end, we use the following analog of the rearrangement inequality of The-
orem 1.9, see [9, Sect. 2, Theorem 2.

Theorem 1.12. Assume that 1 < p < q¢ < oo. There exists a constant
1
¢ = c(k,n) such that for 0 <t < |Q|»

QI n

fat") < c( s dSS)E<"’”>(Q; )

Sa

A

Exploiting this result for w := wy defined by wy(t) := r*, we obtain the

following conversion of the inequality (1.6).

Corollary 1.13. Assume that A € (0,k] and 1 < p < q < +00 satisfy the
inequality
A1 1
> = .
n - p g
There exists a constant ¢ = c(k,n,p,q) such that for any @ € K(R™) and
feLye®n),

EQ: 5 Ly) < Q> sup KD (1.11)
KcQ |K|n
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Remark 1.14. In the case of ¢ € (p, +00) satisfying 2 = 11) — ;,
ity (1.11) holds if the L,-norm is replaced by the Marcinkiewicz—Lorentz
norm L.

In the remaining case of 2 =1 ie., ¢ = oo, the inequality holds with the
BMO norm substituted for that of L.

the inequal-

Now, we discuss local analogs of the classical Jackson and Bernstein theo-
rems that relate the degree of approximation of functions to their smoothness
properties (see, for example, [43]). Smoothness in these results is measured by
the number of derivatives and behavior of moduli of continuity for the higher
derivatives. The latter concept is recalled to be introduced for a p-integrable
function of f over a domain3 G C R™ and for 0 < t < diaL“G by

wi(ts flr,) = |il\1£t AR £ L, (G (1.12)

here |h| stands for the standard Euclidean norm of h € R™, and for y € R,
Gy ={ze€G;[z,x+y] CG}.

A local analog of this notion, (k,p)-oscillation, is a function over IC(R™)
given by

osck(Q; f; Ly) :=sup 1A 1 2 (@un (1.13)

where h runs over all vectors of norm at most dia,rch .
In some applications, the following generalization of this notion is of use.
Let 1 be a Borel measure on [0, 1] whose support consists of a finite number

of points and such that

[oan={%, 0=<k
#0, j=k.

Then we define a p-difference (or order k) acting on functions f over R™ by

pnf (@) i= [ 1o+ shyduts).

k
If, for example, we take p = > (—1)*J (?)51, then py, coincides with the
J=0 ’
standard k-difference A% .

k
Now, p-oscillation is defined similarly to that in (1.13):

3 i.e., an open connected subset
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osc,(Q; fi Ly):= sup 0 ||thHLp(Qh)~ (1.14)

|h|<diam

The following result relats this characteristic to local approximation.

Theorem 1.15. There exist constants c1,co > 0 depending only on k, n, p*
such that for all Q € IK(R™) and f € LLOC(R"), 1< p<oo,

c1Ep(Q: fi Ly) <oscu(Q: fi Ly) < Bk(Q; f3 Ly). (1.15)

For univariate functions in C[0,1] and g = A% the left inequality was

due to Whitney [46]. The general result was proe(lzcl by the author [6, 7]. A
nonconstructive proof for p > 1 is presented in [13, AppendixI].

As a consequence, we obtain a generalization of the classical Poincaré—
Sobolev inequality.

Corollary 1.16. Let f belong to the Sobolev space Wﬁ(Q), 0 </l <k
Assume that 1 < p < g < 00 and these exponents and £ satisfy

¢ 1 1
c= — + =0
n o p q

for all q except q = co. In the latter case, assume that o > 0. There exists a
constant ¢ = ¢(k,n,p, q) such that

E(Q; [ Ly) < clQ|» sup E—o(Q; Df; Ly). (1.16)

loe|=¢

Using the g-average of local approximation (see (1.7)), we obtain a partial
conversion of (1.16).

Theorem 1.17. Let f € L,(Q), 1 < p < oo, and an integer £ € [1,k) and
exponent q € [p, +00] be given. Assume that

F (5.0 f
I(t,f) ::/Eq(87Q7f7Lp) < 00
0

st+1

for some t > 0. Then f belongs to the Sobolev space WIf(Q) and its higher
derivatives satisfy for some constant ¢ = c¢(k,n,p,q)

max Bi-o(Q; D°f s L) < el (1Q15 f).

Remark 1.18. The last two results are true for a wider class of domains
than cubes. In particular, they hold for uniform domains, also known as
(¢,0)-domains (see, for example, [29] for the definition).
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Further, we present a global version of Theorem 1.15 proved in [9] for p > 1
and in [13, AppendixI] for 0 < p < 1.

Theorem 1.19. There are constants c1,co > 0 depending only on k,n,p*
such that for all Q € K(R™), f € LL"C(Q), and 0 < t < diam )

crwr(ts fr,@) < EW (t;Q; f L) < cow(t; f)r,(Q)-

As above, @ can be replaced by a bounded uniform domain. Moreover, k-
modulus of continuity can be replaced by its analog w,, defined as in (1.12),
but with p-difference of order k substituted for AF.

Finally, we discuss relations between Taylor’s and best local approxima-
tions. To this end, we recall the definition of the Taylor classes introduced,
in essence, by Calderén and Zygmund [21].

Definition 1.20. (a) Let A be a positive nonintegral number. A function
f € L°(R™) belongs to a Taylor space T))(z) if there exists a polynomial m,,
of degree strictly less than A such that for some constant ¢ and all 0 < r < 1

{:n /\f($+y)—mm(y)|pdy};<cﬂ (1.17)

lyl<r

The infimum of ¢ in this inequality is called a (quasi)norm of f in T))(z).
(b) Let A be a natural number. The Taylor space T, (z) is defined as a
real interpolation space given for some ¢ € (0, 1) by

Tzf‘(x) = (Tlf"e(x),T“E(x)) Lo

It can be shown that up to equivalence of norms the definition of T]j‘(x)
with A € N is independent of €.

Remark 1.21. (a) For A € N our definition of 7)) (z) deviates from that in
[21]. In fact, the latter exploits the inequality (1.17) for any A to define such
a space. The Calderén-Zygmund space with A € N is denoted by Tp)‘(a:).

Definition 1.22. A function f € L}*°(R") belongs to the Taylor space ¢ (z)
if there exists a polynomial m, of degree less or equal to A such that (1.17)
holds with o(r*) as r — 0 substituted for cr?.

It can be shown that t;,‘(x) is a separable subspace of Tzf‘(x) (or fg‘(x))
The following two results describe relations between the Taylor and best
local approximations (see [6, 10] and Appendix IIT in [13]).

Theorem 1.23. (a) If 0 < X\ < k, then a function f € L>°(R™) belongs to
Tp)‘(x) if and only if
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E(Q:f3Ly) =0(IQ") a5 Q- (1.18)
(b) If X\ = k, the condition (1.18) is necessary and sufficient for f to belong

to T;f (z).

(¢) If X is an integer and 0 < X\ < k, then f belongs to fg(x) if and only
if (1.18) holds and, moreover,

o Imwai’i}DaPk(Q;f;Lp)‘ < 00.

A variant of this result for the separable Taylor subspaces is as follows.
Theorem 1.24. (a) If 0 < A < k and X is nonintegral, then a function
fe LLOC(R") belongs to the space t;‘(x) if and only if

A
EQ;f;Ly) :0(|Q|n) as @Q — x. (1.19)

(b) If 0 < A < k and X is an integer, then f € tg(x) if and only if (1.19)
holds and, moreover, the limits

éim D*Py(Q; f Lyp)
exist for all o with || = A.

In the case A = k, the criterion of Theorem 1.24 (b) may be simplified
if we are interested in the case for f belonging to t’;(x) almost everywhere.
Actually, the following is true.

Theorem 1.25. A function f € LI(R™) belongs to the space t7(x) for
almost all © € R™ if and only if for almost all

m 5k(Q§pr)

1 k& < 0.
@@

Using the above presented criteria, we give a one-point version of Theo-
rem 1.17. To this end, we define Peano derivatives for a function f € LLOC(]R").

Let f belong to the Taylor space t’; (z0), and let my, be a polynomial of
degree k satisfying Definition 1.22, i.e.,

1f = maollz, = 0(1Q") as Q — .

This polynomial is, clearly, unique. It is called a Taylor polynomial and is
written in the form

T 1) = Y0 T -

o] <k
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Then the number f,(x¢) is said to be the Peano mized derivative for f of
order « at the point xg denoted by D f(xo).

The notation is motivated by the following fact (see, for example, [21]).

If fe LLOC(R") belongs to t’;(x) for almost all points of a domain and
p > 1, then Peano derivatives for f of order at most k coincide with the
corresponding weak L,-derivatives almost everywhere in the domain.

Using this concept, we introduce Sobolev spaces over L, with p < 1.

Definition 1.26. A function f € Li°°(G), where G C R™ is a domain and

0 < p < o0, belongs to a homogeneous Sobolev space Wlf (G)if f e t’; (z) for
almost all x € G and its Peano derivatives of order k satisfy

[flwpa) = max [D*f|[r,(c) < oo

lex]

According to the formulated fact, the space subject to this definition co-
incides with the classical space for 1 < p < oo.

The notion introduced allows us to extend Theorem 1.17 to the case of
0 < p <1 as follows.

Theorem 1.27. Let f € L,(Q), where 0 < p < 1 and an integer ¢ € [1,k)
and exponent q € [p,+o0], be given. Assume that

FTE@(s:0: f: L) Pds)
J(t;f):z{/[E (S;Z;f’LP)} dj} <0
0

for some t > 0. Then f belongs to Wlf(Q) and its higher Peano derivatives
satisfy for some constant ¢ = ¢(k,n,p,q)

ngk_e(Q;Daf;Lq) <el(|Q] 5 f).

]

2 Local Approximation Spaces

We introduce a class of functional spaces defined by the behavior of local
approximation of their members. For this purpose, we need the following
definition.

Definition 2.1. Let u be a Borel measure on IL(R™). A functional parameter
is a quasi-Banach lattice of p-measurable (classes of) functions of IC(R™)
satisfying the Faton property. That is to say, a functional parameter ¢ meets
the following conditions:

(FP) 1If f € ypand|g| <|f| p-almost everywhere, then g € ¢ and
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9l < (I flle-

(FP, For some constant ¢ = ¢(¢) > 1 and all f,g € ¢,

I1f + glle < e{llflle + 1£1l0}-

(FP;) ¢ is complete.
(FPy) Every bounded in ¢ sequence {f;} converging in measure to a func-
tion f satisfies the Faton inequality

[flle < T [ f5]]e-

J]—00

The following classes of function parameter will be used below.

Example 2.2. Identifying IC(R") with the open half-space R ! := {(r, 2);
r >0, x € R"} by the bijection Q,(x) — (r,z), we introduce a Borel measure
on K(R™), denoted by d@, by setting

dQ = dx @ r~tdr.

Then a functional parameter L;‘(Lp)7 where 0 < p,q < 00, A € R, is defined

by the quasinorm
P q 1
P q
dx) r} . (2.1)

lsyeen = { [ (J] 707 )

Ry R™

Example 2.3. Changing the order of integration in (2.1), we define the
functional parameter Ly (L)):
q P 1
d q P
T) dw} . (2.2)
-

, fr,x)
s = { [ (]
Rn Ry
Example 2.4. We fix a point 9 € R" and define a Borel measure IC(R™)
to be 8., ® r~1dr. A (functional) parameter L) (o) is then defined by the

quasinorm
f(rz
sz = { [ |70
r
Ry

For p = oo we use a separable subspace of L7 (z¢) denoted by €2 (zo)
defined by the condition

pdr};. (2.3)

r
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tim (%0) _ g (2.4)

r—0 ro

Example 2.5. Let p be the counting measure on K£(R™). A parameter vy
is defined by the quasinorm
P 1
} (25)

(@)
Iz =sud 3 1 7%
g Qem
where 7 runs over all disjoint families of cubes from IC(R™).
Replacing in (2.5) [Q|~ by w(|Q|»), where w : Ry — Ry is a k-majorant,

we define the parameter Vp(w)
We also use a separable subspace of the space V;7 denoted by vy that is
defined by the condition

uniformly in Q € KC(R™),

lim bup{z |K| |K|n

Q=0 Ker

1
Iy

here 7 runs over all disjoint families of cubes in Q.

In the sequel, we extend Definition 2.1 by exploiting functional parameters
over the set

={Q-(z) e K(R™);2 € G and 2r < diamG}. (2.6)
In some situations, one can also use a subset of C(G) defined by
Kint (G) :={Q € K(G);Q C G}. (2.7)

In the latter case, G is assumed to be the closure of a domain G C R".
It can be easily seen that all the spaces introduced are functional param-
eters, i.e., satisfy axioms (PF;)—(PF3).

Now, we introduce the main object of this section, the local approximation
space.
Let ¢ be a parameter over C(R™), and let 0 < p < oo and k € N be fixed.

Definition 2.6. A homogeneous local approximation space A’;(Lp) consists
of functions f € LL‘“C(R") such that the seminorm

|flak(r,) = Hgk('§f;Lp)H<P

is finite.
A (nonhomogeneous) local approximation space A%(L,) is then defined
by the quasinorm
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1Lk, = [fla ) + 1 l2,c0)
where Qo := [0, 1]".

In the sequel, we encounter also spaces /lff,(X ) obtained by replacing
LL‘“C(R”) by other functional spaces of locally integrable functions on R",
for example, X may be the Lorentz space Lio°(R™), BMO(R™), or C'*°(R™)
(the space of locally bounded continuous functions on R™).

We also exploit local approximation spaces over measurable subsets G C
R™. For their definition we use the trace space* ¢|g of a functional parameter
¢ and modify normed local approximation by setting for @ € K(G),

E(Q; fiLy) = QI P Ex(QN G fiLy)

i.e., replacing, for an evident reason, the factor |@ N G|7111 of the previous
definition. '
Then the local approximation space A’;(LP, @) is defined by the seminorm

|f|Al;}(Lp7G) = Hgk(ﬂf;Lp)HwG'

If G is a domain we also introduce a subspace .Af; (Lp ; G)ing replacing K(G)
by the subset iyt (G).

Finally, we introduce subspaces of local approximation spaces whose mem-
bers possess Peano derivatives. In fact, given a parameter ¢ and an integer
¢ € N, a space WEA’(Z(LP) consists of functions f € LI°(R™) whose Peano
derivatives D®f with |«| < £ exist almost everywhere and satisfy

|f|WkA:Z(Lp) = maﬁ ||5k( ;Daf;Lp)H(P < 0.

lex]

Theorem 2.7. (a) The spaces Ai(LP)/”qu(R") and AE(Ly) are quasi-
Banach (Banach, if ¢ and L, are).

(b) Let parameters ¢,v over (K(R™), ) satisfy ¢ < 1 (continuous em-
bedding), and € > k, p > q. Then the following holds:

AL(Lp) — AU (Lg) /Pr1(R™). (2.8)

(c) Let (o, 1) be a quasi-Banach couple of parameters over (K(R™), ).
Then for the real interpolation space of the corresponding local approximation
spaces we have

(Aio (Lpo)v -A]czl (Lpl))gq — Ai(L;Deq)a (29)

4 Recall that the trace of a normed functional space X over R™ to a subset G is equipped
by the canonical trace norm given for f € X|a by [|f x| = inf{ll¢lx ; ¢l = f}.
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where ¢ = (o, P1)aq and

Pe Do 1

(d) If the local approximation spaces on the left-hand side of (2.9) are
Banach spaces, then for the complex interpolation of this couple we have

[-’420 (Lpo)v -A]c:;l (L;Dl)]g — Ai(Liﬂe)a (2'10)

where ¢ = oy %0 (the Calderdn construction).

We refer the reader to the books [2, 17] for information on the real- and
complex interpolation and the Calderén construction.

One more result of this type is true for the variants of local approximation
spaces introduced above.

Proposition 2.8. (a) Let G C R™ be a set of positive measure. Then
AR(L,) /G — AK(L,; Q).

If, in addition, G is a domain, then the space on the right-hand side can
be replaced by its subspace A’;(Lp :Gint -

(b) If 1 < p < o0, then
WEAI:: (Lp) = AI;# (Lp),
where ©* is a weighted space given by the quasinorm

@)
Q~

The basic problems of the theory of local approximation spaces concern the
conversions of the above formulated assertions. In important special cases,
such conversions hold under mild restrictions on parameters. Proofs of these
results are easily derived from the corresponding properties of local approxi-
mation presented in Sect. 1. The results obtained in this way can be, in turn,
applied to the study of the “classical” function spaces of smooth functions.
The success of this approach is provided by the description of every “clas-
sical” space via the local approximation behavior of its members. This, in
particular, gives a representation for such a space as a local approximation
space determined by one of the functional parameters from Examples 2.2-2.5.
In turn, properties of local approximation spaces derived from the results of
Sect. 1 can be transferred to those of the spaces of smooth functions.

In accordance with the choice of parameters we divide all local approxi-
mation spaces being used into several families.

1l = H

173
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2.1 A-spaces

These spaces are determined by parameters of Example 2.2. Most of them
coincide with Lipschitz spaces of different kind; this fact explains the choice
of the name.

To introduce spaces of this series, we fix an integer k > 1, real number o
and exponents 0 < p < ¢ < oo and 0 < r < co. Then a homogeneous A-space
with these parameters is given by

AZT(LP) = Af;(Lq) where ¢ 1= L)(L,).

In particular,
En(Q; f5Ly)
QI
for 0 < o < k defines the space of functions satisfying the Lipschitz—Zygmund
condition

|[flagee(L,) = Sgp

AL f (@) = O(In]7)

(see [22] for nonintegral o and [6] for the general case).
The following result explains the lack of index k in the notation.

Proposition 2.9. Ifr < oo and o ¢ (0,k) orr = o0 and o > k, then

AT (Ly) = Pr_1(R™).

Remark 2.10. In the remaining case of 7 = oo and o < 0, this space,
up to factorization by Pr_1(R™) and equivalence of (quasi)norms, coincides
with the Morrey space M_;_Z(R”) if —Z < 0 < 0 and with the weighted
Ly-space Ly(|z| 7777 ;R") if o < ="

Let us recall that the Morrey space M (R™) is defined by the (quasi)norm

£
I laagceey = suplQP{ [ 17pac}”
Q

The following result describes the main properties of A-spaces.

Theorem 2.11. (a) If 0 < o < ¢ < k, then, up to equivalence of
(quasi)norms,

AT (Ly) = AL(Lp) [ Pr-1 (R"),
where @ 1= L7 (Lg).
(b) If 1 <l <o <k, then
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{ L fo—2
A (Ly) = WHAT (Ly).

If p > 1, the converse continuous embedding is also true.
(

¢) If 0 < o < k and for some p € (0,+00] the parameters satisfy one of
the conditions:

(1) |;}—;| < 7 and 0 <r < oo;
(ii) ‘; - ;} = 7 and r < max{p, ¢},

then, up to equivalence of (quasi)norms,

AZT(LP) = AgT(Lq)-

(d) Under the conditions of assertion (c), the A-space on the left-hand
side coincides, up to equivalence of (quasi)norm, with the homogeneous Besov
space BJ"(R").

Here, the Besov space is defined by the seminorm

|fl 5o @n) = {/(w’“(t;(;f;]"’) it}r. (2.11)

R

This definition is known to be equivalent, for ¢ > 1, to the standard definition
of the Besov space (see, for example, [45]). However, the (Peetre) definition
of this space for ¢ < 1 [35] differs from that given by k-modulus of continuity.
Denoting the Peetre space by E‘q”’ (R™) we have the following embedding:

By (R") — BJ"(R™)

which is proper only if 7 < ; -1

The family of A-spaces may be extended to negative values of o for p > 1.
To introduce the extension we need the notion of atoms,

A measurable function a : R™ — R is recalled to be a (k, o, p)-atom if for
some cube

(i) supp a C Q;
1

(i) {@ Q/|a|pdx}" <lQl %

(iii) for all indices |a| < k

/xo‘a(x)dx =0.
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Further, we say that a function m : R® — R is a (k, o, p)-molecule of size
t > 0 if m is the linear combination

m = Z cQaq, (2.12)

Qem

where ag are a (k, o, p)-atom supported by a cube @ of volume ¢".
Given presentation (2.12), for the molecule m we set

il ={ % |cQ|q}é

Qem

and then define a space /iq_‘”’(Lp) for0<o<k Il<p<xand 0<q, r<
oo by the seminorm

lageriey = i { 7 mla) )

JEL
where the infimum is taken over all decompositions

f= Z m; (convergence in the space S of distributions)
JEL

into the sum of (k, o, p)-molecules m; of size 27, j € Z.

The construction of the space introduced allows us to check easily the
duality result presented below. In its formulation, given 0 < s < oo, the
conjugate exponent s is defined by ! + |, =1ifs > 1and s = +ooif s < 1.

Theorem 2.12. Assume that 1 < p < o0, 0<q,r < o0, and 0 < o < k.
Then, up to equivalence of seminorms,

AT (Ly)* = AT (Ly).

Finally, we formulate problems concerning stability of the A-family under
the real or complex interpolation.

Problem 2.13. What conditions on parameters does the equality
(A5 (Lpo), A5 (L)), = A7 (Lpo) (2.13)

provide? Here o := (1 — 0)og + 0o, ; = 1(1_09 + ; and ! =104 0
Problem 2.14. The same question arises for the complex interpolation of
parameter ¢ for the Banach couple in (2.13) (i.e., p,¢,7 > 1 in this case).
The answer is assumed to be the space A7"(L,) where o,7,q are defined as

above and * =170 4 ¢
p Po p1
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In several cases, the conjectures are valid. In particular, they hold if the
spaces in (2.13) are isomorphic to Besov spaces (see assertions (c) and (d) of
Theorem 2.11). Another interesting case of validity of (2.13) is the couple of
the BMO space (6 =0, p > 1 and ¢ = r = o0) and a A-space isomorphic to
a Besov space (see [36]). On the other hand, (2.13) is not true if one of the
spaces is a Morrey space (when o < 0) (see Remark 2.10).

Finally, we present an extension theorem for A-spaces. In its formulation, S
is an n-set, i.e., a measurable subset of R™ satisfying for some A = Ag € (0, 1),
condition (1.5) of extension Theorem 1.6.

Theorem 2.15 ([39]). Assume that 0 < p, ¢ < 00, and =7 < o < k or
0<p< oo, q=o00, and o =k. Then, up to equivalence of (quasi)norms,

AT (Ly)| g= AT (Ly 5 5), (2.14)

where the space on the right-hand side is defined as in Proposition 2.8 (a) .
If, in addition, p > 1, there exists a linear operator extending functions of
the trace space to the function from A7"(L;) whose norm depends only on As
and k.

Due to yet unpublished Shvartsman’s theorem [40], the right-hand side
in (2.14) can be replaced by its proper subspace A7"(L; ; S)ine for S being a
uniform domain.

2.2 M-spaces

These spaces are determined by parameters of Example 2.3. The family in-
cludes spaces defined as the Calderén maximal function (see (1.10)); this
explains the choice of the notation.

As above, we fix an integer £k > 1, a real number o, and exponents
0<p, qg<ooand 0 <r < oo. Then a homogeneous M-space with these
parameters is defined by

M (Ly) = AE(L,)  where ¢ := Ly(L).

In particular,
[flage=(r,) = ||51f’w('?f;LP)||Lq(R">’

where w(t) = t7 and the Calderén maximal function S,f “ is defined
by (1.10). The space MZOO(Ll) was introduced and studied in detail by De-
vore and Sharpley (see [26], where this space was denoted by Cg ).

Most results for M-spaces are similar to those formulated for their “twins,”
A-spaces. Therefore, we only present an analog of assertion (d) for Theo-
rem 2.11 relating M-spaces to the family of Triebel-Lizorkin spaces F; T(R™)
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(see [45, Chapt. 2] for several equivalent definitions). Since functions from M-
spaces may be nonintegrable (for p < 1), we use the Marcinkiewicz—Strichartz
definition of F-spaces which may be naturally extended to p < 1.

This definition exploits the notion of spherical k-modulus of continuity
given for f € LLOC(R"), t >0, and = € R" by

Or(t,x; fiLy) = {/}Afyf(x”pdy}p’
B

where B := {y € R";|y| < 1}. Then we define a homogeneous space F;T(Lp)
by the seminorm,

B L f. rd 7{
e

R+

Lg(R™)
The relation between this space and the homogeneous Triebel-Lizorkin
space Fy"(R™) is given by the following result (see [45, Sect. 2.63] and [18]).

Theorem 2.16. Assume that 0 < o < k and one of the following conditions
holds:

()0<g<oo, 0<r<ooand

1 o . 1
. — < min| 1, ;
min{q,7} n/ q

(ii) 0 < ¢ < o0, =00 and

Then, up to equivalence of seminorms,
Fe(Ly) = BET(RY).
The relation between spaces F,;’ "(Lq) and M-spaces is given by the fol-
lowing results due to Shvartsman and the author [18].

Theorem 2.17. Assume that 0 < 0 < k, 0 < p < o0, and one of the
following conditions holds:

(i) 0<g<oo, 0<r<oo and

1 o - 1
min{g,7} n/), " p’
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(ii) p = 0o and
o 1

> .
n ~ min{q,r}
Then, up to equivalence of seminorms,
F;T(LP) = MZT(Lp)-

As a consequence of the previous two results, we obtain the following fact
due to Dorronsoro [27] in another way for the special case 1 < p < oo,
1<g<oo,and 0 < r < 0.

Corollary 2.18. Assume that 0 < o < k and one of the conditions below
holds:
(i) 0 < ¢ < o0 and (min%%r} — Z)Jr < min{l7 217};

(il) 0 < g < 00, p = 00, 0<r<ooand;<z.

Then, up to equivalence of seminorms,
M (Ly) = FJ"(R™).

The paper [18] also contains an analog of Theorem 2.16 on extensions
from n-sets S C R”™. Since its conditions are slightly different from those in
Theorem 2.16, we present it now.

Theorem 2.19. Assume that 0 < p,q, 7 < 00 and 0 < o < k. Then, up to
equivalence of (quasi)norms,

M;"(Lp) |S: MZT(LP ; S).

If, in addition, p > 1, there exists a linear operator from the trace space to

the space M7" (L) whose norm is bounded by a constant depending only on
As and k.

2.3 T -spaces

These spaces are determined by parameters of Example 2.4. The family con-
tains Taylor spaces (see Definition 1.20). This explains the choice of the
notation.

Let, as above, k € N, 0 € R} and 0 < p, ¢ < co. Then a homogeneous
space 7;,”4(330), xo € R™, is defined by the (quasi)norm

| fl79 (20) = Af;(Lp) where ¢ := L7 (z0).
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For ¢ = oo we also introduce a separable subspace of 7;7°°(xg) denoted by
ig“(xo) using the parameter 7 (xo). Hence f belongs to the subspace if

_— (Qr(w0); 3 Lyp)

r—0 ro

=0.

An analog of Theorem 2.11 for 7 -spaces is as follows.

Theorem 2.20. (a) If integers ¢,k satisfy 0 < o < £ < k, then
77 (x0) = AL (Ly),

where ¢ = L (o).
(b) If 0 < o < k, then

7;000 (x()) = Td(xo).

p

Moreover, for 0 < o < k
tgoo (x()) = t;(xo).

All these equalities hold up to equivalence of (quasi)norms.

Recall that the Taylor spaces ;7 (o) and t7(xo) are introduced by Defi-
nitions 1.20 and 1.22.

Theorem 2.21. If0<o; <k, 0<q; <00,i=0,1, then

(770 (), T, (2)) 5, = T, (),

o
where o := (1 — 0)og + Oo;.

The reader is referred to [14] for more information on this family.

2.4 V-spaces

Parameters which determine these spaces are spaces of set-functions of
bounded variation introduced in Example 2.5. Hence, given k € Z, o € [0, k],
and 0 < p, ¢ < 00, a homogeneous V-space with these parameters is given by
. -
Vi (Lyp) == AZ(Ly) where ¢ :=V].
Replacing the parameter V7 by its subspace vy, we then define the homoge-
neous space v (L)
The properties of V-spaces are surveyed by the author in [15]. Therefore,
we present here only few results. The first of them explains the absence of
index k in the notation.
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Theorem 2.22. (a) Assume that c =0 and 1 < ¢ < co. Then
Ly*(R™) /Pr-1(R™) == Vi (Lp) < L5, (R") /Pr-1(R"),

provided that p < q.
If, moreover, p = q, then

VI (Lp) = LY°(R™) /Pr-1(R™).

(b) If o > k, then for ¢ <p
Vq (Lp) = Pr—1(R"),

and for p < q this space is infinite dimensional, but

VI (L) NCF(R™) = Pr_1(R™)

Remark 2.23. (a) Apparently,
Al (Lp) # AG(Ly)
for o = V7 and 0 < 0 < £ <k, cf. Theorem 2.11 (a).

(b) Some examples suggest that the space C* in the second assertion might
be replaced by C*~1.

In the following result, we use V-spaces over a space of locally integrable
functions X different from LLOC, such as Marcienkiewicz—Lopentz space LLOO%

or BMO. In this case, we use the notation Vg(X)

Further, we set ql* = ; — 7 (note that —oco < ¢* < o0) and

LS (R™) if 0<g* < oo,
Xg = { BMO(R™) if ¢* = o0,
Clo¢(R™)  if ¢* < 0.
Theorem 2.24. (a) Assume that
1<p<q if ¢>1 and 1<p< oo if ¢ <O.
Then, up to equivalence of norms,

VI(Ly) = V3 (Xge).

q

(b) Assume that integers ¢ and k satisfy

1<l<o<k.
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Then . .
VI (Ly) = W7 (Ly)

and the converse is also true if p > 1.

(¢) The following continuous embeddings hold:
MZOO (Lp) — V;’(Lp) - AZOO(LP)~

As a consequence of this and previous structure theorems for A- and M-
spaces, we derive a result relating V-spaces to the classical spaces of smooth
functions.

Theorem 2.25. Let exponents 0 < p < 0o, 0 < g < 00, and a number o be
given. Then the following is true.

(a) Vg(Lp) — Bgo" (R™) provided that k > o > (Z - Z)+;

(b) Bg(]R") — Vg(Lp) provided that k > o > (Z - Z)Jr and p < oo or
p=o0 and q<1.

In the case p = 0o and 1 < q < oo, the left-hand side should be replaced
by Bgl(R").

Remark 2.26. (a) The embeddings are sharp in the sense that the Besov
spaces here cannot be replaced by BJ" with » < oo for (a) and with r >
max{q, 1} for (b).

(b) The formulation of this result in [15, Theorem 3.5] is spoilt by several
misprints.

Finally, we present a result relating V-spaces with the extreme value o = k
to Sobolev spaces.

Theorem 2.27. Assume that 1 < ¢ < p < oo and

k 1 1 1
> - if p<oo and > if p= o0.
n qa P q

Then, up to equivalence of seminorms,

Wy (R") = 05 (Ly).

q

Moreover, .
bk(Lp) = Vg(Lp) for q>1

q
and .
it (Lp) # VE(Ly) = WETIBV(R™).

The last space consists of functions from L°¢(R™) whose weak Lj-
derivatives of order k — 1 belong to the (homogeneous) space BV (R").
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3 Selected Applications

3.1 Embeddings

Most classical trace, embedding, and compactness theorems for Sobolev,
Besov and Triebel-Lizorkin spaces may be derived from the results of the
previous sections. For instance, the classical trace theorem

. n »k—; e
Wy (R") B, "(R"7)

Rn—1 =

is a direct consequence of the representation Bg (R™) = /igp (L) and equiv-
alence of norms on a finite-dimensional space (P (R™) in this case). It is
also possible to derive the results of this kind for smooth spaces defined over
Lorentz, BMO and Morrey spaces with similar objects as target spaces.

We present only one result of this kind for the embedding of Besov spaces
in the case of limiting exponent (as above, these spaces are defined via k-
modulus of continuity (see the text after Theorem 2.11)). To formulate the
result, we introduce a family of spaces BMO,(R"), 0 < ¢ < oo, containing
for ¢ = 1 the classical John—Nirenberg space BMO.

Let fo denote the integral mean of f € L°¢(R") over a cube Q. Further,
f¢ stands for the nonincreasing rearrangement of the trace (f — fq) | o Then

the space BMO,4(R™) with ¢ < oo is defined by the seminorm

1Q

o s {150 )4}
BMOgy(R™) - oerxinn log g\tQ\ " .

0

The space BM O (R™) consists, by definition, of all continuous functions f
with the finite seminorm

|flBroo ey = sup max|f — fgl.
Qek(rm) @

The John-Nirenberg exponential estimate for BM O-functions [30] immedi-
ately implies BM O, = BMO.

Theorem 3.1. Assume that the parameters p, q, o, and k satisfy

o 1
0<pg<oo, 0<o<k, and = .
n o p

Then for every 1 <m < n

BIUR™)| .. BMO,(R™)/Pis (R™).
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As a consequence, we obtain an exponential estimate for the functions
from BJ? with ¢ = 11) . For its formulation we denote by E,(Q), 1 < ¢ < oo,
an Orlicz space L (Q) determined by the convex function

N(t) :==exp(t?) — 1, teR,.

Recall that the norm of this space is defined by

v = int{ > 0: [ NOIfhao < 1},
Q

Corollary 3.2. Let Q™ be an m-dimensional face of a cube @ € K(R™),
1 < m < n. Under the assumptions of Theorem 3.1,

I = 2@ Dl g, @y < €l Bg2@m)

provided that 1 < q < oc.
In the case q = 1, the function f € C(R™) and

[ = P(Q™; f)‘ < C|f|Bgl(Qm)-

max
Qm

Here, ¢ = c¢(n,k,p,q), ; + ql, =1, and Py(Q™; f) is a polynomial of best

approxzimation for flom of degree k —1 in Li(Q™).

Embeddings results of another kind follow directly from the representation
theorems of Sect. 2. To formulate these theorems, denote by X one of the
smooth spaces qu (R™), B‘q”’ (R™), or F;T (R™) and assume that p € (0, 4+o00] is
such that X < LI°°(R™). Then the image of X, denoted by [X], and regarded
as a subspace of LL‘“C(R”), can be characterized in local approximation terms
as follows.

Theorem 3.3. The following equalities hold up to equivalence of seminorms:

BZ,’T (Rn)]p = AZT (Lp);

[Fq T(Rn)]p = MZT(L;D);

WERM)], = VE(L,) = ME®(L,) if 1<q< .

Here, the local approximation spaces are defined by local polynomial approxi-
mation of order k and 0 < o < k.

The first result of this kind is the classical F. Riesz lemma (see, for example,
[38]) asserting that

Wy (R)loo = V(L) for 1< g < o0
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The last equality of Theorem 3.3 relating Sobolev and M-spaces is a slight
reformulation of the Calderén theorem [19] (see also [26, Theorem 6.2]).

To explain the important feature of these embeddings, we consider the
space B{‘I’T(R”) Functions of this space have smoothness o in L,, but essen-
tially lose their smoothness in L, if p > ¢. Actually, the set

{f € BI"(R™); wilt; f5Ly) = O(t7)},

where o > o — (Z — Z) is thin (of first category) in B;”’ (R™).

Nevertheless, due to Theorem 3.3, functions of the image [Bgr(R”)]p have
a kind of “hidden” smoothness in L, measured by the same number o. The
approximation, extension, and differentiability results for the classical smooth
spaces presented below are remote consequences of this phenomenon.

3.2 Extensions

The extension operator of Theorem 1.6 is universal in the sense that it works
for a wide class of smoothness spaces. For instance, a generalized version
of Theorem 1.6 due to Shvartsman [40] implies simultaneously the P. Jones
extension theorem for W} (G). where G C R™ is a uniform domain (see [29])
and similar results for Besov, BMO, and Morrey spaces and their anisotropic
analogs. We present two new extension results exploiting the aforementioned
operator, but first describe its construction.

Let S C R™ be a closed subset of positive measure, and let ¥V be a col-
lection of cubes forming the Whitney decomposition of R™\S. We associate
to every (Q € W a cube @ centered at a point of S closest to () and of vol-
ume c|Q|, where ¢ > 1 is a constant depending only on S. Further, given
fe LLOC(S), 0 <p< oo, and Q € W, we denote by Py the projector (linear
if p > 1 and quasilinear if p < 1) from Lp(@ N .S) onto Pr_1(R™) (see Theo-
rem 1.4 and Remark 1.5 (c) for its definition). Finally, {¢g }gew is a smooth
partition of unity subordinate to the cover YWW. Then the extension operator,
denoted by Exy, is given for f € LI*°(S) by

Exif =Y (Pof)vq-

QeW

Though the operator is defined for subsets of positive measure, it can be
applied for extension problems from subsets of measure zero. The first appli-
cation of this kind is due to [5, Theorem 2.11], where a Morrey—Companato
space over an f-set of R™ with n—1 < £ < n is described as the trace space of
a Lipschitz space to the f-set (see its definition below). We present a version
of this result recalling before the notions involved.
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Let S C R™ be a measurable subset of positive Hausdorfff ¢-measure,
0 <€ < n. By Lg(S), 1 < ¢ < oo we denote the space of H,-measurable
functions over S equipped with the norm

1l = {/Ifl"dHe}q
S

Similarly to the case £ = n, we define normed local approximation for f €

Lq(S) by

En(Q [ Lg(S)) ::inf{ Ho(Q N S) /|f m|que} 7

where m runs over all polynomials of degree k£ — 1.Extending the notion
of A’;(Lq;S) to subsets of positive Hausdorff /-measure (see Sect. 2), we

introduce the space AZT(LP ;S) by the seminorm

T E(On(x): [ Lo(S)\ dt) *
|f|AgT(LP§S) = {/( k(Q (x)taf q( )) t }
0

The following result connects this object to the trace space B‘" (R™ | S for
f-sets S with n — 1 < £ < n. Let us recall that S C R" is said to be an /-set
if for some constants ¢1,co > 0 and all cubes @ € K(5)

c1lQln < Ho(Q) < 2| Q|

The class of £-sets, in particular, contains compact Lipschitz ¢-manifolds (with
¢ € N), Cantor type sets and other self-similar fractals (with arbitrary ¢ €

(0,n]).

Theorem 3.4. Let S C R™ be an {-set where n — 1 < £ < n. Assume that
BI"(R™) — LI°(R™).
Then, up to equivalence of seminorms,
By" (R”)|S: A7 (Loo 5 S).
Moreover, there exists a continuous extension operator (linear if ¢ > 1) from

the trace space to BgT(R").

The method developed in [5] also admits a similar extension for the em-
bedding pairs FJ" C L'°¢ and qu C L'k¢ giving local approximation rep-
resentations of the corresponding trace spaces of F; "l and W,ﬂ g to (-sets

withn—-1< /< n.

s
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The recent results by Shvartsman [41] presented below suggest that the
restriction on S may be essentially weaker. To formulate Shvartsman’s results,
we introduce variants of the spaces V(‘I’ (L ;S) and M;’(Loo ;S) defining the
former by the seminorm

|flv = sup{Z(gk(%g;éLoo)Y}é, (3.1)

T YQer

where 7 runs over all disjoint families of cubes @ satisfying 4Q NS # ; here
AQ = Qe (2) if Q = Qr(x).

The latter space is defined by the seminorm
1fla = 11 # Ly )
where the maximal function f# is given by

#6) 1= sp QNS S
Q>z |Q|"

where ) runs over all cubes intersecting S and containing x € R"™.

The original space Vg ((Lp;S) is recalled to be defined by disjoint families
of cubes centered at S and of length side < 2diam .S. In turn, the original
space MZT (Lp; S) is defined by the smaller maximal function

(3.2)

5f’w(x;f;Loo) = sup gk(Q;f; LOO),
Q Q[

where w(t) :=t7 and @ runs over all cubes from &(S) containing x.

Theorem 3.5 ([41]). Let S C R™ be an arbitrary closed subset of R™. As-
sume that qu (R™) < L°¢(R™), i.e., ¢ > n. Then the trace norm of the space

VV1 R™) |s is equivalent to seminorm (3.1) or (3.2) with k = o = 1. More-
over, there exists a linear continuous extension operator from VV1 R™) | g
qu (R™).

Remark 3.6. Theorem 3.4 apparently remains to be true for LLOC(R") with
p < oo substituted for L'°¢, but for now we can prove this only for /-sets with
£ = n. The same fact holds for other classical smooth spaces.

Conjecture 3.7. Let X denote one of the “classical” homogeneous spaces
over Lq of smoothness o embedded into L;,OC(]R”) where 0 < ¢ < p < o0.
Then X = A@(LP) where @ is the corresponding functional parameter (see
Theorem 3.3).

Assume that S C R™ is an (-set, where £ > {(0,q) := min{n—1, (n—oq)+}.
Then, up to equivalence of seminorms,
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X|s = AL(L,: 9), (3.3)

and there exists a continuous extension operator (linear for ¢ > 1) from X|s
into X.

In particular, £(o,q) = 0 for the space of Theorem 3.4, so validity of the
conjecture implies that the assertion of the theorem is true for every f-set
with ¢ > 0.

The same follows from the validity of the conjecture for the space W(f (R™)
where fl > 1. However, in the special case k = 1, Theorem 3.5 gives essen-
tially stronger result. This leads to

1

Conjecture 3.8. Assume that, in the settings of Conjecture 3.7, 7 > g €

X < C°¢(R™). Then (3.2) holds for every closed subset S C R™.

3.3 Pointwise differentiability

Using differentiability criteria of Theorems 1.23-1.25, one can reveal the in-
fluence of “hidden” smoothness on pointwise behavior and Luzin approxi-
mation of functions from smooth spaces. The result presented below firstly
announced in [10]. To illustrate a general situation, let us consider the space
of Ly-Lipschitz functions on the real line. The corresponding representation
of this space as an local approximation space shows that its functions have
hidden smoothness 1 in the space Lo,. The general theorem presented below
asserts for this special case that every such a function belongs to t._(x) for
almost all z € R, i.e., is differentiable almost everywhere. On the other hand,
L1 (R)-Lipschitz functions are functions of bounded variation and vice versa
(Hardy—Littlewood). Therefore, the previous statement coincides with the
classical Lebesgue differentiability theorem. For this reason, the result pre-
sented now may be regarded as a far reaching generalization of the Lebesgue
theorem.

We formulate this result for functions from V-spaces and then derive from
there differentiability results related to the hidden smoothness phenomenon
for the classical smoothness spaces.

Theorem 3.9. Assume that a function f belongs to the space Vg (Lp), where
0<g,p<oo,0<o <k, and for some s € (0,n]

Wi=0 — > 0.
q
Then

(a) If s =n and p = k, then f belongs to the Taylor space t’;(x) for almost
all z € R™.



Sobolev Spaces and their Relatives 63

(b) If s<n and 0 < pu <k, then f € T})'(x) for Hs almost all v € R".

(c) If f belongs to the subspace 07 (Ly), then assertion (b) holds with t}(x)
substituted for T} (z).

The second result concerns Lusin type approximation of functions from
V-spaces. In its proof, a considerable role plays a version of the extension
theorem from [5] (see also [13, Sect. 5.3]). In the formulation, we use the
notion “Hausdorff s-capacity” given for a set G C R™ by

@)= m {0l o cua).

Having in mind applications, we formulate the result for the general space
Véw)(Lp), where w : Ry — Ry is k-majorant (i.e., w is nondecreasing and
t — w(t)/t* is nonincreasing). Recall that

q} p

Theorem 3.10. Let p, q, s be chosen as in Theorem 3.9, and let f belong
to the space Véw)(Lp). Assume that for some t > 0

Er(Q; [ Ly)
w(|Q[)

|f|V§w)(Lp) = Sup{z |Q|

Qem

where 7 runs over all disjoint families of cubes.

¢
w(t) ::/ Z_(TQ du < oo.
U q
0

Then for every € > 0 there exists a function f. € C'°°(R™) such that

Cs{z e R fo(z) # f(z)} <e (3.4)
and f- satisfies the Lipschitz condition

sup|AZf€‘ <cle)o(|h]), heR™
Rn

Corollary 3.11. Let w(t) := t*, t > 0, and s = n. Then for any f €

Véw)(Lp) and € > 0 there exists a function f. belonging to C*1°¢(R™) and
satisfying

[{z e R f(x) £ f-(0)}] << (3.5)

One may derive from these theorems a few differentiability results for
the “classical” smoothness spaces. We present only two beginning with the
Calderén space CJ (R™), 0 < o < k, introduced in [26]. This space is recalled
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to coincide with the Triebel-Lizorkin space E, 7 (R™) for 0 < o < k and with
the Sobolev space Wq’“ (R™) for 0 =k and 1 < ¢ < 0.

Corollary 3.12. Let p € [q,+o0] be such that
0 (TN locmpn
Cq(R™) — LY°(R™),

and let

for some s € (0,n|. Then for f € Cg(R") the following holds:

(a) If s=n and o0 = k, then f belongs to t’;(x) for almost all x € R™.

Moreover, for every e > 0 there exists a function f. € C*1°°(R™) such that
(3.5) holds.

(b) If 0 < p < k, then f € T}!(z) for Hs almost all points x € R".
Moreover, for every e > 0 there exists a function f. belonging to the Lip-
schitz space BES®(R™) such that (3.4) holds.

The final result concerns the Besov space Bg > (R™); in its formulation,

Corollary 3.13. Assume that a function f € LL‘“C(R”), 0 < p < o0, satisfies
for some o € (0, k] the condition
wi(t; fLy)

sup < 0. (3.6)
0<t<1 t7

Then for any € > 0 and § > 0 there exists a function f. satisfying (3.5) and
such that for 0 <t <1

2) - (3.7)

wi(ts - Loo) < C(e,0)t° (log ;

Remark 3.14. The result is sharp in the sense that the Luzin approximation
with 6 = 0 in (3.7) fails to be true. According to the counterexample of
Oskolkov [34], there exists a function f € L,(R) satisfying (3.6) for k = 1
and 0 < o < 1 which differs, on a set of positive measure, from every function
satisfying (3.7) with k=1 and § = 0.
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3.4 Nonlinear Approxrimation

One more example of the hidden smoothness phenomenon concerns nonlin-
ear approximation of smooth functions. The first result of this type was due
to Birman and Solomyak [3] who studied approximation of functions from
WE(Qo) in the space Ly(Qo), where Qo := [0,1]" and * > v— 1 >0by
piecewise polynomials subordinate to a subdivision of )y into a fixed number
of dyadic subcubes. They discovered that, in spite of loss of smoothness in
L,, the order of approximation remains the very same as for a similar ap-
proximation in Lg-metric. The only difference is a nonlinear nature of the
approximation procedure, a fact lying in the core of the problem. Later,
it was proved [11, 12] that a similar effect holds for approximation of uni-
variate functions by nonlinear splines and rational functions, and, in these
situations, the converse results are also true. Now, this area, nonlinear ap-
prozimation theory, is being intensively developed; the reader is referred to
the mini-monograph [25] and forthcoming survey [37] for a detailed account.

We present only one of the possible results of this kind which is most
closely related to and proved by the methods of local approximation theory.

Theorem 3.15. Given f € 07(Ly;Qo), where 0 < ¢ < p < oo, and an
integer N > 1, there exists a collection of N dyadic cubes w and a subordinate
to m collection of polynomials {mqg}qer of degree k — 1 such that

Hf - Z XQmQ

Qem

<c(n,p,q)N ™~ |f|vg(Lp Q)" (3.8)
Lp(Qo)

To formulate a consequence, denote by X 5 the homogeneous Sobolev space
Wq’“(Qo) if 1 < ¢ < oo and the homogeneous space W*~1 BV (Qo) if ¢ = 1.

Corollary 3.16. Assume that

Then for any f € X{’; and N > 1 there exists a collection of N dyadic cubes
7 and a subordinate to w collection of polynomials {mqg}oer of degree k — 1

such that
7= 3 vama
Qem

ok
<cN "|f|X§a
Lp(R™)

where ¢ = c¢(k,n, p,q).
Remark 3.17. The approximation method gives some information on the

structure of 7. In particular, if fl > 1 — 1 "then, as in [3], 7 is a partition
of Qo, and if ¢ = p, then 7 is a uniform partition. In the limiting case, there
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are subfamilies of embedded cubes in 7 accumulated near singularities of
f € WE(Qo), seen from the space L,(Qo).

In the special case of the space BV (R?) and approximation in Lo-metric,
the result of the corollary was done in [24].

Using the relations between V-spaces and F-spaces, one can easily derive
from Theorem 3.15 a similar to Corollary 3.16 result for the space Fq" >(=

(fg ). We leave the formulation to the reader.

Finally, we present two applications of Theorem 3.15 of another kind.
First, following the authors of [3], we estimate a “massivity” of the unit ball
of Wq’“(QO) into L,(Qo). If * > 217 - ; , the ball is compact and its massivity
may be measured by its e-entropy denoted by HE(Wq’“ ; Lp). According to [3],

this quantity satisfies
Hs(qu L) ~e k as & — 0. (3.9)

In the limiting case, the ball is not compact and we measure its massivity by
intersection with a very huge compact, say with the set

. wi(t; f; L
Lig = {7 € L,(@0)s 11, +sup " 1) <o),

where § > 0 is arbitrarily small. Then for the e-entropy of this intersection
in L,(Qo) the following holds.

Corollary 3.18. Iffl = 2 — zl)’ then for e <1

P . 2\ 145
H. (WS NLipg;Ly) <ce * (1og ) ,
€

where ¢ = c¢(k,n,p,q,9).

Hence the asymptotic (3.9) is almost preserved in the limiting case.

The second application concerns the still unsolved problem of the real
interpolation of the Banach couple (L, qu) over Qq for p # q. For ﬁ > ; — 217
and p < oo Krugljak [32] proved that

(Ly, Wj)epe = Bk, (3.10)
where ) 1-0 ¢
=+ and ky=(1—0)k
Do p q

Using an approach based on a variant of Theorem 3.15 with piecewise poly-
nomials replaced by splines, one can prove (3.10) also for ﬁ > ; — 217 and
p < oo. In the cases ¥ < ; - 11) and *F > ;, p = oo, the problem remains

open.
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Spectral Stability of Higher Order
Uniformly Elliptic Operators

Victor Burenkov and Pier Domenico Lamberti

Abstract We prove estimates for the variation of the eigenvalues of uni-
formly elliptic operators with homogeneous Dirichlet or Neumann boundary
conditions upon variation of the open set on which an operator is defined. We
consider operators of arbitrary even order and open sets admitting arbitrary
strong degeneration. The main estimate is expressed in terms of a natural
and easily computable distance between open sets with continuous bound-
aries. Another estimate is obtained in terms of the lower Hausdorff~Pompeiu
deviation of the boundaries, which in general may be much smaller than the
usual Hausdorffl-Pompeiu distance. Finally, in the case of diffeomorphic open
sets, we obtain an estimate even without the assumption of continuity of the
boundaries.

1 Introduction

Currently, it is standard that in papers on many topics in partial differential
equations Sobolev spaces are used as a natural language for setting problems,
defining solutions, and investigating their properties. This paper on spectral
stability is not an exception. The assumption on the compactness of certain
embeddings involving various variants of Sobolev spaces is systematically
used, as well as some other properties of Sobolev spaces and techniques de-
veloped in the theory of Sobolev spaces. In particular, the “shrinking” trans-
formation defined by formula (5.3) plays an important role in our proofs, and
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it should be noted that the idea of using such transformations arose from ex-
ploring proofs of approximation theorems for Sobolev spaces (approximation
by infinitely differentiable functions).

In this paper, we consider the eigenvalue problem for the operator

Hu=(-1)" > D*(Aap(x)D’u), x€, (1.1)

lo|=[B]=m

subject to homogeneous Dirichlet or Neumann boundary conditions, where
m € N, 2 is a bounded open set in RY, and the coefficients Aqp are Lipschitz
continuous functions satisfying the uniform ellipticity condition (2.4) below
on 2. For a precise statement of the eigenvalue problem see Definition 2.1
and Theorem 2.1.

We consider open sets {2 for which the spectrum is discrete and can be
represented by means of a nondecreasing sequence of nonnegative eigenvalues

M2 < X2 <o <[ <L

where each eigenvalue is repeated as many times as its multiplicity.
In this paper, we prove estimates for the variation

[An[f21] = An[{22]]

of the eigenvalues corresponding to two open sets (21, {25.

There is vast literature on spectral stability problems for elliptic operators
(see, for example, [11, 12] for references). However, little attention has been
devoted to the problem of spectral stability for higher order operators and, in
particular, to the problem of finding explicit qualified estimates for the varia-
tion of the eigenvalues. Moreover, most of the existing qualified estimates for
second order operators were obtained under certain regularity assumptions
on the boundaries.

Our analysis comprehends operators of arbitrary even order, with homo-
geneous Dirichlet or Neumann boundary conditions, and open sets admitting
arbitrarily strong degeneration. In fact, we consider bounded open sets whose
boundaries are just locally the subgraphs of continuous functions. We only re-
quire that the “atlas” A, with the help of which such open sets are described,
is fixed: we denote by C(A) the family of all such open sets (see Definition
3.1). In C(A) we introduce a natural metric d4 (the “atlas distance”) which
can be easily computed. Given two open sets (21, (22 € C(A), the distance
da(f1,822) is just the maximum of the sup-norms of the differences of the
functions describing locally the boundaries of £2; and (25 (see Definition 5.1).

The first main result of the paper is that for both Dirichlet and Neumann
boundary conditions the eigenvalues of (1.1) are locally Lipschitz continuous
functions of the open set 2 € C(A) with respect to the atlas distance d 4.
Namely, in Theorems 5.1 and 6.1, we prove that for each n € N there exist
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Cn,&n > 0 such that for both Dirichlet and Neumann boundary conditions
the estimate
[An[$1] = A [£22]] < cnda(£21, £22) (1.2)

holds for all open sets 21, {20 € C(A) satisfying d ({1, 22) < &y,
By the estimate (1.2), we deduce an estimate expressed in terms of the
lower Hausdorff-Pompeiu deviation of the boundaries

dyp(0821,0829) = min{ sup d(x,0(2), sup d(x,@ﬁl)}.
€0 €D,

To do so, we restrict our attention to smaller families of open sets in C'(A).
Namely, for a fixed M > 0 and w : [0,00[— [0, 00| satisfying very weak
natural conditions we consider those open sets 2 in C(A) for which any of
the functions z — g(x) describing locally the boundary of 2 satisfies the
condition

l9(x) = g(y)| < Mw(lz —yl)

for all appropriate z,y. We denote by C]“V}(')(A) the family of all such open
sets (see Definition 7.2). For instance, if 0 < o < 1 and w(t) = t* for all t > 0,
then we obtain open sets with Holder continuous boundaries of exponent a:
this class is denoted below by CJ*(A). Tt is possible to choose a function
w going to zero arbitrarily slowly which allows dealing with open sets with
arbitrarily sharp cusps.

The second main result of the paper is for open sets (2¢, 25 € CAW/I(')(A).
Namely, in Theorem 7.1 we prove that for each n € N there exist ¢,,e, > 0
such that

|)\n[91] - )\n[QQH < an(de(aﬂl, 892)) (13)

for all open sets (21, (2 € C]“\J/[(')(A) satisfying dyp (0821, 0822) < e,.
In particular, in Corollary 7.1 we deduce that if £21, 25 € CJ“\J/,(')(A) satisfy

(1) C 2 C (f21)° or (§22). C 1 C (f2)°,
where € > 0 is sufficiently small then
[An[£21] — An[822]] < epw(e). (1.4)
Here, 2. = {x € 2: d(z,00) > e}, §2° = {a: eRYN: d(z,02) < 6}, for any
set £2 in RY.
In the case (21, 25 € C;*(A), the estimate (1.4) takes the form
[An[821] — An[822]] < ene®. (1.5)

In the case of the Dirichlet boundary conditions and m = 1, some estimates
of the form (1.5) were obtained in [8] under the assumption that a certain
Hardy type inequality is satisfied on §2; (see also [15]). In the case of the
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Dirichlet boundary conditions and m = 1, the estimate (1.5) was proved
in [5]. In the case of the Dirichlet boundary conditions, m = 2, and open
sets with sufficiently smooth boundaries, an estimate of the form (1.5) was
obtained in [1].

In the case of the Neumann boundary conditions and m = 1, the estimate
(1.5) was proved in [4] for open sets 21,2, € C*(A) satisfying (£2,). C
£25 C £2;. We remark that the result in [4] concerns only inner deformations
of an open set and second order elliptic operators. Moreover, the proof in [4] is
based on the ultracontractivity which holds for second order elliptic operators
in open sets with Holder continuous boundaries. Since ultracontractivity is
not guaranteed for more general open sets, we had to develop a different
method.

The third main result of the paper concerns the case 21 = {2 and 2, =
©(£2), where ¢ is a suitable diffeomorphism of class C"™. In this case, we make
very weak assumptions on §2: if m = 1 it is just the requirement that H has
discrete spectrum. Under such general assumptions, we prove that for both
Dirichlet and Neumann boundary conditions there exists a constant ¢ > 0
independent of n such that

[An[02] = Anl(2)]] < (1 + An[€2]) max [[D%(p = 1d)] (e

0<lal<m

if 0<I|n?‘L}<{ | D*(p —1d)|| o2y < ¢~ (see Theorem 4.1 and Corollary 4.1).

The paper is organized as follows. In Sect. 2, we introduce some notation
and formulate the eigenvalue problem for the operator (1.1). In Sect. 3, we
define the class of open sets under consideration. In Sect. 4, we consider the
case of diffeormorphic open sets. In Sect. 5, we prove the estimate (1.2) for
the Dirichlet boundary conditions. In Sect. 6, we prove the estimate (1.2) for
the Neumann boundary conditions. In Sect. 7, we prove the estimates (1.3)
and (1.4) for both Dirichlet and Neumann boundary conditions. In Appendix,
we discuss some properties of the atlas distance d 4, the Hausdorff-Pompeiu
lower deviation dyp, and the Hausdorff-Pompeiu distance d’%.

2 Preliminaries and Notation

Let N,m € N, and let 2 be an open set in RY. We denote by W™2((2) the
Sobolev space of complex-valued functions in L?({2) which have all distribu-
tional derivatives up to order m in L?(£2), endowed with the norm

lullwm20) = Z | D%ul| 1202y (2.1)

laf<m
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We denote by W™?(£2) the closure in W"2(£2) of the space of the C-
functions with compact support in (2.

Lemma 2.1. Let 2 be an open set in RYN. Let V(§2) be a subspace of
W™2(82) such that the embedding V(£2) € W™=L2(0) is compact. Then
there exists ¢ > 0 such that

lullmen < c(|u|Lz<m s |Dau|Lz<m) (2.2)

lo|=m

for allu € V(£2).

Proof. Since (V(£2),|| - |lm.2) is compactly embedded in W™~ 12(£2) and
Wm=12(0) is continuously embedded in L?(§2), from the Lions lemma (see,
for example, [2, p. 35]) it follows that for all € €]0, 1] there exists ¢(e) > 0
such that

[ullwm-1.2(2) < ellullwm2@) + c()l|ullr2()-

Hence

ol < © ) 3 1%l + ())||U||L2 (2.3)

|Of\
for all w € V(£2). The inequality (2.2) immediately follows. O

Let m be the number of the multiindices o = (ay,...,ax) € NI with
length |a| = a1 +- - -+ ay equal to m. Here, Ng = NU{0}. For all o, 3 € NY
such that |a| = |B| = m, let A, be bounded measurable real-valued functions
defined on {2 satisfying A, = A, and the uniform ellipticity condition

Y Aap(@)€as = 08P (24)
la|=|B]=m

for all z € 2, £ = (§a)jaj=m € R™, where 6 > 0 is the ellipticity constant.

Let V(£2) be a closed subspace of W"2(£2) containing Wj™"*(£2). We con-
sider the following eigenvalue problem:

/ Z AnpD” uDﬂvdx—)\/uvdx (2.5)

le|=B8l=

for all test functions v € V(£2), in the unknowns u € V(£2) (the eigenfunc-
tions) and A € R (the eigenvalues).

It is clear that the problem (2.5) is the weak formulation of an eigen-
value problem for the operator H in (1.1) subject to suitable homogeneous
boundary conditions and the choice of V' ({2) corresponds to the choice of the
boundary conditions (see, for example, [14]).

We set
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Qo(u,v) = Z AnpDuDPuvdz, Qo(u) = Qa(u,u), (2.6)

0 lal=18l=m

for all u,v € W™2(02).

If the embedding V (£2) € W™~ 12(2) is compact, then the eigenvalues of
Eq. (2.5) coincide with the eigenvalues of a suitable operator Hy () canon-
ically associated with the restriction of the quadratic form Qg to V(£2). In
fact, we have the following theorem.

Theorem 2.1. Let 2 be an open set in RN. Let m € N, § > 0 and, for all
a, B € NI such that |a| = |B| = m, let Aap be bounded measurable real-valued
functions defined on £2, satisfying Aag = Aga and the condition (2.4).

Let V(£2) be a closed subspace of W™2(£2) containing W("*(£2) and such
that the embedding V (£2) C W™=Y2(8) is compact. Then there exists a non-
negative self-adjoint linear operator Hy (g on L2(92) with compact resolvent,

such that Dom (H‘l//(QQ)) V(£2) and

(Hy (G Hy () 12 = Qalu,v) (2.7)

for all u,v € V(£2). Moreover, the eigenvalues of Eq. (2.5) coincide with the
eigenvalues A, [Hy (o] of Hy (o) and

M[Hy(oy] = inf sup Qo(u)
<V£(~Q) ueE HU’HLQ(Q)

(2.8)

Proof. By Lemma 2.1, the inequality (2.4), and the boundedness of the co-
efficients Aqg, it follows that the space V' (£2) endowed with the norm

(1l 22y + Qe (u))!/? (2.9)

for all u € V(£2), is complete. Indeed, this norm is equivalent on V(2)
to the norm defined by (2.1). Thus, the restriction of the quadratic form
Qo to V(£2) is a closed quadratic form on V(£2) (see [7, pp. 81-83]) and
there exists a nonnegative self-adjoint operator Hy (o) on L?(0) satisfying

Dom (H‘l,/fg)) V(£2) and the condition (2.7) (see [7, Theorem 4.4.2]). Since

the embedding V(£2) C L*(£2) is compact, Hy () has compact resolvent (see
[7, Exercise 4.2]). The fact that the eigenvalues of Eq. (2.5) coincide with
the eigenvalues of the operator Hy () is well known. Finally, the variational
representation in (2.8) is given by the well-known minmax principle (see [7,
Theorem 4.5.3]). O

Definition 2.1. Let 2 be an open set in RY. Let m € N, § > 0 and, for all
a, 3 € N}¥ such that |a| = |B] = m, let Aup be bounded measurable real-
valued functions defined on {2, satisfying Ang = Ag, and the condition (2.4).
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If the embedding W™ (£2) € W™ 12(£2) is compact, we set
An,p[f2] = )‘H[HW(;"‘z(Q)]'
If the embedding W"2(£2) c W™~12(§2) is compact, we set
AN [02] = An[Hywm2()]-

The numbers A, p[$2], An a[(2] are called the Dirichlet eigenvalues, Neu-
mann eigenvalues respectively, of the operator (1.1).

When we refer to both Dirichlet and Neumann boundary conditions, we
write just A\, [$2] instead of A, p[f2] and A\, ar[£2].

Remark 2.1. If £ is such that the embedding W,*(2) C L?(£2) is compact
(for instance, if {2 is an arbitrary open set with finite Lebesgue measure), then
also the embedding WJ™?(£2) ¢ W™ 12(2) is compact and the Dirichlet
eigenvalues are well defined.

If 2 is such that the embedding W12(£2) C L?(£2) is compact (for instance,
if 2 has a continuous boundary, see Definition 3.1), then the embedding
Wm2(02) ¢ Wm=12(0) is compact and the Neumann eigenvalues are well
defined.

Ezample 2.1. Let £2 be an open set in R?. We consider the biharmonic oper-
ator A? in R? and the sesquilinear form

0%u 0*v Pu 0% 0?u §%v
Qolu,v) = /(8x% 0x? * 28x18x2 011019 * 03 8x§>dw7 wo € V(R),
2

where V(£2) is either W?(£2) (Dirichlet boundary conditions) or W?22(£2)
(Neumann boundary conditions). Recall that the Euler-Lagrange equation
for the minimization of the quadratic form Qo (u,u) is A?u = 0. Note that
the condition (2.4) is satisfied with 6 = 1.

Let Hy (o) be the operator associated with the quadratic form Qg as in
Theorem 2.1. Consider the eigenvalue problem

HV(Q)U = \u. (2.10)

In the case V(2) = W2*(£2), Eq. (2.10) is the weak formulation of the
classical eigenvalue problem for the biharmonic operator subject to Dirichlet
boundary conditions

A%y = u in 02,
uw=0 on Jf2,
ou

8n=0 on 0f?

(2.11)
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for bounded domains (2 of class C2. Here, n = (n1,n2) is the unit outer
normal to 9f2.

In the case V(£2) = W22(02), Eq. (2.10) is the weak formulation of the
classical eigenvalue problem for the biharmonic operator subject to Neumann
boundary conditions

A%y = M, in 92,

9%u

8n2 = 0, on 89, (212)
d 9%*u 0Au

ds Onot + on 0, ondf

for bounded domains {2 of class C2. Here,

Z a ;T a 8t iz axzaxj

,j=1

s denotes the arclengh of 942 (with positive orientation), ¢t = (¢1,t2) denotes
the unit tangent vector to 02 (oriented in the sense of increasing s). This
follows by a standard argument and observing that if u,v € C*(£2), then, by
the divergence theorem,

0Au ou ou
_ 2 _ .
o(u,v) —/A wvdzx / on vdo—l—/(nlva —|—n2Va 2) Vudo
Q an on

Pudv  0%*u v 0Au
_ [ A2 B
- / Aluvda + / <8n2 on " onotor  on ”) dor
o1

One may also consider the sesquilinear form

g)(u,v) = V/AuAv + (1 -v)Qn(u,v), u,ve V().

If 0 < v < 1, then the condition (2.4) is satisfied with § = 1 — v. Note
that the Euler-Lagrange equation for the minimization of the quadratic form
(V) (u,u) is again A%u = 0.
Let H‘(,V( o) be the operator associated with the quadratic form Q as in
Theorem 2. 1 Consider the eigenvalue problem

H{Joyu = Xu. (2.13)

In the case V(2) = W2?(2), Eq. (2.13) is another weak formulation of
the classical eigenvalue problem (2.11).
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In the case V(2) = W?22(2), Eq. (2.13) is the weak formulation of the
classical eigenvalue problem for the biharmonic operator subject to Neumann
boundary conditions depending on v

A%y =X u in 02,

A 0%u

v u—|—(1—1/)8n2 =0 on 042, (2.14)
d 0°u  0Au

(1 _V)dsé)nat + on =0 on 9.

The biharmonic operator subject to these boundary conditions with 0 <
v < 1/2 arises in the study of small deformations of a thin plate under
Kirchhoff hypothesis in which case v is the Poisson ratio of the plate (see, for
example, [13] and the references therein).

3 Open Sets with Continuous Boundaries

We recall that for any set V in RY and 6 > 0 we denote by Vs the set
{x € V: d(x,00) > §}. Moreover, by a rotation in RY we mean a N x N-
orthogonal matrix with real entries which we identify with the corresponding
linear operator acting in RV,

Definition 3.1. Let p > 0, 5,5 € N, ' < s and {V;};_; be a family of
bounded open cuboids and {r;}%_; be a family of rotations in RN,
We say that A = (p,s,s',{V;}5_1,{r;}5=1) is an atlas in RN with the

parameters p, s, s’, {V;}3_;, {r;};_;, briefly an atlas in RV,

We denote by C(A) the family of all open sets {2 in RV satisfying the
following properties:

(i) 2 c jg(vj)p and (V), N 2 # &,
i) V;noR#oforj=1,...8, V;NoR2 =2 for s’ <j<s;
(iii) for j =1,...,s
ri(Vi)={z e RN : aj; <x; <by,i=1,...,N},
and

ri(2NV;) ={z eRY : an; <y < gj(z), z € W;},

where x = (z1,...,an-1), Wy ={z e RN "1 a;; <a; <bi;,i=1,...,N—
1} and g; is a continuous function defined on W (this means if s < j <'s,
then g;(x) = by, for all x € W;); moreover for j =1,...,s
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anj +p < gj(x) < bnj —p,

for all x € W .

We say that an open set £2 in R™ is an open set with a continuous boundary
if £2 is of class C'(A) for some atlas A.

We note that for an open set {2 of class C'(A) the inequality (2.2) holds
for all u € W™2(§2) with a constant ¢ depending only on A. More precisely,
we denote by Dy, the best constant for which the inequality (2.2) is satisfied
for V(£2) = WJ"(£2). We denote by Ny, the best constant for which the
inequality (2.2) is satisfied for V(£2) = W™2({2). Then we have the following
assertion (for a proof we refer to [3, Theorem 6, p. 160]).

Lemma 3.1. Let A be an atlas in RYN, m € N. There exists ¢ > 0 depending
only on N, A, and m such that

1<Do<Ng<e (3.1)

for all open sets 2 € C(A).

Lemma 3.2. Let A be an atlas in RY. Let m € N, L,0 > 0 and, for all
o, 8 € NI with |a| = 8] = m, let Ao € L®( U V;) satisfy Aap = Apa,
j=1

||Aag||Loo( G v) < L and the condition (2.4). Then for each n € N there

exists A, >]70 depending only onn, N, A, m, and L such that
for all open sets 2 € C(A).

Proof. The inequality A, ar[£2] < A, p[f2] is well known. Now, we prove the
second inequality. It is clear that there exists a ball B of radius p/2 such that
B C {2 for all open sets {2 € C(A). By the well-known monotonicity of the
Dirichlet eigenvalues with respect to inclusion, it follows that

)\n,’D [Q] < )\n,’D [B]

Thus, it suffices to estimate A, p[B]. It is clear that there exists ¢ > 0 de-
pending only on N and m such that

Qp(u) < cl / V™ u2de (3.3)
B

for all u € Wi"?(B), where V™u = (D®u)|4—m. By (2.8) and (3.3),
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/|Vmu|2dx

AnpB]l <A, =cL inf2 sup B < 00.
l:\ m,
e i [ras
B
It is clear that A,, depends only on n, N, p, m, and L. O

4 The Case of Diffeomorphic Open Sets

Lemma 4.1. Let 2 be an open set in RY. Let m € N, By, By > 0 and @ be
a diffeomorphism of 2 onto ¢(£2) of class C™ such that

max |D%(x)| < By, |det Vo(z)| = Bs (4.1)

1<[a|<m

for all x € 2. Let B3 > 0 and, for all a, 3 € N} such that |a| = |3| = m, let
Anp be measurable real-valued functions defined on 22U ¢(£2) satisfying

max |Aq.p(x)| < Bs (4.2)

loe|=]B]=m
for almost all x € 2U p(£2). Then there exists ¢ > 0 depending only on N,
m, Bi1, Bs, and Bs such that
Quion(uo et ™) = Qo] < cle) [ 3 IDMuPdr (@43)
0 1<lal<m

for all w € W™2(82), where

Llp) = max [[D*(p=Id)[r~(o)+ max [Aagop—Aaplli=(e) (44)

1<]a|<m al=|Bl=m

Proof. By changing variables and using a known formula for high derivatives
of composite functions (see, for example, [10, Formula B]), we have

Qe (uo ™) = S AapD(wo oY) DA(uo p(=D)dy
o(2) lel=18l=m

= [ > (AwD(wor)DA(uo p(-1)) 0l det Veplda
0 lal=18l=m
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:/ D Aagop Y D'uDsu (pan(p ™ )ppc(p ™)) 0 ¢l det Veplda

0 lel=[8]=m 1< nl<lal
1<[€I<B8]

= 2 /(Aaﬁpan(w(_l))pﬁg(w(_l)))Os@D”uD5U|det Velde  (4.5)

lal=|8]=m ¢,
1<n|<| e
1<€1<]8]

for all u € W™2(£2), where for all a, n with 1 < || < |a| = m, pay(e™Y)
denotes a polynomial of degree |7| in derivatives of 0=V of order between 1
and ||, with coefficients depending only on N, «, 7.

We recall that for each o with 1 < |a| < m there exists a polynomial p,(¢)
in derivatives of ¢ of order between 1 and |«|, with coefficients depending
only on N, «, such that

(D)o = (det pgf;j;al. (4.6)

In order to estimate Q,()(u o ¢(™Y) — Qo (u), it is enough to estimate
the expressions

(AapPan (@™ Dpse(p ™)) 0 o | det Vep|
— (AapPan(@ " V)pse(@ 1)) 0 & | det V],

where ¢ = Id . This can be done by using the triangle inequality and observ-
ing that (4.6) implies

DM o — (DN o3| <e max ||D?(o—3)||reio,
(D' ™) o — (D' ") o g 1<|m<\a|H (o = P)lL=(2)

where ¢ depends only on N, «, By, and Bs. O

Theorem 4.1. Let U be an open set in RN. Let m € N, By, By, B3, > 0.
For all o, 8 € N} with |a| = |B] = m, let Aap be measurable real-valued
functions defined on U satisfying Aag = Aga and the conditions (2.4), (4.2)
in U. The following statements hold.

(i) There exists ¢c1 > 0 depending only on N, m, By, Bs, Bs, 0 such that
for all n € N, for all open sets 2 C U such that the embedding WOm’Q(Q) C
Wm=L2(0) is compact, and for all diffeomorphisms of £2 onto p(£2) of class
C™ satisfying (4.1) and such that (§2) C U the inequality

A D[2] = A D[p(2)]] < 1 DEH(1 + A p[92])L(¢) (4.7)

holds if L(p) < (c1 D%) 7 .
(ii) There exists co > 0 depending only on N, m, By, Ba, Bs, 6 such that
for all n € N, for all open sets 2 C U such that the embedding W™2(£2) C



Spectral Stability of Higher Order Uniformly Elliptic Operators 81

Wm=L2(0) is compact, and for all diffeomorphisms of £2 onto p(£2) of class
C™ satisfying (4.1) and such that o(£2) C U, the inequality

A [92] = A n ()] < 2 NG(L+ Mo i [92)L(p) (4.8)
holds if L(p) < (ca N3)™!

Proof. We prove statement (i). Let 2 C U be an open set such that the
embedding WJ?(£2) ¢ W™=12(£2) is compact and ¢ be a diffeomorphisms
of 2 onto ¢(£2) of class C™ satisfying (4.1) and such that ¢({2) C U. By the
inequalities (2.2), (2.4), and (4.3), there exists ¢s > 0 depending only on N,
m, By, Ba, B3, and 6 such that

Qoo ™) = Qo(w)| < es Da(lulbaqe) + Qul)Ll).  (49)
Then

Qu(2)(uwo=1) _ Qo(u)

Hu090(71)||2L2(<p(Q)) ||u||2L2(Q)

/|u| | det V| — 1|da
|Q<p(n)(u0<ﬂ( D) = Qal(u )

/|u| |det Voldz /|u| | det V<p|dx/|u| do

\

(4.10)

Observing that Dy, > 1 and combining the inequalities (4.9) and (4.10), we
see that there exists ¢4 > 0 depending only on N, m, By, Bs, Bs, 6 such that
for all u € W™ (£2)

Quy(wo ™) Qu(u)

||u090(71)”%2(¢,(9)) HUH%2(Q)

<Dy (1 + HSH‘;(“) >£(<p), (4.11)
12(2)

which can be written as

(1 - e%Le) 22— phr) (4.12)
o
(=1)
< L@l 1y aphee) 29"+ embile).
= lu o HL2( () HuHLZ(m

Assume now that 1 — c4D%L() > 0. Note that the map C,, of L*(£2) to
L?(¢(£2)) which takes u € L*(£2) to Cpu = uop™ ' is a linear homeomorphism

which restricts to a linear homeomorphism of WJ™?(£2) onto Wi (p(£2)),
and that the embedding Wy (p(2)) € W™= 12(p(£2)) is compact. Then,
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applying the minmax principle (2.8) and using the inequality (4.12), it easy
to deduce the validity of the inequality (4.7).

The proof of statement (ii) is similar. In this case, observe that the map
C,, defined above restricts to a linear homeomorphism from W™2(§2) onto
Wm2(p(£2)) and if the embedding W™2(2) C W™~ 12(£2) is compact, then
the embedding W™?2(p(£2)) € W™m=12(p(2)) is also compact. O

Corollary 4.1. Let A be an atlas in RN. Let m € N, By, By, L,0 > 0 and,
for all a, 3 € N} with |a| = |B] =m, let Agg € CO( U V) satisfy Aap =
j=1

Aga, || Aa ,
T
j=1

depending only on N, A, m, By, Ba, L, 0 such that for all n € N, for all
open sets 2 € C(A), and for all diffeomorphisms of 2 onto ¢(£2) of class

C™ satisfying (4.1) and such that ¢(§2) C U Vi, the inequality
j=1

< L and the condition (2.4). Then there exists ¢ > 0

[An[02] = Anlp(D)]] < (1 + An[f2]) max [[D%(p —1d)[[L(2)  (413)

0< e <m
holds for both Dirichlet and Neumann boundary conditions if

Do — 1d)]|| (o < ¢ L.
ogﬁ‘i{m” (¢ )z () <c

Proof. Tt suffices to apply Lemma 3.1 and Theorem 4.1. O

5 Estimates for Dirichlet Eigenvalues via the Atlas
Distance

Definition 5.1. Let A = (p,s,s',{V;}5_;,{r;}_;) be an atlas in RV. For
all 21,825 € C(A) we define the atlas distance d 4 by

da(f21,822) = max sup  [g1(z) — g25(2)], (5.1)
I=he8 (@2 )€r; (V)

where g1; and go; are the functions describing the boundaries of £2; and {2,
respectively, as in Definition 3.1 (iii).

We observe that the function d4(-,-) is, in fact, a distance in C(A) (for
further properties of d4 see also Appendix).
If 2 € C(A), it is useful to set

dj(z,092) = |g;((r;j(2))) = (rj(2))n] (5:2)

forall j =1,...,s and € V}, where g; and r; are as in Definition 3.1.
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Let A = (p,s,8", {V;};_, . {rj};_,) be an atlas in RM. We consider a
partition of unity {t;}%_, such that ¢; € C>(RYN), supp ¢; C (‘/j)ip,
0 < ¢Yj(z) < 1, |[VYj(z)] < G for all z € RN and j = 1,...,s, where
G > 0 depends only on A, and such that Z Yi(x)=1forall z € | (Vj),.

j=1

J=
For ¢ > 0 we consider the transformatlon

x)zx—sZ§jz/Jj(x), r e RV, (5.3)
j=1

where §; = r§71)((0, ..., 1)), which was introduced in [4].
Then we have the following variant of Lemma 18 in [4].

Lemma 5.1. Let A = (p,s,s’,{Vj};:l , {rj}‘;.:l) be an atlas in RY. Then
there exist Ay, As, F1 > 0 depending only on N and A such that

O<I|r}f‘u<{mHD ||L°°(]RN) Ae (5.4)
and such that
5 S <1—Aye <det VT, < 1+ Age (5.5)

for all 0 < e < Ey. Furthermore,
T.(f1) C 2 (5.6)

for all 0 < e < Ey and (21,25 € C(A) such that 25 C 1 and
€
dA(Ql,QQ) < 5 (57)

Proof. The inequalities (5.4) and (5.5) are obvious. We prove the inclusion
(5.6). Let 21,029 € C(A) satisfy 25 C 27 and (5.7). For all j = 1,...,s
we denote by g1, g2; respectively, the functions describing the boundaries

of £21, {25 respectively, as in Definition 3.1 (iii). For all = € U V; we set
J@) ={j € {1,....s} + @ € (Vj):,}. Let @ € . From the proof of
Lemma 18 in [4] it follows that 0 < e < i implies T.(x) € 1N (Vj)s and

d;(Te(z),0021) > evp;(x) for all j € J(z), where {¥;}3=; is an appropriate
partition of unity satisfying supp ¢; C (V; ) . Therefore,

Y @02 > Y dila) =<3 vi(a) =

jeJ(z) JjE€J ()

Hence there exists j € J(z) such that d5(T:(x),0621) > ¢, which implies
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(r3(Te(2)))n < g93(r;(Te(2))). (5.8)

Indeed, assume to the contrary that (r;(T:(2)))n = g45(r;(Te(2))). Then we
have

da(1, 2) > 9,5 (r5(T2(2)) — g5 (r5 (T2(2)))
= 95 (r; (T2 (@) — (5 (Te(@))) + (5 (Te(@)))w — g5 (r5 (T2 ()

2 9y5(r;(Te(2))) — (r;(Te(2))) v = d5(T:(2),00%) > Z, (5.9)

which contradicts (5.7). Thus, (5.8) holds hence T:(x) € (25. O

Theorem 5.1. Let A be an atlas in RY. Let m € N, L, > 0 and, for all
o, € NY with |a| = |8] = m, let Aup € Co’l( U Vj) satisfy Aap = Aga,
j=1

| Aagl] < L and the condition (2.4).

co1(U V)
j=1
Then for each n € N there exist ¢, e, > 0 depending only onn, N, A, m,

L, 0 such that
[An,D[$21] — A, p[§22]] < cnda(§21,82), (5.10)

for all 21,825 € C(A) satisfying da(1, ) < ep.

Proof. Let 0 < € < E7, where F; > 0 is as in Lemma 5.1, and let 21, (2 €
C(A) satisfy (5.7). We set 25 = 1 N 2. It is clear that 23 € C(A) and
da($25, 1), da(£23,829) < e/s. By Lemma 5.1 applied to the couples of open
sets (2;, {25, it follows that T.(§2;) C {23, i = 1,2. By the monotonicity of the
eigenvalues with respect to inclusion,

Mool 2] < Ap|25] < Aap|TH(2)], i=1,2. (5.11)

Since A,, in Lemma 3.2 depends only on n, N, A, m, and L, ¢ in Corollary 4.1
depends only on N, A, m, By, Bo, L, and 6, whereas F; and A; in Lemma 5.1
depend only on N and A, from (4.13), (3.2), and (5.4) it follows that there
exist ¢, and g, > 0 such that

A7L,D[~Q3] - An,D[Qi] < )\nD[Ts(Qz)] - An,D[Qi] < EnE, 1= 17 27
if 0 < e < &,. Hence

[An,p[21] — A, [$22]] < irgf%};{)\n,p[(?g] — A\ p (2]} < Cre.

Take here € = 2sd 4(£21, {22). Then the inequality (5.10) holds with ¢,, = 2s¢,
if da(21,25) < en = 2n/(25). 0
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Let A = (p,s,5,{V;};=1,{r;};=1) be an atlas in RY. For all z € V' =
U Vi weset J'(z) ={je{l,....s'}: © €V} Let 2 € C(A). Then we set
=1

Jj=

da(z,00) = d;(x,00
Al )jg,%é) i (@,002)

for all x € V', where d;(z,012) is defined in (5.2). Note that if 2 € C(A),
then 982 C V'. Therefore, if 21, 25 € C(A), then

da($21,829) = sup da(x,00%) = sup da(x,02). (5.12)
redf €0

For all € > 0 we set
Qea=02\{z eV : da(z,002) <&},

PA=QU{z eV’ : da(z,00) < e}

Lemma 5.2. Let A be an atlas in RN and e > 0. If £, and 2y are two open
sets in C(A) satisfying the inclusions

(1)en C 22 C (821)°4 (5.13)
or
(22)e4 C (21 C (£22)°4, (5.14)
then
d_A(Ql, .QQ) <e. (515)

Proof. Assume that the inclusion (5.13) holds. Let x € 0(2;. We consider
three cases.

Case x € (21. Since = ¢ (2, we have © ¢ ({21)., 4. By the definition of
(£21)e, 4, it follows that z € V' and d4(z,9621) < e.

Case x € 982;. Tt is obvious that d4(x,021) = 0.

Case x ¢ §21. In this case, there exists a sequence x,, € 25\ 21, n € N,
converging to z. Since z,, ¢ (21, we have da(z,,021) < € because z,, €
(£21)5A. Since J'(x,,) = J'(x) for all n sufficiently large, one can pass to the
limit and obtain d4(x,9f21) < e.

Thus, in any case, da(z,0821) < ¢ for all x € 925, and (5.15) follows by
(5.12). The same argument applies when the inclusion (5.14) holds. O

Corollary 5.1. Let A be an atlas in RN. Let m € N, L,0 > 0 and, for all
o, € NY with |a| = |8] = m, let Aup € Co’l( U Vj) satisfy Aap = Aga,
j=1
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| Aasll < L and the condition (2.4). Then for each n € N there

cor(J V)
j=1

exist ¢, e, > 0 depending only onn, N, A, m, L, 0 such that
A p[1] = An,D[(22]] < cne (5.16)
for all 0 < e < e, and for all £21, 29 € C(A) satisfying (5.13) or (5.14).

Proof. The inequality (5.16) follows from (5.10) and (5.15). O

6 Estimates for Neumann Eigenvalues via the Atlas
Distance

In this section, we prove Theorem 6.1. The proof is based on Lemmas 6.1
and 6.3.

Definition 6.1. Let U be an open set in R" and p a rotation. We say that
U is a p-patch if there exists an open set Gy € RV ~1 and functions ¢, ¥y :
Gy — R such that

p(U) = {(z,zn) € RN : yy(z) <y < pu(z), € Gu}.

The thickness of the p-patch is defined by
Ry = inf — ;
v=if (pu(r)—du(@));

the thinness of the p-patch is defined by

Sy = sup (¢u(r) —Yu(z)).
zeGu

If 25 C £ and 21\ (23 is covered by a finite number of p-patches contained
in 21, then we can estimate A\, n[f22] — Ay ar[f21] via the thinness of the
patches.

Lemma 6.1. Let m € N, and let 1 be an open set in RN such that the
embedding W™2((1) € W™=L2(() is compact. For all o, 3 € NI with
la] = |B] = m, let Aap be bounded measurable real-valued functions defined
on §21 satisfying Aap = Aga and the condition (2.4) in §21. Letoc € N, R > 0.
Assume that §2o C §2 is such that the embedding W™2(§25) C W™m=12((2,)

is compact and there exist rotations {p;}7_, and two sets {U;}7_4, {ﬁj}‘j’:l
of pj-patches U; and ﬁj satisfying the following properties

(a) U; C ﬁj C forallj=1,...,0;

(b) Gy, = Gﬁj, ou; = ¢p, forallj=1,...,0;
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(c) Ry >R foralj=1,...,0
( ) (0 \ 29 C U 1U
Then there exists d > 0 depending only on N, m, R such that for allm € N

)\n’/\/[(zg] nN[Ql](l +d, max SU ) (61)

=1,...,.0

if nrllax Sy, < dy*, where
J_

dp = 20d(1 4+ 07 N\, A [21]). (6.2)

Proof. By (a) and (b), z/Jf]j <oy, forall j=1,...,0. Let u € Wm2(0). B
(d), we have

/ lul?dy < i/|u|2dy—z / luo pl V| 2du. (6.3)

21\ 822 =1y, =1 pi(Uj)

We set v; =uo p(»fl)

; for brevity. It is clear that

PU; (z)
/ |uo pj_1|2 = / / lvj(z,zN)|?dedry. (6.4)
;i (Uj) Gu; v, ()

Since v; € W™2(p; (U )), it follows that for almost all x € G~ the func-
tion wvj;(z,-) belongs to the space sz(d)U (x), chj( x)). Moreover by (c),
( ) — Vi, (@ () = R. Thus, by [3, Theorem. 2, p.127], there exists d>0
dependmg only on m, R such that
||vj(x,-)|\%oo(%j (@)05, (@)
~ 0" v; ?
2 j
(DRI X

LQ(ﬂJf]j (1)749173. (x))
By the inequality (6.5) and property (b),

vu, ()

/ / |vj(x,a:N)|2da:da:N

GUJ‘ ij (33)

< [ oy @) = b @100V B g, 00, o

Gu;
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omu; |I?
j
< s, <”vj”L2 (e @) H Oy L2(p-(ﬁ-)))
< dSu;, <||u||2L2(_Ql) + E |Dau|%2(91))a (6.6)

lo|=m

where d > 0 depends only on N, m, and R.

Let 1, [f1], n € N, be an orthonormal sequence of eigenfunctions corre-
sponding to the eigenvalues A, ar[f21]. We denote by L,,[f21] the linear sub-
space of W™?2(§21) generated by the ¥1[21],...,¥n[1]. If u € L,[21] and
lullL2(o,) = 1, then, by (6.3), (6.4), and (6.6),

/ [ul* Sod max Sy,(1+07" Qe (w)
.Ql\.QQ o
< od max SU (14607 N, [21)). (6.7)

Jj=1,.

Let 712 be the restriction operator from £2¢ to 25. It is clear that 7;5 maps
W2(£21) to W™2(£2y). For all n € N and u € Ly[1], [lulz2(0,) = 1, we

have
| Tizul 2y = / fuf? — / ul?
2 21\ 92,
>1-0d max_Su,(1+07'\[)) (6.8)
and

Qa,(Tiou) < Qg (u) < Ay [f21]

because Y. Aapbalp = 0 for all &,,&s € C. Thus, in the terminology
ler|=|B]|=m
of [6], 712 is a transition operator from Hyym.z2(o,) to Hyym.2(g,) with the
measure of vicinity 6(Hym.2(0,), Hwm.2(0,)) = max Sy, and the parame-
j=l...0

ters a, = od(1 + 67\, [f21]), b, = 0. Thus, by the general spectral stability
theorem [6, Theorem 3.2] it follows that

AN [$22] < A N [$21] + 2(anAn A [$21] 4 bn) S (Hyym 2 (2,), Hwm2(0,))

if §(Hwm2(0,), Hwm2(0,)) < (2a,) "', which immediately yields (6.1). O

Lemma 6.2. Let A be an atlas in RY. Let m 6 N, L,0 > 0 and, for all
o, B € NY with |a] = |B] = m, let Aqg € L*( U V;) satisfy Aap = Aga,

| Aasll < L and the condition (2.4). Then for each n € N there exist

=0 vy
j=1
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CnyEn > 0 depending only on n, N, A, m, L, 0 such that

AN [22] < A [$21] + enda($21, 22) (6.9)
for all 21,025 € C(A) satisfying 25 C 21 and d4($1,822) < ep.

Proof. Suppose that A = (p,s,s',{V;}j_1,{rj}j=1), 21,022 € C(A) and
{20 C (. For all j = 1,...,s we denote by g1; and go; the functions de-
scribing the boundaries of (21 and (22 respectively, as in Definition 3.1 (iii).

We consider two sets of {U;}_, {U }3_q of rj-patches Uj, U defined as
follows:

ﬁj = rj(,_l)({(x,x]v) cxeWy, anj <y < g1(2)}),

U =V ({(@,2n) 0 2 € Wy, g2i(2) < 2y < g1j(@)},

where W; and ay; are as in Definition 3.1. Note that conditions (a), (b),
(¢c), and (d) of Lemma 6.1 are satisfied with ¢ = s and R = p. Moreover,

IIllaX Su; = da(§21,(23). Thus, applying Lemma 6.1 to the open sets {2y, {2
j=

and the sets of patches defined above, and using Lemma 3.2, we immediately
obtain (6.9). 0

Our next goal is to consider the case 25 = T.({21) where T, is the map
defined in (5.3).

Lemma 6.3. Let A be an atlas in RN. Then there exist ¢g, A, R > 0 and
o € N depending only on N, A and for every open set 2 € C(A) and any
0 < & < gq there ewist rotations {p;}7_, and sets {U;}7_y, {U;}7_, of pj-
patches Uj, ﬁ'j satisfymg conditions (a), (b), (c), (d) in Lemma 6.1 with
21 =2 and 5 =T.(2) and such that ‘max Sy, < Ae.

=1,...,.0

Proof. In fact, we prove that there exists a family of rotations {p; }j 15 a
family {G;}9_, of bounded open sets in RN~!, and a family {¢;}7_, of
functions ¢; continuous on Gj such that for all 0 <€ < gq

2\ To(2 LJUM (6.10)

and B
Ul cU; c 9, (6.11)

where the p;-patches UJ[E], U; are defined by

pj(Uj[E]) ={(z,zn) € RV pi(z) — Ae < an < pi(z), € Gy i} (6.12)

and
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pi(U;) = {(z,zn) € RV 72 @j(z) — R < an < pj(x), € Gy}, (6.13)

Let A = (p,s, 8", {V;};_, . {rj}j,), and 2 € C(A). We split the proof
into four steps.

Step 1. Assume that for each nonempty set J C {1,...,s'}, Vy = ) (Vj)g

jeJ

and d = dim Span{¢;};cs. Recall that & = rg-_l)(O, ..., 1). From the proof
of Lemma 19 in [4] it follows that there exist vectors &5 = €51,&s2,---,&74d
and a rotation r; such that

1) &€5,€52,...,&7a is an orthonormal basis for Span{&;},cs and r;(£;) =
en, r7(&r2) =en-1,...,77(§5d) = en—a+1,

2) there exist continuous functions ¢, defined on G;, where G; =

Pryy—=o0 77(Vy; N 2) (Pr,,—o denotes the orthogonal projector onto the hy-
perplane with the equation zxy = 0) such that

ry(Vin2) ={(z,an) € RN ops(z) < zn < es(z)} (6.14)
and such that

{(xvy) GRNil: y < @J(x)v WS GJ7 (xvy) GTJ(‘/]')7 VJG J} CTJ(Q)v

(6.15)
3) the function ¢ satisfies the Lipschitz condition with respect to the
variables v = (znx_g+1,-..,2n—1) uniformly with respect to the variables

u=(x1,...,on—q) on Gy, i.e.,
|(,0J(U,’U) - @J(U,’LU” < LJ|U - ’LU| for all (U,’U), (u,w) S GJ,

where L; > 0 depends only on {V;}5_; and {r;}3_;.
Note that by (6.14) and (6.15) it follows that

{(z,2n) €RNL: 2 € Gy, Yyla) - 'Z <an < ps(@)} Cri(2)  (6.16)

because the distance of (x,s(z)) to the boundary of r;(V}) is greater than
bforall jeJandzeGy.

Step 2. As in [4], for z € RN we set
J@)={jef{l,....s}: ze(V)s,}.

Note that J(z) C {1,...,s'} if 2 € 9£2. The inclusion supp 9; C (Vj)z,
implies that ¢;(z) =0 for j ¢ J(z) and

T.(x)=x—c¢ Z &vi(z), xeRVN.

JEJ (=)
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For any subset J C {1,...,s} we set
VJz{xERN: J(z)=J}
so that RY = OJC{LMS/}?J and

)= —€Z§jwj(x), zeVy.

Jje€J

Step 3. Let z € V; N 9f2. Since |T. —Id || < € and To(2) C 2, we
have T.(z) € V; N2 for all 0 < € < 7. Let ry(z) = (81, 83, By ), where

(
1
BY = (Bi,...,Bx-a), B = (Bn-dt1,---,Bn-1) and By = ¢ (B, p2).

=(z)) = (5(1)»7(2),%\7)

a
Since T.(z) — z € Span{¢;};cs, it follows that r;(T,
for some v(?) = = (YN—d+1,---,yn—1) and yy. Since T.(z) € V; N 2, for the
distance d j(Te(z)) from T, (z) to 912 in the direction of the vector £; we have

dy(T-(x)) = 0 (B,9®) = yn
=0;(81,9?) = Bn + By — v
= 0s(BY,7®) =080, %) + By —
< Lsjy® = B8]+ |yw — Bu|
< (Lg+D|ry(Te(z)) —rs(z)]

=(L;+ D|T-(z) — x|. (6.17)
Let
A= max (Lj+1), (6.18)
Jc{1,...,s"}
J#£D

and let UBE] be defined by

pJ(UBE]) = {(z,zn) € RNV pi(z) — Ae < zn < @y(x), z € Gs}.

(6.19)
Then, by (6.17), it follows that 7.(V, N 02) c U and
r.02)= |J TWnec |J USL (6.20)
Jc{1,...,s'} Jc{1,...,s'}
J£2 J£2

Stepd. Lety € 2\ |J UYL By the definition of U, it follows that
JC;{]I;Z..,S'}
j%]

y ¢ UBE,] for all 0 < &’ < e. Thus, by (6.20), y ¢ T./(9£2). This implies that
the topological degree deg (£2,7./,y) of the triple (£2,7./,y) is well defined
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(see, for example, [9, Sect. 1]) and, by homotopy invariance, deg (2, 7., y) =
deg (£2,Tp,y) = 1 for all 0 < &’ < e. Thus, the equation T.(x) = y has a
solution = € 2 hence y € T.({2) (see, for example, [9, Theorem 3.1]). This

shows that 2\ T.(2)c U UL

To complete the proof, it suffices to choose o to be the number of nonempty
subsets of {1,...,s'},e0 =, R =1 (see (6.16)) and take A asin (6.18). O

Theorem 6.1. Let A be an atlas in RN . Let m E N, L,0 > 0 and, for all
o, f € NY with || = [B] = m, let Aqp € C%( U V;) satisfy Aap = Aga,

| Aasll < L and the condition (2.4). Then for each n € N there
C0-1( U V;)

exist ¢, €n > 0 depending only onn, N, A, m, L, 0 such that
A A [$21]) = Ao n[22]] < enda($21,£22) (6.21)
for all 21,825 € C(A) satisfying da(21, ) < ep.

Proof. In this proof, ¢, and g, denote positive constants depending only on
some of the parameters n, N, A, m, L, # and their value is not necessarily
the same for all the inequalities below.

Let E1 > 0 be as in Lemma 5.1. Let 0 < ¢ < FEq, and let 21, €
C(A) satisty (5.7). We set 23 = {21 N (2. It is clear that 23 € C(A) and
da($25,1),da(25,82) < £/s. By Lemma 5.1 applied to the couple of open
sets (21, 23, it follows that T.((2;) C {25. Hence

TE(Qg) C TE(Ql) C (2. (622)

We now apply Lemma 6.3 to the set 2 = (23. It follows that if 0 <& < ¢
there exist rotations {p;}7_, and two sets {U;}7_, {U;}7_, of p;-patches U,
ﬁj satisfying conditions (a), (b), (¢), (d) in Lemma 6.1 with 2 replaced by
25 and (2, replaced by T.({23), and such that “max Sy, < Ae. In particular,

=1,...,0
(23 \ TE(Qg) C U(J»Tlej. (623)
Hence, by (6.22) and (6.23),
(23 \ TE(Ql) C U;-leUj. (624)

Now, we apply Lemma 6.1 to the couple of open sets 25, T.({21) by using

the sets of patches defined above. Since nllax Sy, < Ag, from Lemma 6.1
j_

it follows that Ae < d;! implies

AN T (21)] < A n[125](1 + d Ae), (6.25)
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where d,, is defined by (6.2). By the inequality (6.25) and Lemma 3.2, there
exist ¢, e, > 0 such that

A N [Te(821)] < A n (23] + cne (6.26)

if 0 < € < &,. On the other hand, by Lemma 3.2, Corollary 4.1, and the
inequalities (5.4), (5.5), it follows that there exist ¢, €, > 0 such that

A T[] = Ann[$21]] < cne (6.27)
if 0 < e < ée,. Thus, by (6.26) and (6.27), there exist ¢,, e, > 0 such that
A N [21] < An[£23] + cne (6.28)

if 0 < € < g,,. By Lemma 6.2 applied to the couple of open sets (21, {25, there
exist ¢,, €, > 0 such that

AN [23] < An v [$21] + cne (6.29)
if 0 < € < ,. Thus, by (6.28), (6.29) it follows that
AN [21] = A n (23] < cne (6.30)

if 0 < e < e,. It is clear that the inequality (6.30) holds also with (25
replacing (2;: it is simply enough to interchange the role of {2, and (2 from
the beginning this proof. Thus,

|/\n,/\/[92] — An, N[QBH Cn€ (631)

if 0 < e < e,. By (6.30) and (6.31), we finally deduce that for each n € N
there exist ¢,,e, > 0 such that

An A (1] = A [£22]] < e (6.32)

for all 0 < € < g, and (21,2 € C(A) satisfying d4(21,(22) < €. Finally,
arguing in the same way as in the last lines of the proof of Theorem 5.1, we
deduce the validity of (6.21). O

In the case of the Dirichlet boundary conditions, we have a version of
Theorem 6.1 in terms of e-neighborhoods with respect to the atlas distance.

Corollary 6.1. Let A be an atlas in RYN. Let m E N, L,0 > 0 and, for all
a,B € Ny, with |a| = |B] = m let Ayp € C% 1( U V) satisfy Aap = Agas

| Aagl] < L and the condition (2.4). Then for each n € N there

cor( U vy)

=1

exist cp,en > 0 depending only onn, N, A, m, L, 0 such that

A N [21] = An N [$22]] < cne (6.33)
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for all0 < e < e, and 21,825 € C(A) satisfying (5.13) or (5.14).

Proof. The inequality (6.33) follows from (6.21) and (5.15). O

7 Estimates via the Lower Hausdorff-Pompeiu
Deviation

If C ¢ RN and 2 € RY we denote by d(x, C) the euclidean distance of x to C.

Definition 7.1. Let A, B ¢ RY. We define the lower Hausdorff-Pompeiu
deviation of A from B by

dnp(A, B) = min{sup d(x, B), sup d(x,A)}. (7.1)
z€A reB

If the minimum in (7.1) is replaced by the maximum, then the right-hand
side becomes the usual Hausdorff-Pompeiu distance d"*7 (A, B) from A to
B. Note that, in contrast to the Hausdorff-Pompeiu distance d’*7 which
satisfies the triangle inequality and defines a distance on the family of closed
sets, the lower Hausdorff-Pompeiu deviation dyp is not a distance or a quasi-
distance. Indeed, it suffices to note that dyp(A4, B) =0 if and only if A C B
or B C A: thus, if A ¢ B and B ¢ A, then dyp(A, B) > 0, but dyp(A4, AU
B) + dyp(AUB,A) =0.

In this section, we prove an estimate for the variation of the eigenvalues
in the terms of the lower Hausdorff-Pompeiu deviation of the boundaries of
the open sets.

We introduce a class of open sets for which we can estimate the atlas
distance d 4 via the lower Hausdorff-Pompeiu deviation of the boundaries.

Definition 7.2. Let A be an atlas in RY. Let w : [0, 00[— [0, 00[ be a con-
tinuous nondecreasing function such that w(0) = 0 and, for some k > 0,
w(t) = kt for all 0 < t < 1. Let M > 0. We denote by C’;J/I(')(A) the family of
all open sets {2 in RY belonging to C'(A) and such that all the functions g;
in Definition 3.1 (iii) satisfy the condition

lg;(2) — 9; ()| < Mw(|z —yl) (7.2)

for all x,y € W;.
We also say that an open set is of class C“(") if there exists an atlas A and
M > 0 such that 2 € C'J“V),(')(A).

Lemma 7.1. Let w : [0,00[— [0,00[ be a continuous nondecreasing function
such that w(0) =0 and for some k > 0, w(t) = kt for allt > 0. Let W be an
open set in RN~ Let M > 0, and let g be a function of W to R such that
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l9(z) = 9(y)| < Mw(|z —yl)
for all x, y € W. Then
lg(z) — an| < (M + k™ Hw (d((x, zx), Graph(g))) (7.3)
for allz € W and zn € R.

Proof. For all xz,y € W

l9(z) —an| < lg(x) —9(y)| + l9(y) — xn]
< Mow(lz = yl) + k7 w(|g(y) — 2n])
< (m+ k" Hw(|(zan) = (v, 9®)). (7.4)

Hence, by the continuity of w,

l9(2) —an| < (m+ k") inf w(l(z,2n5) = (y,9(y))]

yeWw
<(m+ kM (ylélf (z, 2n) = (3, 9())]
< (M + 5 V) (d((z,55), Graph(g)) . (7.5)
The proof is complete. O

Lemma 7.2. Let A be an atlas in RN . Let w : [0, 0o[— [0, 00[ be a continuous
increasing function satisfying w(0) = 0 and, for some k > 0, w(t) > kt for all
0<t<1. Let M > 0. Then there exists c > 0 depending only on N, A, w, M
such that

d;(x,002) < cw(d(z,012)) (7.6)

for all open sets (2 € C;‘\J/,(')(A), j=1,...,8, and x € (VJ)S

Proof. Let @ be the function of [0, co[ to itself defined by @(t) = w(t) for all
0<t<land@(t) =t+w(l)—1forallt> 1.1t is clear that & is continuous
and nondecreasing and &(t) > kt for all ¢ > 0, where k = min{k, 1,w(1)};
moreover,

min {1, :j&)) } w(a) < &(a) < max {1, Z%} } w(a) (7.7)

for all A >0 and 0 < a < A. By the first inequality in (7.7), 2 € C\)(A),

where M = max{l, w((l))}M and D is the diameter of U Vj. Then, by
7j=1

Lemma 7.1 applied to each function g; describing the boundary of 2 as in

Definition 3.1 (iii) and the second inequality in (7.7), it follows that for each

j=1,...sand all (y,yn) € 7;(V;)
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195 (y) =yl < (M + k)& (d ((y, y), Graph(g;)))

SOV F e ), Grovhlay ). (19
w(1)

Note that if y € 7;((V;)g) and d((y,yn),Graph(g;)) < 4, then
d(rj(-_l)(y),aﬂ) equals d((y,yn),Graph(g;)); if y € r;((Vj)s) and

d((y,y~), Graph(g;)) = £, then d (rg._l)((y,yN)),aQ) > #. Hence

< max{l

w (D)
w(f)
By (7.8) and (7.9), it follows that if y € r;((V;)¢), then

w(d(y, yn), Graph(g;))) < w(d(r§ ) (g, yw)), 092)). (7.9)

19 () = y| < ew (dr§ D (), 02)),

where ¢ = max {1,&(D)/&(1)} (M + k~V)w (D) /w(p/2). Hence, by (5.2), for
z € (Vj)e we have

dj(x,00) = |gj(rj(z)) — (rj(2))n| < cw(d(z, 092)).

The proof is complete. ad

Lemma 7.3. Let A = (p,s,8',{(V;)i=1,{rj}j=1) be an atlas in RN. Let
A=(p/2,s,5, {(Vi)psatizisAri}izy). Let w1 [0,00[— [0, 00 be a continuous
nondecreasing function satisfying w(0) = 0 and, for some k > 0, w(t) > kt
for all0 <t < 1. Let M > 0. Then there exists ¢ > 0 depending only on N,
A, w, M such that

d"P(0021,002) < d 3(21, 022) < cw(dyp (0021, 002)) (7.10)

for all opens sets 21, 25 € Cf/l(')(A),

Proof. For each x € 0(2; there exists y € 02 such that |z —y| < d 7({21, §22).
Indeed, if rj(z) = (z,zn) for some j = 1,..., s, it suffices to consider y €
082 such that r;(y) = z. It follows that d(z,022) < dz(£21,2) for all
x € 0821 In the same way, d(x,0821) < d 7({21, §22) for all z € 0(25. Thus, the
first inequality in (7.10) follows. The second inequality in (7.10) immediately
follows by (7.6), the continuity of w, the property (5.12), and Definition 7.1.

O

Theorem 7.1. Let A be an atlas in RN. Let m € N, L, M, 0 > 0 and, for all
o, B € N with |a| = |B] = m, let Ao € CO( U V) satisfy Aap = Aga,
j=1
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| Aasll < L and the condition (2.4). Let w : [0,00[— [0,00[ be a

cor(J V)
j=1

continuous nondecreasing function satisfying w(0) = 0 and, for some k > 0,
w(t) = kt for all 0 < t < 1. Then for each n € N there exist ¢,,e, > 0
depending only onn, N, A, m, L, M, 0, w such that for both Dirichlet and
Neumann boundary conditions

M 21] = Ma[2]] < enco(drep (9621, 922)) (7.11)

for all 1,02 € C}f/[(')(A) satisfying dpp(0821,0829) < &y,.

Proof. Note that if 21,2 € C(A), then also (21, € C(A), where
A=(p/2,5,8',{(Vj)ps2}i=1,{rj};=1)- Thus, by the inequalities (5.10), (6.21)

applied to (21, {22 as open sets in C(A) and, by the inequality (7.10), we de-
duce the validity of (7.11). O

Recall that for any (2 we set

F ={zeRN: dx,2)<e}, 2. ={xec2: dx,002) >c}.

Lemma 7.4. If 21 and 25 are two open sets satisfying the inclusions

(Ql)s C ) C (Ql)a (712)
or

(£2)e C £ C (22, (7.13)
then

de(afzg, 801) <e. (714)

Proof. As in the proof of Lemma 5.2, the inclusions (7.12) and (7.13) imply

sup d(z,0¢1) < e and sup d(z,df2:) < e respectively. Hence if (7.12) or
€0 redf2
(7.13) is satisfied, then at least one of these inequalities is satisfied, which

implies (7.14). O

Note that if £2; and {25 are two open sets satisfying the inclusion (7.12),
then it may happen that they do not satisfy the inclusion (7.13) and

sup d(x,082) > ¢ (7.15)
TEIN

(see Examples 8.1 and 8.2 in Appendix).

Corollary 7.1. Under the assumptions of Theorem 7.1, for each n € N there
exist ¢y, e, > 0 depending only onn, N, A, m, L, M, 0, w such that for both
Dirichlet and Neumann boundary conditions

A [21] — M\ [$22]] < cpw(e) (7.16)
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for all0 < e < e, and 21,2 € C;J/[(')(A) satisfying (7.12) or (7.13).

Proof. The inequality (7.16) follows from (7.11) and (7.14). O

8 Appendix

8.1 On the atlas distance

Given an atlas A in RY it is easy to prove that the function d4 of C(A) x
C(A) to R which takes (£21, 22) to d 4(£21, 22) for all (£21, 25) € C(A)xC(A)
is a metric on the set C'(A).

Lemma 8.1. Let A be an atlas in RY . Let £2,,, n € N, be a sequence in C(A).
For eachn € N let gjn, j =1,...,s, be the functions describing the boundary
of £2,, as in Definition 3.1 (iii). Then the sequence §2,,, n € N, is convergent
in (C(A),da) if and only if for all j = 1,...,s the sequences gjn, n € N,
are uniformly convergent on W ;. Moreover, if gj, converge uniformly to g;
on Wj forall j =1,...,s, then §2, converges in (C(A),da) to the open set
2 € C(A) whose boundary is described by the functions g; as in Definition
3.1 (iii).

Proof. It suffices to prove that if the sequences g;,, n € N, converge to g;
uniformly on W; for all j =1,..., s, then the sequence {2,,, n € N, converges
in (C(A),da) to the open set 2 € C(A) whose boundary is described by
the functions g; as in Definition 3.1 (iii) (the rest is obvious). We divide the
proof into two steps.

Step 1. We prove that if z € V;, N Vj, for h # k and rp(z) = (2, gn(z))
for some x € Wy, then there exists y € Wy, such that ri(z) = (v, 9x(v)).

(—1)(

Note that « = lim r Z,gnn(x)) and there exists m € N such that
n—oo

r(fl)(x,ghn(x)) c V, NV, for all n > n. For each n > n there exists
Yy, € Wy such that rk(r(fl)(x,ghn(x))) = (Y, 9kn(y,,)). Tt is clear that
lim rk(r(fl)(x,ghn(x))) = ri(x). Hence lim (y,,, 9kn(y,)) = ri(z). By the
ﬁ;i?grm convergence of gr, to gr on W:,étoﬁere exists y € Wy such that

Hm (9, 9in () = (9, 90(y))- Thus, lim rie(r”" (@, gnn(2))) = (v, 98(y))

and x =r ¥, gk (y)) as required.

Step 2. We prove that if x € V;, NV, for h # k, rp(z) = (z,xn) for some
x € Wy, and xn < gp(x), then there exists y € Wy, such that r4(z) = (y, yn)
and yy < gi(y). Indeed, there exists n € N such that zn < gp,(z) for all
n > n. Thus, x € V}, NV, N £2,,. Hence

(ri(@))N < gn(r5(2)),
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and, passing to the limit, we find

(ri ()N < gr(ri(2)).

If (re(x))n = gr(re(x)), then, by Step 1, there exists z € W), such that
rh(x) = (2, gn(2)) which implies z = 2 and g5, (2) = xx which contradicts the
assumption that zny < gp(x). Thus, we have proved that

(ri(z))n < gr(re()).

In other words, rg(z) = (y,yn), where y = ri(x), yn = (rp(z))n, and

yn < gx(y) as required.
By Steps 1 and 2, the set

S

= U 7‘](.71) {(z,zn): z e W), anj <zn < g;(x)})

j=1
is such that
ri(2NVy) ={(z,zn): € Wj, an; <zn < g;()}.

Thus, 2 € C(A). It is obvious that lim d4(£2,, ) =0. O

n—oo

Theorem 8.1. Let A be an atlas in RY. Then (C(A),d4) is a complete
meltric space. Moreover, for every function w satisfying the assumptions of

Definition 7.2 and for each M > 0, Cf/[(')(A) is a compact set in (C(A),dA).

Proof. The completeness of (C'(A),d4) and the closedness of the set C]‘C[(') (A)
follow directly from Lemma 8.1 (in the second case, one should take into
account that the condition (7.2) with fixed w and M allows one to pass to
the limit).

By the definition of Cf/[(')(A), the sets G; = {gj[(2]}9605&(.)(A)7 j =
1,...,s, of functions g,[{2] entering Definition 3.1, which are defined on the
bounded cuboids W, are bounded in the sup-norm and are equicontinuous
by the condition (7.2), where w and M are the same for all £2 € Cf/[(')(A).
By the Ascoli-Arzela theorem, the closed sets G are compact with respect
to the sup-norm.

Let {2, }nen be a sequence in C]“V}(')(A). Since the sets G; are compact,
it follows that, possibly for a subsequence, {gjn}nen, Where gjn = g;[£2,],
converges uniformly on W; to some continuous functions g;, j = 1,...,s. By
Lemma 8.1, the sequence {2, }nen converges in (C(A),d) to the open set
2 defined by the functions g;, j = 1,...,s. Therefore, the set C<(7(A) is
relatively compact in (C'(A),d4) and, being closed, is compact. O
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8.2 Comparison of atlas distance, Hausdorff-Pompeiu
distance, and lower Hausdorff-Pompeiu deviation

Note that
dip (0021,00) < d"F (0921, 002) < da(21, 2s) (8.1)

for all €21, 825 € C(A). (The first inequality is trivial, the second one can be
proved in the same way as in the proof of Lemma 7.3.)

The following examples show that dyp(9621,0(2) can be much smaller
than d"P(0421,005) and d"7(0621,002) can be much smaller than
da($, $29).

Example 8.1. Let N =2,¢>+/3and 0 <e < 1/\/3. Let
2 = {(xl,xg) €ER?: clas] <21 < c}

and 25 = (£21)e. Then (24, {25 satisfy the inclusion (7.12), but not (7.13).
Moreover, the lower Hausdorff-Pompeiu deviation of the boundaries can
be much smaller than their usual Hausdorff-Pompeiu distance because

dyp (0921, 00) = e and d"P(9921,00) = e/ + 1.

Ezample 8.2. Let a function v : [0, oo[— [0, oo[ be such that ¥(0) = ¢’(0) =0
and ¢'(t) > 0 for all t > 0. Let w : [0, co[— [0, 00| be the inverse function of
1. Let N = 2, and let

2 = {(w1,22) €R?*: w(|ma|) < 21 <w(1)}.

Let P = (21,0) be a point with z; > 0 sufficiently small so that d(P,92,) =
A(P{(t, (1)) : 0<t<w()}) = |P— Q] for some point Q = (€, $(€)) with
0 <& <w(l). Weset d(P,02;) = €. An elementary consideration shows that

21 =E+ (Y (€) and e =1p()y/1+ v/ (£)2.

This implies that x; ~ £ and € ~ 9(£) as &€ — 07. Hence 1 ~ w(e) as
e — 0T,
Now, let 29 = (£21).. It is clear that 21 and {2 satisfy (7.12) and

sup d(z,00) =«¢.
TED22

However, since P € 0§25, we have

sup d(x,08%) > x1 ~ w(e)
TEI
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as € — 07. Hence §2;, {25 cannot satisfy (7.13) for small values of ¢ because
1im+ w(e)/e = o0o. Moreover, there exist ¢, co > 0 such that for all sufficiently

e—0

small € > 0
clw(dm:(&(?l, 8(22)) < dHP(é)Ql, 892) < ng(d'}-{p(agl, 8(22))

(The second inequality follows by (7.10).) This means, in particular, that the
usual Hausdorff-Pompeiu distance d"** between the boundaries may tend to
zero arbitrarily slower than their lower Hausdorff-Pompeiu deviation dyp.

Ezample 8.3. Let N = 2. Let A = (p,s,8",{V;}3_;,{rj};—1) be an atlas
in R? with V; =] — 2,2[x] — 2,2[. Let w : [0,00[— [0,00[ be a continuous
increasing function such that w(0) = 0 and, for some k£ > 0, w(t) > kt
for all 0 < ¢ < 1. Assume also that w(1) = 1 and that, for some M > 0,
lw(z) — w(y)] < Mw(|x —y|) for all 0 < z,y < 1. Let 0 < € < 1/2. Let

21,82 € C¥Y) (A) with

7’1(91 ﬂVl) = {(1‘1,.%2) D2 < < 2, —2< x5 < 911(331)},
7"1((22 n ‘/1) = {(xl,xg) D2 <1 <2, 2< 1 < glg(xl)},

where
gu(x1) = {0 if 1< |z] <2, 52
- gll(xl_g)if_2+€<x1<2’
gr2(x1) = {0 if —2<m<-2+¢, (83)

and 1NV =2 NV; for all 2 < j < s. It is clear that d"P(0621,08%) < e,
and da(£21,422) = g11(0) — g12(0) = w(e). Thus,

w(d™P (0621, 002)) < da($21, ). (8.4)
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Abstract We present integral conductor inequalities connecting the Lorentz
p, ¢-(quasi)norm of a gradient of a function to a one-dimensional integral of
the p, g-capacitance of the conductor between two level surfaces of the same
function. These inequalities generalize an inequality obtained by the second
author in the case of the Sobolev norm. Such conductor inequalities lead
to necessary and sufficient conditions for Sobolev—Lorentz type inequalities
involving two arbitrary measures.

1 Introduction

During the last decades, Sobolev—Lorentz function spaces, which include clas-
sical Sobolev spaces, attracted attention not only as an interesting mathe-
matical object, but also as a tool for a finer tuning of properties of solutions
to partial differential equations (see, for example, [7, 8, 9, 10, 14, 15, 16, 19,
28, 30, 43]).
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[ eany (Mo, i) < ) [ 19517 o (1)
0 (7]

to the case of Sobolev-Lorentz spaces. Here, f € Lipy(£2), i.e., f is an ar-
bitrary Lipschitz function compactly supported in the open set 2 C R",
while M, is the set {x € 2 : |f(x)| > ¢} with ¢ > 0. The inequality (1.1)
was obtained in [34] (see also [36, Chapt. 2]). It has various extensions and
applications to the theory of Sobolev type spaces on domains in R"™, Rieman-
nian manifolds, metric and topological spaces, to linear and nonlinear partial
differential equations, Dirichlet forms, and Markov processes etc. (see, for
example, [1, 2, 3, 4, 5, 6, 12, 17, 18, 21, 22, 23, 24, 25, 26, 27, 29, 31, 32, 33,
34, 35, 37, 38, 39, 40, 41, 42, 45, 46, 47, 48]).
In the sequel, we prove the inequalities

[ cap(Mue, M) < a0V 1, ey When 1< <p (12
0

and

/capp,q(Mat, Mt)q/Pd(tq) < c(a,p,q)||Vf||%p,q(Q’mmRn) when p < ¢ < ©
0

(1.3)
for all f € Lipy(£2).

The proof of (1.2) and (1.3) is based on the superadditivity of the p,¢-
capacitance, also justified in this paper.

From (1.2) and (1.3) we derive necessary and sufficient conditions for cer-
tain two-weight inequalities involving Sobolev—Lorentz norms, generalizing
results obtained in [37, 38]. Specifically, let p© and v be two locally finite
nonnegative measures on {2, and let p, ¢, r, s be real numbers such that
1 < s <max(p,q) <r <ooand g > 1. We characterize the inequality

Al s (2, < AV Fllzea@marn) + [l pomason @) (1.4)
restricted to functions f € Lipy({2) by requiring the condition
w(g)"" < K(cap,, 4(9, )P + v(G)V) (1.5)

to be valid for all open bounded sets g and G subject to g C G, G C (2.
When n = 1, the inequality (1.4) becomes

1 prmaxoa (2, < A (1 N zra@m) + 1l psmea (0,)) - (1.6)

It is shown that the requirement that (1.6) is valid for all functions f €
Lip,(£2) when n = 1 is equivalent to the condition
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woa(@)" < K(EUPP 4 (o4, (2)°) (1.7)

whenever z, d and 7 are such that oq4.(x) C 2. Here and throughout the
paper, o4(x) denotes the open interval (z — d, x 4 d) for every d > 0.

2 Preliminaries

Denote by (2 a nonempty open subset of R™ and by m, the Lebesgue n-
measure in R™, where n > 1 is an integer. For a Lebesgue measurable function
u : 2 — R denote by supp u the smallest closed set such that u vanishes
outside supp u. We also introduce

Lip(£2) = {¢: 2 — R : ¢ is Lipschitz},

Lipy(2) = {¢ : 2 — R : ¢ is Lipschitz and with compact support in 2}.
If ¢ € Lip(£2), we write V¢ for the gradient of . This notation makes
sense since, by the Rademacher theorem [20, Theorem 3.1.6], every Lipschitz
function on {2 is my,-a.e. differentiable.

Throughout this section, we assume that (2, 1) is a measure space. Let

[ 2 — R" be a p-measurable function. We define py), the distribution
function of f as follows (see [11, Definition II.1.1}):

pp(t) = u{z € Q: |f@)] > 1)), 120,

We define f*, the nonincreasing rearrangement of f, by
fr(t) =inf{v: pp(v) <t}, t=0

(see [11, Definition I1.1.5]). We note that f and f* have the same distribution
function. Moreover, for every positive o we have

(A1) = Arm)”

and if |g] < |f] a.e. on £2, then g* < f* (see [11, Proposition I1.1.7]). We also
define f**, the maximal function of f*, by

J7(t) = my(t) = 1 /f*(s)ds, t>0
0

(see [11, Definition I1.3.1]).
Throughout the paper, we denote by p’ the Hélder conjugate of p € [1, 0c].
The Lorentz space LP9(£2, u; R™), 1 < p < 00, 1 < g < 00, is defined as
follows:
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LPU2, iy R™) ={f : 2 — R" : f is p-measurable, || f||Lr.a(2,ur") < 00},

where

oo 1/q

Jerrort) o 1<i<w
||f||LP~<1(Q,u;R") =|1f] ||p,q = 0

suptp(s ()P = sup st/Pf*(s), q=o0
t>0 s>0

(see [11, Definition IV.4.1] and [44, p. 191]). We omit R" in the notation of
function spaces in the scalar case, i.e., for n = 1.

If 1 < q<p,then |[-||rra(,,;rm) represents a norm, but for p < ¢ < oo
it represents a quasinorm equivalent to the norm || - |[ .0 (0, ;mn), Where
fe's) 1/q
dt
Jerror] a<i<e,
A llLwo 2urmy = [ lpg) =4 \0
sup /7 f**(1), q= oo
>0

(see [11, Definition IV.4.4]). Namely, from [11, Lemma IV.4.5] we have

1 H Lo, < L eo 0,0 < P zra@m

for all ¢ € [1,00] and p-measurable functions f : 2 — R™.

It is known that (LP?(§2,;R™), || - |[zr.a(2,;r)) is @ Banach space for
1 < g < p, while (LP9(02,11;R"), || - |10 (2,;mm)) 1 @ Banach space for
l<p<oo, 1< qg<oo
Remark 2.1. It is also known (see [11, Proposition IV.4.2]) that for every
p € (1,00) and 1 < r < s < oo there exists a constant C(p, 7, s) such that

T zes (2. < Cosrs S or (2,0 (2.1)

for all measurable functions f € LP"(£2, u; R™) and integers n > 1. In par-
ticular, the embedding LP"(£2, u; R™) — LP*(2, u; R™) holds.

The subadditivity and superadditivity
of the Lorentz quasinorms

In the second part of this paper, we will prove a few results by relying on
the superadditivity of the Lorentz p, g-quasinorm. Therefore, we recall the
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known results and present new results concerning the superadditivity and
the subadditivity of the Lorentz p, ¢-quasinorm.

The superadditivity of the Lorentz p, g-norm in the case 1 < ¢ < p was
stated in [13, Lemma 2.5].

Proposition 2.2 (see [13, Lemma 2.5]). Let (£2,) be a measure space.
Suppose that 1 < q < p. Let {E;}i>1 be a collection of pairwise disjoint

measurable subsets of 2 with Ey = U E;, and let f € LP9($2, ). Then
i>1

Z”XEifHLP a(2,p) ||XEof||Lp a(02,1)°
i>1
We obtain a similar result concerning the superadditivity in the case 1 <
p<q<oo.

Proposition 2.3. Let (2, 1) be a measure space. Suppose that 1 < p < q <
oo. Let {E;}i>1 be a collection of pairwise disjoint measurable subsets of {2
with Ey = |J E;, and let f € LP9(§2, ). Then

iz1
Z ||XEif||%P,II(Q“u) < ||XE0f||%p,q(Q“u)'
iz1

Proof. For every i = 0,1,2,... we let f; = xg,f, where xp, is the charac-
teristic function of E;. We can assume without loss of generality that all the
functions f; are nonnegative. We have (see [30, Proposition 2.1])

o0

||fi||%:0,q(9hu) :p/sq_llu[fi](s)q/pd&

0

where py,) is the distribution function of f;,7 = 0,1,2,.... From the defini-
tion of fy we have

Higo) (8 Zu (,](s) for every s > 0, (2.2)

izl

which implies, since 1 < p < ¢ < 0o, that

fifo) (8 q/p>Zuf7 q/p for every s > 0.
i1

This yields

oo

1ol =0 [ 57 by (517 > 1 / S gy (9)7)d

0 0 i1
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_Zp/sq ' f7 q/pdS_Z”lequ

iz1 izl
This completes the proof of the superadditivity for 1 < p < ¢ < oc. O

We have a similar result for the subadditivity of the Lorentz p, ¢-quasinorm.
When 1 < p < g < 0o we obtain a result that generalizes [16, Theorem 2.5].

Proposition 2.4. Let (§2, 1) be a measure space. Suppose that 1 < p < g <
0o. Let {E;}i>1 be a collection of pairwise disjoint measurable subsets of {2

with Ey = |J E;, and let f € LP9(§2, ). Then
i>1

Z ||XE1f||;2pq(_Q’u) 2 ||XE0f||;2p,q(_Q’u)'

i>1

Proof. Without loss of generality we can assume that all the functions f; =
X, f are nonnegative. We have to consider two cases, depending on whether
p<g<ooorqg=oo

Suppose that p < ¢ < co. We have (see [30, Proposition 2.1])

00 p/q

||fi||;zp,q(()7u) = p/sq_lu[f’i](s)q/pds ’
0

where py,) is the distribution function of f; for i = 0,1,2,.... From (2.2) we
obtain

oo r/q
ol = 2 [ 57 g o)/
0
oo p/q
/sq 1 pip q/Pds Z||f7’||quQH
z>1 0 izl

Now, suppose that ¢ = co. From (2.2) we obtain

P gy (5) =D (87 pig(s)) for every s > 0,

i>1

which implies

sP g (s Z ||fl||Lp.oo(Q’M) for every s > 0. (2.3)
i1

Taking the supremum over all s > 0 in (2.3), we get the desired conclusion.
This completes the proof. a
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3 Sobolev—Lorentz p, g-Capacitance

Suppose that 1 < p < oo and 1 < ¢ < oo0. Let 2 C R™ be an open set,
n > 1. Let K C {2 be compact. The Sobolev—Lorentz p, g-capacitance of the
conductor (K, {2) is denoted by

capy o (K, 2) = f {||Vull}1.0(0,m,mn) * 1w € WK, 2)},
where
W(K, 2) = {u € Lipy(2) : w > 1 in a neighborhood of K'}.

We call W (K, 2) the set of admissible functions for the conductor (K, £2).

Since W (K, (2) is closed under truncations from below by 0 and from above
by 1 and since these truncations do not increase the p, g-quasinorm of the
grandients whenever 1 < p < oo and 1 < ¢ < o0, it follows that we can
choose only functions u € W(K, {2) that satisfy 0 < u < 1 when computing
the p, g-capacitance of the conductor (K, £2).

Lemma 3.1. If {2 is bounded, then we get the same p, q-capacitance for the
conductor (K, 2) if we restrict ourselves to a bigger set, namely

Wi (K,2)={ueLip(2)NC(2):u>1on K and u=0 on 0§2}.

Proof. Let u € W1(K, 2). We can assume without loss of generality that
0 < u < 1. Moreover, we can also assume that 4 = 1 in an open neighborhood
U of K. Let U be an open neighborhood of K such that U CC U. We choose
a cutoff Lipschitz function 0 < < 1 such that n =1 on 2\ U and n =0 on
U. We note that 1 — n(1 —u) = u. We also note that there exists a sequence
of functions ¢; € Lipy({2) such that

Jim (lle — ullors(@m,) + 11V = Vulliriy@m,irm) = 0.
Without loss of generality the sequence ¢; can be chosen such that ¢; — u
and Vy; — Vu pointwise a.e. in 2. Then ¢; = 1 — n(1 — ¢;) is a sequence
belonging to W (K, {2) and

jlijgo(ﬂ% —ullr1(2,mn) T IVY; = Vull o1 (@m,mmy) = 0.

This, Holder’s inequality for Lorentz spaces, and the behavior of the Lorentz
P, g-quasinorm in q yield

Jim (115 = ullzra@m,) + 11V = Vullira@m,rn) = 0.

The desired conclusion follows. O
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Basic properties of the p, q-capacitance

Usually, a capacitance is a monotone and subadditive set function. The fol-
lowing theorem shows, among other things, that this is true in the case of
the p, g-capacitance. We follow [16] for (i)—(vi). In addition, we prove some
superadditivity properties of the p, g-capacitance.

Theorem 3.2. Suppose that 1 < p < oo and 1 < g < 0o. Let 2 C R" be
open. The set function K + cap, (K, 2), K C 2, K compact, enjoys the
following properties:

(i) If K1 C Ky, then cap,, ,(K1,(2) < cap,, ,(K2, §2).
(ii) If £1 C §25 are open and K is a compact subset of {21, then

cap,, ,(K, {22) < cap, ,(K, 21).

(iii) If K; is a decreasing sequence of compact subsets of 2 with K =
o0
N K, then

=1

Ca’pp,q(Ka Q) = hm Capp,q (Kz, Q)

11— 00

o0
(iv) If §2; is an increasing sequence of open sets with |J 2; = 2 and K s
i=1
a compact subset of £21, then

cap, ,(K, 2) = 11520 cap,, , (K, £2;).

k
(v) Suppose that p < ¢ < 0. If K = |J K; C 02, then
i=1

K3

k
Cappvq(K’ Q) < Z Capp,q(Kia Q)v

i=1

where k > 1 is a positive integer.

k
(vi) Suppose that 1 < g <p. If K = |J K; C §2, then
i=1

3

k
cap,, , (K, Q)q/p < anppﬂ(Ki, Q)q/p,
i=1
where k > 1 is a positive integer.

(vil) Suppose that 1 < q < p. Suppose that ;... are k pairwise
disjoint open sets and K; are compact subsets of §2; fori=1,... k. Then
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k

k k
Capp,q( U K;, U Ql> > anpM(Ki, ).
=1

i=1 =1

(viii) Suppose that p < q < oo. Suppose that $2;,...,82 are k pairwise
disjoint open sets and K; are compact subsets of §2; fori=1,... k. Then

k k k
q/p
cany (U6 2)"" > S, 1. 2007
i=1

i=1 i=1

(ix) Suppose that 1 < q < oco. If £21 and §25 are two disjoint open sets and
K C (2, then
cappﬂ(K, Ql U .QQ) = cappﬂ(K, Ql)

Proof. Properties (i)-(vi) are proved by duplicating the proof of Theorem 3.2
in [16], so we will prove only (vii)-(ix).

In order to prove (vii) and (viii), it is enough to assume that & = 2. A
finite induction on k would prove each of these claims. So, we assume that
kE = 2. Let u € Lipy(§21 U £2), and let u; = xn,u,i = 1,2. Let v; be the
restriction of w to §2; for ¢ = 1,2. Then v; € Lipy(§2;) for i = 1,2. We note
that u; can be regarded as the extension of v; by 0 to £y U2, for i = 1,2. We
see that uw € W(Ky U Ko, 21 U {2) if and only if v; € W(K,, £2;) for i =1,2.

First, suppose that 1 < ¢ < p. Since {27 and (25 are disjoint and u = w1 +us
with the functions u; supported in {2; for ¢ = 1,2, we obtain with the help of
Proposition 2.2

||VU||Z£p,q(QIU92,mmRn)
> ||vu1||1£p,q(glun27mn;Rn) + ||VU2||§p,q(Qlun2,mn;Rn)
= ||vv1||1£p,q(91,mn;1{n) + ||V02||ip.q(92,mn;11n)~
This proves (vii).
Now, suppose that p < ¢ < co. Since 21 and (25 are disjoint and u = u;+us

with the functions u; supported in §2; for ¢ = 1,2, we obtain with the help of
Proposition 2.3

||Vu||%qu(Qluf22,mn;R")
2 |IVurll oo ,000mnmny T 11V D000, 000 mmm)
= ||Vvl||%p,q(gl7mn;Rn) + ||VU2||qu,q(92,mn;Rn)'

This proves (viii).

We see that (ix) follows from (vii) and (ii) when 1 < ¢ < p. (We use
(vii) with k& = 2 by taking K; = K and Ky = @.) When p < ¢ < oo, (ix)
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follows from (viii) and (ii). (We use (viii) with & = 2 by taking K; = K and
K> = @.) This completes the proof of the theorem. O

Remark 3.3. The definition of the p, g-capacitance implies
cap,, , (K, )= capp’q(ﬁK, 2)

whenever K is a compact set in 2. Moreover, if n = 1 and {2 is an open
interval of R, then
capp’q(K, )= capp’q(H, ),

where H is the smallest compact interval containing K.

4 Conductor Inequalities

Lemma 4.1. Suppose that 2 C R™ is open. Let f € Lipy(£2), and let a > 1
be a constant. For t > 0 we denote My = {x € 2 : |f(z)| > t}. Then the
function t — cap,, ,(Mat, My) is upper semicontinuous.

Proof. Let tg > 0 and € > 0. Let w € W(Mgy,, My,) be chosen such that
||vu||;2p~q(n7mn;1:{n) < Capp,q(Matw Mto) +e.

Let g be an open neighborhood of M, such that v > 1 on g. Since ¢ contains
the compact set Mgy, , there exists d; > 0 small such that g D Mgy,—s,)- Let
G be an open set such that supp u C G CC M;,. There exists a small 52 > 0
such that G C Mj,4s,. Thus, we have My,—5) C g and G C My, for
every 0 € (0,min{d1,d2}). By the choice of g and G, we have u € W(K, £2),
whenever K C g and G C (2. This and the choice of w imply that

Ca’pp7q(Ma(t0—5)7 Mto+5) < Ca‘pp7q(Mat07 Mto) +e

for every § € (0,min{d,d2}). Using the monotonicity of cap,, ,, we deduce
that
Ca’pp7q(Mata Mt) < Ca‘ppﬂ(Matoy Mto) + £

for every t sufficiently close to ty. The result follows. O

Theorem 4.2. Let ¢ denote an increasing convex (not necessarily strictly
convex) function given on [0,00), ®(0) = 0. Suppose that a > 1 is a constant.

(i) If 1 < q<p, then

(o]

@_1 /Qs(tpcappg(Matv Mt))
0

dt

t < C(a7p7q)||v¢||€P~Q(Q7mn;R"L)
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for every ¢ € Lipy(£2).
(i) If p < q < oo, then

(7T dt
P ! /Qs(tqcapp,q(Mat;Mt)q/p) t < C(a7p7Q)||v<p||%p,q(_o7mn;Rn)

0
for every ¢ € Lipy(£2).

Proof. The proof follows [37]. When p = ¢, we are in the case of the p-
capacitance and for that case the result was proved in [37, Theorem 1]. So,
we can assume without loss of generality that p # ¢. Let ¢ € Lipy(§2). We
set 1
A = i —t — 1)t}.
)= (g mind (el = s 0= 1)1

From Lemma 3.1 we note that

1
A(p) € Wi(Mag, My) and [V A (@)| = (a— 1)tXMt\MM|V%0| mp-a.e. (4.1)

The proof splits now, depending on whether 1 < ¢ < p or p < g < co.
We assume first that 1 < ¢ < p. From (4.1) we have

1
p
tpcapp,q(M(lta Mt) < (CL o ]_)p ||XMt\Mat V@||Lp,q(g7mn;Rn)'

Hence
dt
QS tP Cappq Matth @ ||XM¢\MatV(p||Lp (82, mmRn))
0 0

Let v denote a locally integrable function on (0, c0) such that there exist the
limits v(0) and 7y(c0). Then

/mm—ﬂmﬁﬁzm@—wwm%w (4.2)
0

We set L
A/(t) = @( (a _ 1);0 ||XMtVSD||Z[),p,q(_()’mn;Rn)) .

Using the monotonicity and convexity of @ together with Proposition 2.2 and
the definition of v, we see that

1
@((a B 1)p||XMt\MmV<p||ip,q(9,mn;Rn)) < v(t) — y(at) for every t > 0.
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Sj
mce 1

10 =2, 1, IVl m ey ) a0 7(00) =0,

we get
T dt 1
/@ t Cappq Mat,Mt)) n < IOgCL ) QS((G _ 1)p ||v<p||i1”1(9mn,R")>
0

This completes the proof of the case 1 < g < p.
Now, we assume that p < ¢ < co. From (4.1) we have

1 q
tqcapp,q(Mat, Mt)Q/P < (a _ 1)q ||XM,I\MMVQD||Lp,q(n7mn;Rn).

Hence

o0 o0

a/py dt 1 q dt
[ #ttteany 0t i) < [ It Va2 )
0 0

As before, we let v denote a locally integrable function on (0, 00) such that
there exist the limits v(0) and y(o0). We set

1
10 =2( (, Z 130 006V s, mn)

Using the monotonicity and convexity of @ together with Proposition 2.3 and
the definition of v, we see that

1
2( (g — 1010010 V0 ) € 7(8) =7 (at) for every 0.

Since
1

100 =2( (- ) 1960,y ) 20 7(50) =0,

we get
B(tcap, (Mar, MY Y < 1o a-a, vl )
pp q ats t t g (a _ 1)q ¥ LP‘Q(Q,mn;R”) :
0
This completes the proof of the case p < ¢ < oo. The theorem is proved. O

Choosing &(t) = t, we arrive at the inequalities mentioned at the beginning
of this paper.
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Corollary 4.3. Suppose that 1 < p < oo and 1 < g < co. Let a > 1 be a
constant. Then (1.2) and (1.3) hold for every ¢ € Lipy(£2).

5 Necessary and Sufficient Conditions for Two-Weight
Embeddings

Now, we derive necessary and sufficient conditions for Sobolev—Lorentz type
inequalities involving two measures, generalizing results obtained in [37, 38].

Theorem 5.1. Let p, q, r, s be chosen such that 1 < p < oo, 1 < ¢ < o0,
and 1 < s < max(p,q) < r < oo. Let 2 be an open set in R™, and let p and
v be two monnegative locally finite measures on (2.

(i) Suppose that 1 < g < p. The inequality

1l Lreom < AIVLra@mnmny + Il Lerom)) (5.1)

holds for every f € Lip(§2) if and only if there exists a constant K > 0 such
that the inequality (1.5) is valid for all open bounded sets g and G that are
subject to g C G C G C (2.

(i1) Suppose that p < q < co. The inequality

1l erac2m < A(IVFllLea@mre) + 1 fllLoa(.m) (5.2)

holds for every f € Lipy(£2) if and only if there exists a constant K > 0 such
that the inequality (1.5) is valid for all open bounded sets g and G that are
subject to g C G C G C £2.

Proof. We suppose first that 1 < ¢ < p. The case ¢ = p was studied in
[38]. Without loss of generality we can assume that ¢ < p. We choose some
bounded open sets g and G such that g C G C G C 2 and f € W(g, G) with
0 < f < 1. We have

p(g) < Cr,p) [1f 1 zrv (.

and
fl7en(2,0) < C(s,p) V(G)

for every f € W(g,G) with 0 < f < 1. The necessity for 1 < ¢ < p is obtained
by taking the infimum over all such functions f that are admissible for the
conductor (g, G).

We prove the sufficiency now when 1 < g < p. Let a € (1,00). We have

o / (M P/ d(7) < aP Ky / (cap, o (Ma, My) + v(M,)P/*)d(t?)
0 0
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This and (1.2) yield the sufficiency for the case 1 < ¢ < p.
Now, suppose that p < ¢ < co. We choose some bounded open sets g and
G such that g CG C G C 2 and f € W(g,G) with 0 < f < 1. We have

1(9) < Cr, @) [[f 1L,

and
l7ea(2) < Cls,q) v(G)

for every f € W(g,G) with 0 < f < 1. The necessity for p < ¢ < oo is
obtained by taking the infimum over all such functions f that are admissible
for the conductor (g, G).

We prove the sufficiency now when p < g < co. Let a € (1,00). We have

/M Q/Td (t7) < a’Ko /(cappﬂ(Mat,Mt)q/p + V(Mt)q/s)d(tq)
0 0

This and (1.3) yield the sufficiency for the case p < ¢ < oo. The proof is
complete. 0O

We look for a simplified necessary and sufficient two-weight imbedding
condition when n = 1. Before we state and prove such a condition for the
case n = 1, we need to obtain sharp estimates for the p, g-capacitance of
conductors ([a,b], (A, B)) with A < a < b < B. This is the goal of the
following proposition.

Proposition 5.2. Suppose that n =1, 1 < p < oo, and 1 < q < co. There
exists a constant C(p,q) > 1 such that

Clp.q)™ (017 + 03 P) < capy (.. (A, B)) < Clp.q) (P +03P),
where o1 = a— A and o9 = B —b.

Proof. By the behavior of the Lorentz p, g-quasinorm in ¢ (see, for example,
[11, Proposition IV.4.2]), it suffices to find the upper bound for the p, 1-
capacitance and the lower bound for the p, co-capacitance of the conductor
([a,b], (A, B)). We start with the upper bound for the p, 1-capacitance of this
conductor.

We use the function u : (4, B) — R defined by

1 ifa<<ax<b,
A if A<z <a,

u(z) =9 “,;
ifb<ax<B.

B—x
g2

Then from Lemma 3.1 it follows that u € Wi ([a,b], (A, B)) with
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0 ifa<z<b,
|u'(z)| = o1t if A< <a,
oy Vifb< 2 < B.

We want to compute an upper estimate for ||u'||zr.1((4,B),m,). We have

1/l zo2 (a.3).ma) < Mlor ™ lze (a)m + o2 2o (,5).m1)
:p(o’l 1+1/p +U;1+1/P). (53)
Therefore,
cap, ([a,b], (A, B)) < C(p)(oy " + 037 7").

We try to get lower estimates for the p, co-capacitance of this conductor.
Let v € W([a,b], (A, B)) be an arbitrary admissible function such that 0 <
v < 1. We let v; be the restriction of v to (A,a) and vy be the restriction
of v to (b, B) respectively. We note that v’ is supported in (A4, a) U (b, B).
Therefore, since v’ coincides with v} on (A, a) and with v4 on (b, B), we have

||U 1173 > ((A,B),m1) & maX(HUl”LP 20 ((A,a),m1)> ||U2||LP oo ((b, B),ml)) (5.4)

From ([16, Corollary 2.4]) we have

1104 oo ((Asay.mmn) = 1/0" - 07 P 10 L () )

and
1104 ]| (b, 8).m1) = 1/P' - 05 7 03] L2 (0,3 )
Since
mmﬂmmMﬂszNMM>1
A
we obtain

104 Lovoe ((Aaymry = 1/ 07 7 (5.5)

Similarly, since
V3l (,8),m1) =/|vé(x)ldx >1
b

we obtain o
05| oo ((6.8)mmn) = 1/ - 05 /7. (5.6)

From (5.4), (5.5), and (5.6) we get the desired lower bound for the p, co-
capacitance. This completes the proof. a
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Now, we state and prove a necessary and sufficient two-weight imbedding
condition for the case n = 1.

Theorem 5.3. Suppose that n = 1. Let p,q,r, s be chosen such that1 < p <
00, 1 <g< oo and 1< s <max(p,q) <r < oo. Let 2 be an open set in R,
and let p and v be two nonnegative locally finite measures on (2.

(i) Suppose that 1 < q < p. The inequality

ez, < A N ea(2,my) + flLor2m) (5.7)

holds for every f € Lipy(£2) if and only if there exists a constant K > 0
such that the inequality (1.7) is valid whenever x, d and T are such that
O'd+7—(x) C 0.

(i1) Suppose that p < q < co. The inequality

||f||an(Q,u) <A (||fl||LP~‘1(.Q,m1) + ||f| LS~‘1(Q,V)) (5-8)

holds for every f € Lipy(£2) if and only if there exists a constant K > 0
such that the inequality (1.7) is valid whenever x, d and T are such that
O'd+7—(x) C .

Proof. We only have to prove that the sufficiency condition for intervals im-
plies the sufficiency condition for general bounded and open sets g and G
with ¢ C G C G C 2. Let G be the union of nonoverlapping intervals Gj,
and let g; = G N g;. We denote by h; the smallest interval containing g; and
by 7; the minimal distance from h; to R\ G;. We also denote by H; the open
interval concentric with h; such that the minimal distance from h; to R\ H; is
7;. Then H; C G;. From Remark 3.3 we have cap,,  (gi, Gi) = cap,, ,(hi, Gi).
Moreover, from Theorem 3.2 (ii) and Proposition 5.2 we have

Cp,q) 777 < cap, 4 (hi, Gi) < cap, ,(hi, Hi) < 2C(p,q)1 P

for some constant C(p,q) > 1. Since g is a compact set lying in |J Gj,
i>1
it follows that ¢ is covered by only finitely many of the sets G;. This and
Theorem 3.2 (ix) allow us to assume that G is in fact written as a finite
union of disjoint intervals G;. Now the proof splits, depending on whether
1<g<porp<qg<oo.
We assume that 1 < ¢ < p. Then

cap, 4(g,G anppq 9i: Gi) anppq hi, Gi). (5.9)

Using (1.7), we obtain

plg)"" < p(ha)P!T < K (r 7P 4 v(H)P)

<
< K1 C(p,q)(cap, 4 (gi, Gi) + v(G)P*),
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where K is a positive constant independent of g and G. Since s < p < r < oo,
we have
(9P <Y g
i

and
> u(G)P < u(G)P.

i
This and (5.9) prove the claim when 1 < ¢ < p.
We assume that p < ¢ < co. Then

Ca‘pp,q (g) G)q/p 2 Z Capp,q (g“ Gi)q/p = Z Capp,q(hi7 Gi)q/p' (510)

Using (1.7), we obtain

p(hi)" < Ko (rfO TP 4w ()
2 C(p, 9)/" (cap, 4 (i, Gi) /™ + v(G)/*),

M(gi)q/r <
<

where K is a positive constant independent of g and G. Since s < g < r < 00,
we have
@) <> ulg)”
i

and
> u(GH)YE <w(G)Ye

This and (5.10) prove the claim when p < ¢ < co. The theorem is proved. 0O
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Besov Regularity for the Poisson
Equation in Smooth and Polyhedral
Cones

Stephan Dahlke and Winfried Sickel

Abstract The regularity of solutions to the Dirichlet and Neumann problems
in smooth and polyhedral cones contained in R? is studied with particular
attention to the specific scale B$(L.), 1/7 = s/3 + 1/2, of Besov spaces.
The regularity of the solution in these Besov spaces determines the order
of approximation that can be achieved by adaptive and nonlinear numerical
schemes. We show that the solutions are much smoother in the specific Besov
scale than in the usual Lo-Sobolev scale, which justifies the use of adaptive
schemes. The proofs are performed by combining weighted Sobolev estimates
with characterizations of Besov spaces by wavelet expansions.

1 Introduction

We study the regularity of solutions of the Poisson equation in smooth and
polyhedral cones K C R? respectively, within Besov spaces BS(L.(K)) with
0 < 7 < 2. The motivation can be explained as follows.

Recent years, the numerical treatment of operator equations by adaptive
numerical algorithms became a field of an increasing importance, with many
applications in science and engineering. In particular, adaptive finite element
schemes have been successfully developed and implemented, and innumer-
able numerical experiments impressively confine their excellent performance.
Complementary to this, also adaptive algorithms based on wavelets have be-
come more and more at the center of attraction during the last years for the
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following reason. The strong analytical properties of wavelets can be used to
derive adaptive strategies which are guaranteed to converge for a huge class
of elliptic operator equations, involving operators of negative order [4, 10].
Moreover, these algorithms are optimal in the sense that they asymptotically
realize the convergence order of the optimal (but not directly implementable)
approximation scheme, i.e., the order of the best n-term wavelet approxima-
tion. Moreover, the number of arithmetic operations that is needed stays
proportional to the number of degrees of freedom [4]. By now, various gen-
eralizations to nonelliptic equations [5], saddle point problems [11], and also
nonlinear operator equations [6] exist. For finite element schemes, rigorous
statements of these forms have been rather rare although inspired by the
results for wavelet schemes, the situation has changed during the last years
[2, 16]. Although the above mentioned results are quite impressive, in the
realm of adaptivity one is always faced with the following question: Does
adaptivity really pay for the problem under consideration, i.e., does our fa-
vorite adaptive scheme really provide a substantial gain of efficiency compared
to more conventional nonadaptive schemes which are usually much easier to
implement? At least, in the case of adaptive wavelet schemes, it is possible to
give a quite rigorous answer. A reasonable comparison would be to compare
the performance of wavelet algorithms with classical, nonadaptive schemes
which consist of approximations by linear spaces that are generated by uni-
form grid refinements. It is well known that, under natural assumptions, the
approximation order that can be achieved by such a uniform method de-
pends on the smoothness of the exact solution as measured in the classical
Ly-Sobolev scale [9] (called Sobolev regularity below). On the other hand,
as already outlined above, for adaptive wavelet methods the best n-term
approximation serves as the benchmark scheme. It is well known that the
convergence order that can be achieved by the best n-term approximations
also depends on the smoothness of the object we want to approximate, but
now the smoothness has to be measured in specific Besov spaces, usually
corresponding to L -spaces with 0 < 7 < 2. Therefore, we can make the fol-
lowing statement: The use of adaptive wavelet schemes is completely justified
if the Besov smoothness of the unknown solution of our operator equation is
higher compared to its regularity in the Sobolev scale.

At this point, the shape of a domain comes into play. As the classical model
problem of elliptic operator equations, let us discuss the Poisson equation.
If a domain {2 is smooth, for example, C'*°, then the problem is completely
regular, i.e., if the right-hand side is contained in H*({2), s > —1, the solu-
tion is contained in H*T2(§2) [1, 18], and there is no reason why the Besov
smoothness should be higher. However, in a nonsmooth domain, the situation
is completely different. In this case, singularities near the boundary occur
which significantly diminish the Sobolev regularity [19] and, consequently,
the order of convergence of uniform methods drops down. Fortunately, in re-
cent studies, it was shown that these singularities do not influence the Besov
smoothness too much [9, 12], so that for certain nonsmooth domains the use
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of adaptive schemes is completely justified. In the specific case of polygonal
domains contained in R?, even more can be said. Then, the Besov smoothness
depends only on the smoothness of the right-hand side, so that for arbitrary
smooth right-hand sides one gets arbitrary high order of convergence, at least
in principle [7]. The proof of this result relies on the fact that for polygonal
domains the exact solution can be decomposed into a regular part and a
singular part corresponding to reentrant corners [17]. By these results, it is
quite natural to try to generalize them to the very important case of poly-
hedral domains in R?, and this is exactly the task we are concerned with
in this paper. In the polyhedral case, the solution can also be decomposed
into a singular part and a regular part [17]; however, the situation is much
more complicated since edge singularities, as well as vertex singularities occur
which have to be treated separately. For edge singularities the first positive
result was obtained in [8]. Therefore, in this paper, we concentrate on vertex
singularities.

For vertex singularities in 3D the situation is much more unclear compared
to the 2D-setting since the singularity functions are not given explicitly, but
depend in a somewhat complicated way on the shape of the domain in the
vicinity of the vertex [17]. A quite promising way to handle this difficulty is
the following: reduce the problem to the case of a smooth cone or a polyhedral
cone and treat the cone case by using weighted smoothness spaces [21, 26].
The weight takes into account the distance to the vertex or, more general, the
distance to parts of the boundary of the cone. Although the problem is not
regular in the classical Sobolev spaces, one has regularity in these weighted
spaces in the following sense: if the right-hand side has smoothness [ — 2
in the weighted scale, then the solution has smoothness [ in the same scale
(see [21, 26] and Appendix A for details). In this paper, we show that this
regularity of the solution in weighted Sobolev spaces is sufficient to establish
Besov smoothness (in the original unweighted sense). Consequently, the use of
adaptive wavelet schemes for problems in polyhedral domains is also justified.

In the context of adaptive approximation for elliptic problems, also the
recent work of Nitsche [29] should be mentioned. In his pioneering studies,
Nitsche is primary concerned with approximations of singularity functions by
anisotropic tensor product refinements, whereas, in this paper, we focus on
isotropic wavelet approximations.

This paper is organized as follows. In Sect. 2, we first of all discuss the case
of a smooth cone. We show that the regularity results in weighted Sobolev
spaces are indeed sufficient to establish Besov regularity. The proof is based
on the fact that smoothness norms such as Besov norms are equivalent to
weighted sequence norms of wavelet expansion coefficients, and we use the
weighted regularity results to estimate wavelet coefficients. In Sect. 3, we
study polyhedral cones. In this case, the situation is more difficult since we
deal with weights that include the distance to the vertex, as well as the
distance to the edges. Nevertheless, the wavelet coefficients can again be esti-
mated and Besov smoothness can be established. An additional information
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is presented in Appendices A and B. In Appendix A, we collect relevant facts
concerning the regularity theory for elliptic partial differential equations as
far as they are needed for our purposes. Finally, in Appendix B, we recall the
definition of Besov spaces and introduce their characterizations by wavelet
expansions.

2 Regularity Result for a Smooth Cone

Let K C R? be an infinite cone with vertex at the origin, i.e.,
K={zeR3: z=pw, 0<p<oo, we 2}, (2.1)

where 2 is a domain on the unit sphere S? with smooth boundary 92 and
p and w are the spherical coordinates of z. For integer [ > 0 and real 3 we
define the weighted Sobolev spaces Vzlﬁ (K) as the closure of C§°(K\{0}) with
respect to the norm

1/2
lulvi o0 = | [ 3 0 Dt a2

K lal<t

If I > 1, then Vi;l/z(@lC) denotes the space of traces of functions from
Vi B(IC) on the boundary equipped with the norm

3172 ey = 10 {110l ) 5 0 € V3 () vy =}

A more explicit description of these trace classes, using differences and deriva-
tives, is given in [21, Lemma 6.1.2]. Let us consider the Poisson equation

—Au=f in IC,

(2.3)
ulox =g -

Denote by Ky an arbitrary truncated cone, i.e., there exists a positive real
number rg such that

’CQZ{$EIC:|$|<’/’0}. (24)

Theorem 2.1. Suppose that the right-hand side f is contained in V;EQ (K)yn
Lo(Ko), where I > 2 is a natural number. Further, we assume that g €
V;;UQ(@K). Let a9 = ap(K) be the number defined in Remark 4.1 below.
Then there exists a countable set E of complex numbers such that the following
holds. If a real number (3 is chosen such that
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Fig. 1 A smooth cone.

Re A # —3+4+1—-3/2 forall Ne FE, (2.5)
then the solution u of (2.3) satisfies

1 1
we BiL,(Ko), =+

g T o 8 < min (l, 30@) . (2.6)

Remark 2.1. (i) Our set-up for the partial differential equation is taken from
[21, Sect. 6.1]. It turns out that the exceptional set E coincides with the col-
lection of the eigenvalues of the operator pencil associated to (2.3). In par-
ticular situations, there are explicit formulas for E, we refer to [21, Lemma
6.6.3]. Furthermore, under the given restrictions, there is an a priori esti-
mate for u within the scale V{ 4(K) (see [21, Theorem 6.1.1] or Proposition
4.3). However, for adaptive wavelet methods we need to know the regular-
ity within unweighted Besov spaces B2 (L,(Ky)) with s as large as possible,
compare with (ii). Curiously, we cannot use the regularity theory for (2.3)
within unweighted Sobolev spaces (see, for example, [14]) for deriving the
above regularity result. For us the investigations of (2.3) in weighted Sobolev
spaces seemingly started by Kondrat’ev [20] and continued by Maz’ya and
Plamenevskij [24, 25], Koslov, Maz’ya, and Rossmann [21], and Maz’ya and
Rossmann [26], to mention at least a few, were most helpful.

(ii) Best n-term approzimation. It is well known that the order of con-
vergence of the best n-term wavelet approximation in R3 is determined by
the regularity of the object one wants to approximate as measured in the
specific Besov scale B(L,), I = 5 + } introduced in (2.6) (see again [9, 15]
for details). As an immediate consequence of (2.6), we conclude that for the
solution u of (2.3) there exist subsets I' C Z3 and A C {1,...,7} x N x Z3
such that |I'| + |A| < n (here, |I'| and |A| denotes the cardinality of the sets
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I" and A respectively) and

Sow=> (w,Fr)ox + Y (w,Wijk) Vi (2.7)
kel (i,5,k)€A
satisfies
—s/3 . 3
[u—Snullr,co) S NullBs@ coyn™ ™", s <min (l, 2@0) . (28)

and s and 7 are coupled as in (2.6). (We refer to Appendix B for the def-
inition of ¢, Ok, ik, and Jljk In this paper, “a < b” always means
that there exists a constant ¢ such that a < c¢b, independent of all context
relevant parameters a¢ and b may depend on.) In contrary to this, the order
of convergence of uniform methods is determined by the regularity in the Lo-
Sobolev scale H?®. Therefore, since the critical Sobolev index aq is multiplied
by 3/2, Theorem 2.1 implies that for [ large enough the Besov smoothness
is always higher compared to the Sobolev smoothness, so that the use of
adaptive wavelet schemes is completely justified. In Fig. 2, we plotted the
situation where [ > 3ap/2 and 3ap/2 = S(Tlo -3

(iii) So far, we have discussed the best n-term approximation in Ly. How-
ever, it is well known that adaptive wavelet methods realize the order of
the best n-term approximation with respect to the energy norm, i.e., the
H'-norm would be more natural. Theorem 2.1 also implies a result in this
direction. We refer to [9, 13], where similar arguments were used. Indeed, the
following estimate for the best n-term approximation in the H'-norm holds.
Forallu € B (L), | = 2V 4+ 1 and all n € N there exist subsets I' C Z?
and A C {1,...,7} x Ng x Z> such that |I'| + |A| < n and S,u (defined as
in (2.7)) satisfies

L 1 (s—1) 1

s—1)/3 _

lu—Snullmoy S Il @ oconn 07, nooo3 o
(2.9)

We therefore have to estimate the Besov norm B7 (L., (Ko)) of u. For sim-
plicity, assume that [ > gao. We know that the solution is contained in the
Sobolev space H*(Ky), a < ap, as well as in the Besov space B (L, (Ko)),

i =9+ é, a < 3ap/2. We continue by real interpolation

(0 0C0)). B3y (L (Ko)) = B2, (L (Ko)).

where 0 < © < 1,

1 1-6 o6
= +

. 5 o and s=(1-0)sy+6Os1,

see [37]. This shows that
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3 1 1 (s=1) 1
B2 (L. (Ko)), - - T
u € B (L, (Ko)) s<2ag - 3 5

(see Fig. 2). There we plotted the situation, where [ > 3 /2, so = ag, and
S1 = 30[0/2.

Fig. 2

(iv) Let f € C*°(K) such that supp f C Ky. Then [ € VQZ,Q(IC) for all
pairs (I, 3) such that § > [ — 3/2. Hence we can apply Theorem 2.1 with
s < 304()/2.

(v) At first sight, the condition (2.5) looks restrictive. However, it is well
known that the set E consists of a countable number of isolated points (see
again [21] for details). Therefore, by a minor modification of /3, the condition
(2.5) is satisfied, and this minor modification does not change the arguments
outlined below. This argument also shows that an explicit knowledge of E in
our context is not necessary.

Proof of Theorem 2.1. The proof is based on the characterizations of Besov
spaces by wavelet expansions (see Proposition 5.1 below). Therefore, we es-
timate the wavelet coefficients of the solution u to (2.3) and show that they
are contained in the weighted sequence spaces that are related to the scale
By(L+(Ko)), 7 =35+ 3

Step 1. Preparations. First of all, we make the following agreement concern-
ing the wavelet characterization of Besov spaces on R? (see again Proposition
5.1): to each dyadic cube I := 277k + 277[0,1]® we associate the functions

7715:1Zi7j7k’a JEN, kezgv i=1,....,7,
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by ignoring the dependence on i. In the case I = k + [0,1]?, ie., j = 0,
we use @y instead of Yy, k € Z3, i = 1,...,7. We denote by 7} the
corresponding element of the dual basis. Since the wavelet basis is assumed
to be compactly supported, there exists a cube @, centered at the origin, such
that Q(I) := 277k 4+ 277Q contains the support of 7, and of n} for all I.

Step 2. Since f € Ly(Kp), we a priori know u € H*(Ky) for some s > 0
(see Proposition 4.2 below). We start by estimating the coefficients corre-
sponding to interior wavelets, i.e., we estimate those coefficients (u, nr), where
supp 11 C Ko. Let p; denote the distance of the cube Q(I) to the vertex. We
fix a refinement level j and introduce the sets

Aj=={I| supp nr C Ko, 277 <|I| <27%F2},
Ajp={TeA|k27T<p<(k+1)277}, jeNy, ke Np.
At this first step, we deal with k > 1 only. Further, we put
. ) 1/2
|u|Wl(L2(Q(I))) = ( / |V u(x)| dx) .
QW)

Let P; denote the polynomial of order at most [ such that
lu—PrllL, ) = inf{||u—P||L2(Q(I)) : Pis a polynomial of degree < l} .

Employing the vanishing moment properties of wavelets (see Sect. 5.3.) and
the classical Whitney estimate, we find

[(ws no)| < llu = Prll Ly |Inzllz,
S M ulwizau)
< 27 Yulwr Ly (2.10)
if I € Aj. Let 0 < 7 < 2. Summing up over I € A;;, we find

>l Y 27r( / Viupar) "

=y IE€A; . ol

Z 27lj‘rp1—ﬂ"'( / |pﬁ|Vlu||2dx)T/2

I€A; Q(I)

A



Besov Regularity for the Poisson Equation 131
j Ij Lozag )
< b2y 3 2 ( [ etpar)
IeA; Q(I)

The next step consists in the use of the Holder inequality with p = 2/(2—7)
and ¢ = 2/7. This yields

-7

> Jwnl 5 2 (X e E) (Y [t

I€A; I€A; IeA; Q(I)
Observe that for the cardinality |A4; x| of A; we have
Akl S K. keN,

where the constant is independent of j, but depends on the shape of the
domain (2. Therefore, we further obtain

2-7

> w5 k2 (02 ) (Y [ tpan)”
I€A; I€A; QN
S_, k2—7—572(ﬂ—l)j‘r( Z |pﬁ|vlu||2dx)2 )
IeA; Q(I)

Now we have to sum over the set A;. Since we are restricting to a truncated
cone, there is a general number C' such that

INKy=2 if T€dj,, k>C27. (2.11)

Using the Holder inequality once again and invoking (4.1), we find

Cc27
> D Hwanl
k=11I€A;
c27 ot .
< (Zk@‘“ﬂf)afr) ’ 2‘“‘5)7( > / IpﬁlvluHde)z
k=1 Ied; qGipy
2J(3=37-67) it 3 i_é > 3,
i (l—B)r - N 2-T .
S 2wl g A 3( - 5) =0,
1 if 3(1-1)<g,
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P O-dr=n it 3(1-1)>8,
T N 2—T —i(l—B)r .
S G2y A7) 2 2 i=pr i g(l-1) =g,
—j(l=p)T : 11
2 Ji(l=B) if 3 =3 <6

This implies that the function

:22 E:unf (2.12)

belongs to
B! (L,(R?)) it 3(1-1)>8,
B_lr—ﬁ—é—B(%_i)(LT(RB)) if 3(i _ ;) =#, 6>0, (2.13)
BLPE (1, (R9)) it 3(1-1)<s

Now we consider the cases 3 < [ and 8 > [ separately.
In the first case, we choose s (T respectively) such that § < s <[ and s

sufficiently close to [. Then, because of s = 3(1 — ;) we may use the first

line in (2.13) and the continuous embedding B'_(L.(R?)) — B:(L,(R?)).
In the second case, we choose s < 3 sufficiently close to 3 and argue by
using the third line in (2.13). With

1
):5>0, e<l—s,

ﬁ_szﬁ_%i_2

we obtain B!Z¢(L,(R3)) — B2(L.(R?)), as in the first case.

Step 3. Estimate of the boundary layer. We recall the argument from
Theorem 3.2 in [12]. The set A can be empty (depending on the cone and
on the wavelet system). If it is the case, then nothing is to do. If not, then
we argue as follows. From the Lipschitz character of Iy it follows

|/1j’()| S 22j, ] € Np.

Let 0 < p < 2. Using the Holder inequality, we find

S w5 22072 (3 jwn)?)

IcAjo IeA; o

Summing up over j € Ny, we finally obtain
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oo

Z 93 (s+3(3= )P Z |(u, )|

7=0 IcAjo

A

Z 9i(s+3(5=3))p 9i(5—1)p ( Z |<u,n1>|2>g
7=0

IEAJ',O

N
=

S el o :
By * 7 (La(R¥)

since p < 2 (see Appendix B for the last step). Choosing s and p such that

3« 1 s 1

11
d = , ie., :3( — ),
o gty He ST, T

we get a = 12) —l,aswellasa=s+ ) — 117. This means that we have proved

that -
W =33 () (2.14)

Jj=01I€A;o

S

belongs to Bga/2(Lp(R3)) for all a < ayp.

Step 4. Finally we need to deal with those wavelets for which the support
intersects the boundary of the truncated cone. We put

AT = { 1| suppnNOKo# @, 27% <|I| <27%F2} jeN,.

Furthermore, since Ky is a bounded Lipschitz domain, there exists a linear
and bounded extension operator

E: HY(Ky) — H*(R?)
which is simultaneously a bounded operator belonging to
LB (Ly(Ko)), B (Ly(R)
for all s, p, and ¢ (see, for example, [32]). Defining
7=0rea?
we can argue as at Step 3 since

AT| < 2%, jeN,.
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This implies

la# Wl ggerr, oy S 1€l mamey S Iulieqe

(see Appendix B for the last step). Adding up the finitely many functions of
type u*, w**, and u? (see Step 1), we end up with a function which belongs to
B:(L,(R?)) (where s satisfies the restrictions in (2.6)) and which coincides
with u on Ky. Hence u € B2(L,(Kp)). O

Remark 2.2. Observe that the estimates of the parts u**, see (2.14), and u,
see (2.15), depend only on the Lipschitz character of the cone Ky and the
number o associated via Proposition 4.1 below to the cone K.

3 Besov Regularity for the Neumann Problem

Let
K={reR?®: z=pw, 0<p<oo,wecN} (3.1)

be a polyhedral cone with faces I; = {x : x/|z| € v;} and edges M;,
j=1,...,n. Here, {2 is a curvilinear polygon on the unit sphere bounded by
the arcs ¥1,...,7n. The angle at the edge M; is denoted by 6;. We consider
the problem

ou

—Au=f inK, an:gjonfj,jzl,...,n. (3.2)

We denote by p(z) = |z| the distance to the vertex of the cone and by 7; ()
the distance to the edge M;. Let 3 € R, and let 6 = (41,...,9,) € R™ be such
that 6; > —1 for all j. We use the abbreviation |8| := d1 + ... + J,, without
assuming that the components d; of § are positive. Then the weighted Sobolev
space Wé% (K) is defined as the collection of all functions u € H"**¢(K) such

that
Zlta 6\ 1/2
gz = ([ X #0 (THC) 10euto)ar) ™ < oc.
K j=l1
(3.3)

If § = 0, then we are back in case of (2.2). If [ > 1, then Wé:sl/Q’Q(Fj) denotes

the space of traces of functions from Wé%(IC) on the face I'; equipped with
the norm

laf <l

. 1,2 _
|| u ||W[l;51/2,2(1_}) = inf {H v ”Wé%(lC) NS W@(;(]C) ,'U‘Fj = u} .

As in the previous section, Iy denotes an arbitrary truncated cone (see (2.4)).
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Theorem 3.1. Suppose that f € Wé}Q’Q(IC)ﬂLQ(IC), where | > 2 is a natural

number. Further, we assume that g; € Wéjag/?’z(Fj), j=1,...,n. Let ap =
ao(KC) be the number defined in Proposition 4.1 below. Then there exists a
countable set E of complexr numbers such that the following holds. If a real
number B and a vector § are chosen such that 3 <1,

Fig. 2 A polyhedral cone.

)\;él—ﬁ—;) forall Ne FE,

and -
max(l— ,0)<5j+1<1, j=1,...,n, (3.4)
0;

then the solution u of (3.2) satisfies

1 s 1
U'EB:—(LT(ICO)); - = 3+27

s < min (1 gag, 30-18)).  (35)
Remark 3.1. (i) In contrary to Sect. 2, here we formulate the main result
for the Neumann problem and not for the Dirichlet problem. The reason is
that the analysis in this section heavily relies on the results in [26]. In that
paper, the weighted Sobolov estimates are in particular tuned to the Neu-
mann problem (compare with Proposition 4.3 below). However, by suitable
modifications, also similar results for the Dirichlet problem can be shown [31].
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(ii) Since again the critical Sobolev index oy is multiplied by 3/2, it turns
out that also for the Neumann problem the use of adaptive schemes is com-
pletely justified.

(iii) By using real interpolation arguments as outlined in Remark 2.1, again
a result for the best n-term approximation in H' can be derived.

(iv) We comment on the additional restriction s < 3(I — |d]) for s in (3.5)
compared with (2.6). This restriction comes into play if |§] > 21/3. We will
be forced to take such a vector 4 if there are some large angles 6; (see (3.4)).
However, also the relation between [ and the number of faces n plays a role.
To see this, we suppose that 6] > 2{/3 and choose all §; as small as possible
in (3.4). Further, we denote by k € {1,... ,n} the number of angles 6; such
that 8; > m/l. Observe that k£ = 0 is impossible. Without loss of generality,
we assume that 61 > 05 > ... > 0,,. As a consequence, we find

9 k
3 I <—n+ '
j=

(1— ;) (see (3.4)).

1

This implies

k
n+m Yy,
1> J=1 7
- k-2/3
Using the trivial inequality 6; < 27, we conclude
n+k
> . 3.6
2(k—2/3) (36)

This inequality allows us different interpretations. For example, if there is
only one large angle (i.e., k = 1), then (3.6) implies [ > 10 (since n must be
at least 3). However, on this way, the geometry of the polyhedral cone enters
once again but we do not know whether this is caused by our method.

(v) Both, the Poisson equation with Dirichlet boundary conditions (2.3)
and the Poisson equation with Neumann boundary conditions (3.2), are to
understand as model cases. Since we did not use any specific property besides
the existence, uniqueness, and regularity of the solution, both Theorems 2.1
and 3.1 extend to much more general classes of elliptic differential equations
(see [21, Theorem 6.1.1] and [26] for details).

Proof of Theorem 3.1. The proof is organized as that of Theorem 2.1. We use
the same agreements concerning the wavelets as in the proof of this theorem.
By Remark 2.2, it suffices to concentrate on the estimate of the interior
wavelets.

Let p; denote the distance of the cube Q(I) to the vertex, and let

rr:= min min 7r;(z).
j=1,....n zeQ(I)
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As above, we work with the following decomposition of the set of interior
wavelets:

Aj = {1 suppnr C Ko, 27% <|I| <2732},
Ajp={TeA | k29 <pr<(k+1)277}, jeNy, keN,
Ajgm ={T€ A |27m<r; <27 (m+1)}, meN.
Elementary arguments yield
Akl < kK and  |Ajgm] < m (3.7)

independent of j, k, and m. Let 0 < 7 < 2. Using the Whitney estimate
(2.10), we obtain

>l Y 27( / Viupar) "

= IE€A; . ol

) 27leTI—T\5|pI—T(B—\5I)(/ 2(6- |6|>(ﬁ )2|Vlu|2dx)7/2.

iy QD
We put

p2(5 W) Hr ) |Vlu|2dx.
Q(I)

To continue our estimate, we concentrate first on the set A; i .. We use the
Holder inequality with p = 2/7, ¢ = 2/(2 — 7) and the fact that the layer
Aj k,m contains of order m cubes (see (3.7)). This yields

> luwanl”

IeAj.k,'m
lri (i —T(B—|5 18],z 2 7/2
< 2 I (k279) (B ||)( Z ry 27) ( Z UI)
IGAj,k.m IeAj.k,'m
- 2_171(k2_j)—7(ﬂ—|5|)( 3 (m2—j)*7\5|237) ET( > uI)T/Q
IGAj,k.m IeAj.k,'m
T/2
< 973 (B—1) k—7(5—|5\)m—7|5\+257( Z u1> /.

IEAjyk\m
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The next step is to exploit the fact that there are of order k sets Aj k., in
each layer A, (the distance of a point in Ky to the edges cannot be much
larger than the distance to the vertex). Together with the Holder inequality,
this leads us to

> Hugn|” < 27BN gD
IEA; 1

(3.8)

Ck 5 2—7 T/2
— 2
x( E m T|5‘2—T+1) ( g U]) ,
m=1

IeA;

where C' is an appropriate constant depending on Ky only. Observe that

. 2 . j—l6l+2—r if 2> 7(1+9)),
( > m‘7\5\2—7+1) S 9 (log(1+k))™%" if 2=r(1+1a]),
P 1 if 2<7(1+]6]).

Inserting this into (3.8) we obtain

Z |<U,771>|"' < 2J’T(5fl)( Z UI)T/Q

IGAJ'JC IEAij
LT (B+1)+2 it 2>7(1+19]),
x { k=7B=18D (log(1 + k)) 2" it 2=7(1+8)),
=T (5-181) if 2<7(1+1d)).

To simplify notation, we denote these functions of k£ in the second line by
ay. For each refinement level j we have to take C27 layers A; ; into account
(see (2.11)). Therefore, using the Holder inequality for another time and
Proposition 4.4, we finally get

c27 2— 7

. 2 T/2
Sl £ 270 (Y e ) (Y w)
€A, k=1 1A,
c2’ 5 2—7
JT(B=1) 2—7 2 T
S 23 @) Tl
k=1
4 c2’ 5 2;7— n -
< 2]7(5—1)(2 aé*T) (Hf”wz}z,z(’c)—|—Z||gj||wl—1/2,2(p)> .
k=1 f =1 8.8 /

To complete the estimate, we have to sum with respect to j € Ny. Formally,
the discussion of this splits into nine cases. However, by using the abbreviation
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from (2.12), we end up with
I sy < lelwiages =5+
if one of the following conditions is satisfied:

3C—é)<z ﬁ7u+wn<2am_ﬁ<36—1)

g <l if 7(14+10]) <2 and (>3
3 . 3
2|6|<l if 7(14+0]))=2 and (< 2|6|7
B <l if 7(14/4]))=2 and ﬁ>3|5|7
11 _ 11
e it T(L40)>2 and —>5-d,
11
B<l if T(1+[0])>2 and - <59
T

Observe that 8 < [ is necessary in all six cases. If 8 <[ and || < 2{/3, then,
according to the first case, we can choose § < s < [, s arbitrary close to [.
Now, let |8] > 21/3. We employ case five in our list of sufficient conditions

above. Using s = 3(1 — 1), we can reformulate this as follows:

3
B—10] <s<3(l—|d]) and s<2|6|.
Since |d] > 2{/3 implies 3 (I—|d]) < 3|d|/2, we have found the third restriction
for s in (3.5). But the second originates from the estimates of those terms
connected with the boundary (see Remark 2.2). This proves the theorem. O

4 Appendix A. Regularity of Solutions of the Poisson
Equation

First of all, we recall a result of Grisvard [17, Corollary 2.6.7].

Proposition 4.1. Let £2 be any bounded polyhedral open subset of R®. Then
there exists a number oy > 3/2 such that for every f € Lo(£2) the varia-
tional solution u of the Poisson equation (with either the Dirichlet boundary
conditions or the Neumann boundary conditions) belongs to H*({2) for every
s < «p.

The second result which is of certain use for us is taken from [19, Theorems
0.5 and 5.1].
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Proposition 4.2. Let 2 be any bounded Lipschitz domain in R®. Let 1/2 <
a < 3/2. Suppose that f € H*=2(Q) and g € H*~/2(912). Then the Poisson
problem (2.3) has a unique solution u € H*({2).

Remark 4.1. Summarizing, for bounded smooth and polyhedral cones there
exists a number «g > 3/2 such that for all

(f.9) € La(K) x H*Y/2(9K)
the solution u of (2.3) belongs to H*(K), as long as a < ay.

Next, we quote an a priori estimate from [21, Theorem 6.1.1]. It is the
basis of our treatment in Sect. 2.

Proposition 4.3. Let K be a smooth cone as defined in (2.1). Suppose that
the right-hand side f is contained in VQZ_;Q(IC), where | > 2 is a natural num-

ber. Further, we assume that g € V'Ql’;,l/z(@IC). Then there exists a countable
set E of complex numbers such that the following holds. If a real number (3
is chosen such that

ReAN#£ —03+1—3/2 forall A€ E,

then the solution u of (2.3) satisfies

2.8

lellvg, o0 S (1f vz + I9llyi=rraon ) (4.1)

Finally, the following result of Maz’ya and Rossmann [26] plays a funda-
mental role in Sect. 3.

Proposition 4.4. Let K be a polyhedral cone as defined in (3.1). Suppose that
the right-hand side f € Wé}Q’Q (K)YN La(K), where | > 2 is a natural number.

Further, we assume that g; € Wé}3/2’2(Fj), j=1,...,n. Then there exists
a countable set E of complex numbers such that the following holds. If a real
number 3 and a vector & are chosen such that

)\#l—ﬁ—g forall Ne E

and -
max(l—ej,()) <oi+1<l, j=1,...,n,

then the solution u of (3.2) satisfies

HUHWZ}%(K) S, (HfHWé,_52'2(’C) + Z ngHWé:sl/2~2(Fj)) . (4-2)
j=1
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5 Appendix B. Function Spaces

We take it for granted that the reader is familiar with Sobolev and Besov
spaces on R%. There are different approaches to spaces defined on domains.
We make a few remarks in this direction.

5.1 Besov spaces on domains

Let 2 ¢ R be a bounded open nonempty set. Then we define B3 (Ly(£2))
to be the collection of all distributions f € D’({2) such that there exists a
tempered distribution g € Bg(LP(Rd)) satisfying

flp) =glp)  forall peD(2),
ie, glo = f in D'(2). We put
£ 1B (Lp(2))]| = inf || g| B (Lyp(RY))II

where the infimum is taken with respect to all distributions g as above.

5.2 Sobolev spaces on domains

Let £2 be a bounded Lipschitz domain. Let m € N. As usual, H™({2) denotes
the collection of all functions f such that the distributional derivatives D f
of order |a| < m belong to Ly(£2). The norm is defined by

IFIH™ (@)=Y I D*f|L2(2)]]-

laf<m

It is well known that H™(R?) = B (L2(R%)) in the sense of equivalent norms
(see, for example, [35]). As a consequence of the existence of a bounded linear
extension operator for Sobolev spaces on bounded Lipschitz domains (see [33,
p. 181] or [32]), it follows that

H™(£2) = BY'(L2(02)) (equivalent norms)
for such domains. For fractional s > 0 we introduce the classes by complex
interpolation. Let 0 < s < m, s € N. Then, following [23, 9.1], we define

H5(Q) = [Hm(n),Lz((z)}@, o=1-"

m .
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This definition does not depend on m in the sense of equivalent norms (see
[37]). The outcome H*(§2) coincides with B5(L2(§2)) (see [37, 38] for further
details).

5.3 Besov spaces and wavelets

Here, we collect some properties of Besov spaces which were used above. For
a general information on Besov spaces we refer to the monographs [28, 30,
34, 35, 36, 38|.

For the construction of biorthogonal wavelet bases as considered below we
refer to the recent monograph by Cohen [3, Chapt. 2]. Let ¢ be a compactly
supported scaling function of sufficiently high regularity, and let v;, i =
1,...2% — 1, be the corresponding wavelets. More exactly, we suppose that
for some N >0 and r € N

supp @,supp ¢; C [-N,N]¢,  i=1,...,27 1,
o, € C"(RY,  i=1,...,29-1,

/xaz/}i(x)dx:O for all |a| <, i=1,...,24 -1,

and
oz —k), 2492 (Px—k), jeNg, keZd, i=1,...,29-1,
is a Riesz basis for Ly(R?). We use the standard abbreviations
Wi j(x) = 2792, (2x — k) and or(x) =plr—k).

Further, the dual Riesz basis should fulfill the same requirements, i.e., there
exist functions @ and v;, i = 1,...,2% — 1, such that

(Brs i) = (Wi, or) =0,
(P o) = O e (Kronecker symbol) ,

<"Zi,j7k7wu,v,€> = 5zu 5j,1) 5k,€a
supp G, supp ¢y C [-N,NJ,  i=1,...20-1,
B € CTRY),  i=1,...,2¢-1,

/xa{p](x)dxzo for all |a| <7, i=1,...,2¢-1.

For f € S'(R%) we put

(fsigk) = f(Wijx) and (fior) = flor), (5.1)
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whenever this makes sense.

Proposition 5.1. Let s € R, and let 0 < p,q < 0o. Suppose that
1
7 > max (s,d max (0, - 1) - s) . (5.2)
p

Then Bg(LP(Rd)) is the collection of all tempered distributions f such that
f is representable as

291 o
f= Z ar or + Z Z Z @i gk Vi gk (convergence in S")
keZd =1 j=0keZd
with
1/p
I F1B LRI = (D Janl”)
keZd
291 oo 1/q
N ( S St ¥ |aijk|p)q/p) o
i=1 j=0 kezd
if g < o0 and

17 1B L@ = (X Jael?)

keZd

i 11 1/p
+  sup sup 2J(S+d(2_p))( Z |ai,j’k|p) < 00.
i=1,...,2¢—1 j=0,... et

The representation is unique and
aijk = (ftige)  and  ax = (f, @)

Further, J : [ — {{f, ¢r), ([, {/JV”;Q} is an isomorphic map of BS(L,(R?))
onto the sequence space (equipped with the quasinorm || - |B;(Lp(Rd))H*), i.e.,
| - |Bs(Lp(RY)|I* may serve as an equivalent quasinorm on Bi(Ly(R7)).

Proposition 5.1 was proved in [39] (see also [22] for a homogeneous ver-
sion). A different proof, but restricted to s > d(; — 1)4, is given in [3,
Theorem 3.7.7]. However, there are many fore-runners with some restrictions
on s, p, and q.
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1 Introduction. Higher-Order Models and Blow-up or
Compacton Solutions

It is difficult to exaggerate the role of Sobolev’s celebrated book [35] of 1950
which initiated a massive research in the second half of the twentieth century
not only in the area of applications of functional analysis on the basis of the
classical concepts of Sobolev spaces, but also in the core problems of weak
(generalized) solutions of linear and nonlinear partial differential equations
(PDEs). It seems it is impossible to imagine nowadays a complicated non-
linear PDE from modern application that can be studied without Sobolev’s
ideas and methods proposed more than a half of the century ago.

In this paper, in a unified manner, we study the local existence, blow-up,
and singularity formation phenomena for three classes of nonlinear degener-
ate PDEs which were not that much treated in the existing mathematical
literature. Concepts associated with Sobolev spaces and weak solutions will
play a key role.

1.1 Three types of nonlinear PDEs under
constderation

We study common local and global properties of weak compactly solutions of
three classes of quasilinear PDEs of parabolic, hyperbolic, and nonlinear dis-
persion type, which, in general, look like having nothing in common. Studying
and better understanding of nonlinear degenerate PDEs of higher order in-
cluding a new class of less developed nonlinear dispersion equations (NDEs)
from the compacton theory are striking features of the modern general PDE
theory at the beginning of the twenty first century. It is worth noting and
realizing that several key theoretical demands of modern mathematics are al-
ready associated and connected with some common local and global features
of nonlinear evolution PDEs of different types and orders, including higher
order parabolic, hyperbolic, nonlinear dispersion, etc., as typical representa-
tives.

Regardless the great progress of the PDE theory achieved in the twentieth
century for many key classes of nonlinear equations [6], the transition process
to higher order degenerate PDEs with more and more complicated nonmono-
tone, nonpotential, and nonsymmetric nonlinear operators will require differ-
ent new methods and mathematical approaches. Moreover, it seems that for
some types of such nonlinear higher order problems the entirely rigorous “ex-
haustive” goal of developing a complete description of solutions, their prop-
erties, functional settings of problems of interest, etc., cannot be achieved in
principle in view of an extremal variety of singular, bifurcation, and branch-
ing phenomena contained in such multi-dimensional evolution. In many cases,
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the main results should be extracted by a combination of methods of various
analytic, qualitative, and numerical origins. Of course, this is not a novelty in
modern mathematics, where several fundamental rigorous results have been
already justified with the aid of reliable numerical experiments.

In the present paper, we deal with very complicated pattern sets, where for
the elliptic problems in RY and even for the corresponding one-dimensional
ordinary differential equation (ODE) reductions, the use of proposed analytic-
numerical approaches is necessary and unavoidable. As the first illustration
of such features, let us mention that, according to our current experience,
for such classes of second order C! variational problems, distinguishing the
classical Lusternik—Schnirelman (LS) countable sequence of critical values
and points is not possible without refined numerical methods in view of huge
complicated multiplicity of other admitted solutions. It is essential that the
arising problems do not admit, as customary for other classes of elliptic equa-
tions, any homotopic classification of solutions (say, on the hodograph plane)
since all compactly supported solutions are infinitely oscillatory, which makes
the homotopy rotational parameter infinite and hence nonapplicable.

Now, we introduce three classes of PDEs to be studied.

1.2 (I) Combustion type models: regional blow-up,
global stability, main goals, and first discussion

We begin with the following quasilinear degenerate 2mth order parabolic
equation of reaction-diffusion (combustion) type:

g = (=DM A™ (Ju"u) + |[u/"u in RN xRy, (1.1)

where n > 0 is a fixed exponent, m > 2 is an integer, and A denotes the
Laplace operator in R.

Globally asymptotically stable exact
blow-up solutions of S-regime

In the simplest case m = 1 and N = 1, (1.1) is nowadays the canonical
quasilinear heat equation

u = (") +u in Rx Ry (u>0) (1.2)
which occurs in the combustion theory. The reaction-diffusion equation (1.2),
playing a key role in the blow-up PDE theory, was under scrutiny since the

middle of the 1970s. In 1976, Kurdyumov, together with his former PhD
students Mikhailov and Zmitrenko (see [33] and [32, Chapt. 4] for history),
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discovered the phenomenon of heat and combustion localization by studying
the blow-up separate variable Zmitrenko—Kurdyumov solution of (1.2):

ug(z,t) = (T —t)"» f(z) in Rx(0,T), (1.3)
where 7" > 0 is the blow-up time and f satisfies the ordinary differential

equation

TlLf = ("' 4 1 for zeR. (1.4)

It turned out that (1.4) possesses the explicit compactly supported solution

2(n+1) nx n <n—|—17r
flz) = £n(n+2) cos (2(n+1))] ’ :j:;"117r7 (1.5)

This explicit integration of (1.4) was amazing and rather surprising in the
middle of the 1970s and led then to the foundation of the blow-up and heat
localization theory. In dimension N > 1, the blow-up solution (1.3) does
indeed exist [32, p. 183], but not in an explicit form (so that it seems that
(1.5) is a unique available elegant form).

Blow-up S-regime for higher order parabolic PDEs

One can see that the 2mth order counterpart of (1.1) admits a regional blow-
up solution of the same form (1.3), but the profile f = f(y) solves the more
complicated ODE

() AT) A = L i BY, (16)

Under a natural change, this gives the following equation with non-Lipschitz
nonlinearity:

1 n
n

We scale out the multiplier Tll in the nonlinear term:

n+1

Fen~n F = (=1)"'A"F4+F—|F "2 F=0inRY. (1.7)
In the one-dimensional case N = 1, we obtain the simpler ordinary differential
equation

_n+1

Frsn~'n F = (=1)""FCm L p_|F|=2hF=0inR.  (1.8)
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Thus, according to (1.3), the elliptic problem (1.7) and the ODE (1.8) for
N = 1 are responsible for possible “geometric shapes” of regional blow-up
described by the higher order combustion model (1.1).

Plan and main goals of the paper
related to parabolic PDEs

Unlike the second order case (1.5), explicit compactly supported solutions

F(z) of the ODE (1.8) for any m > 2 are not available. Moreover, such

profiles F'(z) have rather complicated local and global structure. We are

not aware of any rigorous or even formal qualitative results concerning the

existence, multiplicity, or global structure of solutions of ODEs like (1.8).
Our main goal is four-fold:

(ii) PROBLEM “BLOW-UP”: proving finite-time blow-up in the parabolic
(and hyperbolic) PDEs under consideration (Sect. 2)

(ii) PROBLEM “MULTIPLICITY”: existence and multiplicity for the elliptic
PDE (1.7) and the ODE (1.8) (Sect. 3)

(iii) PROBLEM “OSCILLATIONS”: the generic structure of oscillatory solu-
tions of the ODE (1.8) near interfaces (Sect. 4)

(iv) PROBLEM “NUMERICS”: numerical study of various families of F'(x)
(Sect. 5)

In particular, we show that the ODE (1.8), as well as the PDE (1.7), for
any m > 2 admits infinitely many countable families of compactly supported
solutions in R, and the set of all solutions exhibits certain chaotic properties.
Our analysis is based on a combination of analytic (variational and others),
numerical, and various formal techniques. Discussing the existence, multi-
plicity, and asymptotics for the nonlinear problems under consideration, we
formulate several open mathematical problems. Some of these problems are
extremely difficult in the case of higher order equations.

1.3 (II) Regional blow-up in quasilinear hyperbolic
equations

We consider the 2mth order hyperbolic counterpart of (1.1)
u = (=1)™TPA™ (ju"u) + Ju["u  in RY xR,. (1.9)

We begin the discussion of blow-up solutions of (1.9) with the case 1D, i.e.,
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g = (W) + 0™ in Rx Ry (u>0). (1.10)

Then the blow-up solutions and ODE take the form

us(e,t) = (T =) fla) = (T4 1) J= (P + ()
n\n
Using extra scaling, from

floy =2 1)

1
|" @) (1.12)
we obtain the same ODE (1.4) and hence the exact localized solution (1.5).
For the N-dimensional PDE (1.9), looking for the same solution (1.11) we
obtain, after scaling, the elliptic equation (1.7).

1.4 (IIT) Nonlinear dispersion equations and
compactons

In a general setting, these rather unusual PDEs take the form
u = ()" A (Jul"w)]e, + (Jul"w)e, in RY xRy, (1.13)

where the right-hand side is just the derivation D,, of that in the parabolic
counterpart of (1.1). Then the elliptic problem (1.7) arises in the study of
travelling wave solutions of (1.13). As usual, we begin with the simple 1D
case.
Setting N =1 and m = 1 in (1.13), we obtain the third order Rosenau—
Hyman equation
g = (u?)zze + (u?)s (1.14)

simulating the effect of nonlinear dispersion in the pattern formation in liquid
drops [31]. Tt is the K(2,2) equation from the general K(m,n) family of
nonlinear dispersion equations

describing phenomena of compact pattern formation [28, 29]. Furthermore,
such PDEs appear in curve motion and shortening flows [30]. As in the above
models, the K(m,n) equation (1.15) with n > 1 is degenerated at u = 0
and, therefore, may exhibit a finite speed of propagation and admit solutions
with finite interfaces. A permanent source of NDEs is the integrable equation
theory, for example, the integrable fifth order Kawamoto equation [18] (see
[15, Chapt. 4] for other models)

U = UUppprr + 5 UM Upprr + 10 UPUL U ey (1.16)
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The existence, uniqueness, regularity, shock and rarefaction wave formation,
finite propagation and interfaces for degenerate higher order models under
consideration were discussed in [14] (see also comments in [15, Chapt. 4.2]).

We study particular continuous solutions of NDEs that give insight on
several generic properties of such nonlinear PDEs. The crucial advantage
of the Rosenau—Hyman equation (1.14) is that it possesses explicit moving
compactly supported soliton type solutions, called compactons [31], which
are travelling wave solutions.

Compactons: manifolds of travelling waves
and blow-up S-regime solutions coincide

Let us show that such compactons are directly related to the blow-up patterns
presented above. Actually, explicit travelling wave compactons exist for the
nonlinear dispersion Korteweg-de Vries type equations with arbitrary power
nonlinearities

up = (W) we + (W), in RxR,. (1.17)

This is the K(1 4+ n,1+ n) model [31].
Thus, compactons, regarded as solutions of Eq. (1.17), have the travelling
wave structure

uc(z,t) = fly), y=1z—A\, (1.18)
so that, by substitution, f satisfies the ODE

A= (Y (Y (1.19)
and, by integration,
A= (Y D, (1.20)

where D € R is a constant of integration. Setting D = 0, which means
the physical condition of zero flux at the interfaces, we obtain the blow-up
ODE (1.4), so that the compacton equation (1.20) coincides with the blow-up
equation (1.4) if

A= ; (or =A=2(2+1) tomateh (1.11)), (1.21)

This yields the compacton solution (1.18) with the same compactly supported
profile (1.5) with translation © — y = x — At.

Therefore, in 1D, the blow-up solutions (1.3), (1.11) of the parabolic and
hyperbolic PDEs and the compacton solution (1.18) of the NDE (1.17) are
of similar mathematical (both ODE and PDE) nature. This fact reflects the
universality principle of compact structure formation in nonlinear evolution
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PDEs. The stability property of the travelling wave compacton (1.18) for the
PDE setting (1.17), as well as for the higher order counterparts considered
below, is unknown.

In the N-dimensional geometry, i.e., for the PDE (1.13), looking for a
travelling wave moving only in the zi-direction

uc(x,t) = fx1 — M, 22,...,2N) (A:—i), (1.22)
we obtain, by integrating with respect to x1, the elliptic problem (1.7).
Thus, we have introduced three classes (I), (II), and (III) of nonlinear
higher order PDEs in RY x R, which, being representatives of very differ-
ent three equations types, nevertheless have quite similar evolution features
(possibly, up to replacing blow-up by travelling wave moving); moreover, the
complicated countable sets of evolution patterns coincide. These common
features reveal a concept of a certain unified principle of singularity forma-
tion phenomena in the general nonlinear PDE theory, which we just begin
to touch and study in the twenty first century. Some classical mathematical
concepts and techniques successfully developed in the twentieth century (in-
cluding Sobolev legacy) continue to be key tools, but also new ideas from
different ranges of various rigorous and qualitative natures are required for
tackling such fundamental difficulties and open problems.

2 Blow-up Problem: General Blow-up Analysis of
Parabolic and Hyperbolic PDEs

2.1 Global existence and blow-up in higher order
parabolic equations

We begin with the parabolic model (1.1). Bearing in mind the compactly
supported nature of the solutions under consideration, we consider (1.1) in
a bounded domain 2 C RY with smooth boundary 942, with the Dirichlet
boundary conditions

u=Du=...=D""lu=0 on 902 xR, (2.1)
and a sufficiently smooth and bounded initial function
u(x,0) = uo(x) in L. (2.2)

We show that the blow-up phenomenon essentially depends on the size of
domain. Beforehand, we note that the diffusion operator on the right-hand
side of (1.1) is a monotone operator in H~"(2), so that the unique local
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solvability of the problem in suitable Sobolev spaces follow by the classical
theory of monotone operators (see [21, Chapt. 2]). We show that, under
certain conditions, some of these solutions are global in time, whereas some
ones cannot be globally extended and blow-up in finite time.

For the sake of convenience, we use the natural substitution

v=lu"u = wvo(z) = |ug(x)|"uo(x) (2.3)

which leads to the following parabolic equation with a standard linear oper-
ator on the right-hand side:

() = (-1 A 4o in BV xRy, (o) = o] whie,  (24)

where v satisfies the Dirichlet boundary conditions (2.1).
Multiplying (2.4) by v in L?(£2) and integrating by parts with the help of
(2.1), we find

1d n ~
212 gt /|v|nﬁdx: —/|Dmv|2da:—|—/112da:EE(v)7 (2.5)
o) 2 2

where we used the notation: D™ = A% for even m and D™ = VA"’

for odd m. By Sobolev’s embedding theorem, H™(£2) C L?(2) compactly;
moreover, the following sharp estimate holds:

1 -

/’U2d$< N /|Dmv|2da: in H(£), (2.6)
1

2 7

where Ay = A1(£2) > 0 is the first eigenvalue of the polyharmonic operator
(—A)™ with the Dirichlet boundary conditions (2.1):

(—A)™e; = Mey in 2, e € HI™(1). (2.7)

In the case m = 1, since (—A) > 0 is strictly positive in the L?(§2)-metric in
view of the classical Jentzsch theorem (1912) about the positivity of the first
eigenfunction for linear integral operators with positive kernels, we have

er(x) >0 in . (2.8)

In the case m > 2, the inequality (2.8) remains valid, for example, for the unit
ball {2 = B;. Indeed, if {2 = By, then the Green function of the polyharmonic
operator (—A)™ with the Dirichlet boundary conditions is positive (see the
first results dues to Boggio (1901-1905) [4, 5]). Using again the Jentzsch
theorem, we conclude that (2.8) holds.

From (2.5) and (2.6) it follows that



156 V. Galaktionov et al.

n+1d nt2 1 -
nia ( —1)/Dm 2dz.
n+2 dt/|v| TS A1 | vfde
I7) 7]

Global existence for A\; > 1

Thus, we obtain the inequality

n+1d
n+1 D™ 2.
n+2dt/|v|+dx+ /| o2de < (2.9)

Consequently, for
A(2)>1 (2.10)

(2.9) yields good a priori estimates of solutions in §2 x (0,7T) for arbitrarily
large T > 0. By the standard Galerkin method [21, Chapt. 1], we get the
global existence of solutions of the initial-boundary value problem (2.4), (2.1),
(2.2). This means that there is no finite-time blow-up for the initial-boundary
value problem provided that (2.10) holds, meaning that the size of domain is
sufficiently small.

Global existence for A\ = 1
For A\ = 1 the inequality (2.9) also yields an a priori uniform bound. How-
ever, the proof of global existence becomes more tricky and requires extra

scaling (this is not related to our discussion here and we omit details). In this
case, we have the conservation law

/w(v(t))el dz =co = /w(vo)el dz forall ¢>0. (2.11)
2 2

By the gradient system property (see below), the global bounded orbit must
stabilize to a unique stationary solution which is characterized as follows
(recall that A\; is a simple eigenvalue, so the eigenspace is 1D):

v(z,t) — Coer(z) as t— 400, where /z/J(Coel)el dz =cp. (2.12)

Blow-up for A\ < 1

We show that, in the case of the opposite inequality

A(2) <1, (2.13)
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the solutions blow-up in finite time.

Blow-up of nonnegative solutions
in the case m =1

We begin with the simple case m = 1. By the maximum principle, we can
restrict ourselves to the class of nonnegative solutions

v=uov(z,t) >0, ie.,assuming ug(zr) > 0. (2.14)

In this case, we can directly study the evolution of the first Fourier coefficient
of the function ¥ (v(-,t)). Multiplying (2.4) by the positive eigenfunction ey
in L?(£2), we obtain

jt /¢(U)€1d$ =(1- /\1)/v61da:. (2.15)
0

i)

Taking into account (2.14) and using the Hélder inequality in the right-hand
side of (2.15), we derive the following ordinary differential inequality for the
Fourier coefficient:

dJ
dt 2 (1 - /\1)62Jn+1,
) n (2.16)
where J(t) = /vw1 (x,t)er(z)dz, co= (/61 dx) .
Q 2

Hence for any nontrivial nonnegative initial data

up(z) 20 = Jy :/voeldx >0
Q
we have finite-time blow-up of the solution with the following lower estimate
of the Fourier coefficient:
J(t) = AT — 1) n,
1 1 —n (2.17)
where A= ( ) , To
nCQ(l — /\1)

Unbounded orbits and blow-up
in the case m > 2

It is curious that we do not know a similar simple proof of blow-up for the
higher order equations with m > 2. The main technical difficulty is that the
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set of nonnegative solutions (2.14) is not an invariant of the parabolic flow, so
we have to deal with solutions v(z,t) of changing sign. Then (2.16) cannot be
derived from (2.15) by the Holder inequality. Nevertheless, we easily obtain
the following result as the first step to blow-up of orbits.

Proposition 2.1. Assume that m > 2, the inequality (2.13) holds, and
E(vo) > 0. (2.18)

Then the solution of the initial-boundary value problem (2.4), (2.1), (2.2) is
not uniformly bounded for t > 0.

Proof. We use the obvious fact that (2.4) is a gradient system in HJ"(£2).
Indeed, multiplying (2.4) by v, on sufficiently smooth local solutions we

have
1d 1

S Fe@ = /|v|w11 ()2 dz > 0. (2.19)

2

Therefore, under the assumption (2.18), from (2.5) we obtain

1 d n
E(w(t)) > E(vy) >0 = 212 o /|v|ni? dz = E(v) > E(vo) > 0,
2
(2.20)
ie.,
n 2
/|v(t)|nﬁdx > ”i | E(vo)t = +00 as ¢ — +oc. (2.21)
n
2
The proof is complete. O

Concerning the assumption (2.18), we recall that, by the classical theory of
dynamical systems [16], the w-limit set of bounded orbits of gradient systems
consists only of equilibria, i.e.,

w(vg) CS={V e H"N): —(-A)"V +V =0}. (2.22)
Therefore, stabilization to a nontrivial equilibrium is possible if
N =1 forsome [>2;

otherwise,
S={0} (M#1 forany [>1). (2.23)

By the gradient structure of (2.4), one should take into account solutions
that decay to 0 as t — +00. One can check (at least formally, the necessary
functional framework could take some time) that the trivial solution 0 has
the empty stable manifold. Hence, under the assumption (2.23), the assertion
of Proposition 2.1 is naturally expected to be true for any nontrivial solution.
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Thus, in the case (2.18), i.e., for a sufficiently large domain 2, solutions
become arbitrarily large in any suitable metric (including the H{"(§2)- or
uniform Cp(§2)-metric). Then it is a technical matter to show that such large
solutions must blow-up in finite time.

Blow-up for a similar modified model
in the case m > 2

The above arguments can be easily adapted to the slightly modified equation
(2.4):
(®(v))e = (=1)" A" + Jo], (2.24)

where the source term is replaced by |v|. For “positively dominant” solutions
(i.e., for solutions with a nonzero integral / u(x,t) dx) the argument is sim-

ilar. The most of our self-similar patterns exist for (2.24) and the oscillatory
properties of solutions near interfaces remain practically the same (since the
source term plays no role there).

Let 2 = By. Then (2.8) holds. Instead of (2.15), we obtain the following
similar inequality:

d
gt /¢(v)eldx =/|v|eldx—/\1 /veldx > (1 —)\1)/|v|61dx >0, (2.25)
Q Q 1o Q
where J(t) is defined without the positivity sign restriction;

T(t) = /(|v|—n11v)(x,t)el(x) dz. (2.26)

9]

From (2.25) it follows that for A\ < 1
JO)>0 = J({t)>0 for t>0. (2.27)

By the Holder inequality,

n+1
/|U|61 dz > 02(/|v|w1+1€1 dx)

n n+1
> 62( /|'U|_”+1'U€1 da:) =cp " (2.28)

Hence we can obtain the inequality (2.16) for the function (2.26) and the
blow-up estimate (2.17) is valid. The same result holds in a general domain
{2 in the case of the Navier boundary conditions

u=Au=---=A""1u=0 on 9N xR,.
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2.2 Blow-up data for higher order parabolic and
hyperbolic PDEs

We have seen that blow-up can occur for some initial data since small data
can lead to globally existing sufficiently small solutions (if 0 has a nontrivial
stable manifold).

Now, we introduce classes of “blow-up data,” i.e., initial functions gener-
ating finite-time blow-up of solutions. To deal with such crucial data, we need
to study the corresponding elliptic systems with non-Lipschitz nonlinearities
in detail.

Parabolic equations

We begin with the transformed parabolic equation (2.4) and consider the
separate variable solutions

n+1

v(a,t) = (T —t)~ "+ F(z). (2.29)

Then F'(z) solves the elliptic equation (1.7) in {2, i.e.,

1 "
— )" TIAMEP L F— |F|Tem F =0 in £,
(=1) n 17 o (2.30)
F=DF=..=D"'F=0 on 0.

Let F(x) # 0 be a solution of the problem (2.30). From (2.29) it follows that
the initial data
vo(z) = CF(z), (2.31)

where C' # 0 is an arbitrary constant to be scaled out, generate blow-up of
the solution of (2.4) according to (2.29).

Hyperbolic equations
For the hyperbolic counterpart of (2.4)
(Y (v)e = (=)™ AT 40 (2.32)
we consider the initial data
v(x,0) =cF(z) and wv¢(z,0) = F(x), (2.33)

where ¢ and ¢; are constants such that cc; > 0. Then the solution blows up
in finite time. In particular, taking
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[
W
W=
Q
T
-

c>0 and ¢
2(n+1) 2(n+2

n+1
with g = — and B = ( ) )> , we obtain the blow-up solution
n

n
of (2.32) in the separable form

1

v(z,t) = (T — t) BF(z), where T:(;)ﬁ.

2.3 Blow-up rescaled equation as a gradient system:
towards the generic blow-up behavior for parabolic
PDEs

Let us briefly discuss another important issue associated with the scaling
(2.29). We consider a general solution v(z,t) of the initial-boundary value
problem for (2.4) which blows up first time at ¢ = T'. Introducing the rescaled
variables

n+1

v(x, t) = (T—t)" » wx,7), 7=-In(T—t) > 40 as t—T7, (2.34)

we see that w(x, 7) solves the rescaled equation
1 n
() = (1) A 4w |l (2.35)

where the right-hand side contains the same operator with non-Lipschitz
nonlinearity as in (1.7) or (2.30). By an analogous argument, (2.35) is a
gradient system and admits a Lyapunov function that is strictly monotone
on non-equilibrium orbits:

1 =~ 1 1 n
_ /|Dw|2—|— /wz_ n—:_2 /|w|nﬁ
n

Tl /|W| w fwe[* > 0. (2.36)

Therefore, an analog of (2.22) holds, i.e., all bounded orbits can approach
only stationary solutions:

1 n
wlwy) €8 = {F € HI(Q): (~1)™ 1 AMF L F—  |F|= b F = o}. (2.37)
n
Moreover, since under natural smoothness parabolic properties, w(wy) is

connected and invariant [16], the omega-limit set reduces to a single equilib-
rium provided that S consists of isolated points. Here, the structure of the
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stationary rescaled set S is very important for understanding the blow-up
behavior of general solutions of the higher order parabolic flow (1.1).

Thus, the above analysis again shows that the “stationary” elliptic prob-
lems (1.7) and (2.30) are crucial for revealing various local and global evolu-
tion properties of all three classes of PDEs involved. We begin this study by
applying the classical variational techniques.

3 Existence Problem: Variational Approach and
Countable Families of Solutions by
Lusternik—Schnirelman Category and Fibering Theory

3.1 Variational setting and compactly supported
solutions

Thus, we need to study, in a general multi-dimensional geometry, the exis-
tence and multiplicity of compactly supported solutions of the elliptic prob-
lem (1.7).

Since all the operators in (1.7) are potential, the problem admits a varia-
tional setting in L2. Hence solutions can be obtained as critical points of the
C' functional

1 ~ 1 1 2
BF) =, [ID"FP+, [F- L [P, 5=""Tca2), 3

where D™ = A% for even m and D™ = VA2 for odd m. In general,
we have to look for critical points in W2 (RY) N L2(RY) N L?(RY). Bear-
ing in mind compactly supported solutions, we choose a sufficiently large
radius R > 0 of the ball B and consider the variational problem for (3.1)
in W2 ,(Bg) with the Dirichlet boundary conditions on Sg = dBg. Then
both spaces L?(Bg) and LPT!(Bg) are compactly embedded into W2 o(Br)
in the subcritical Sobolev range

N +2m

N o (B<ps). (32)

I<p<ps=

In general, we have to use the following preliminary result.
Proposition 3.1. Let F be a continuous weak solution of Eq. (1.7) such that
F(y) —0 as |y| — oc. (3.3)

Then F is compactly supported in RY.

Note that the continuity of F' is guaranteed by the Sobolev embedding
H™RN) ¢ C(RY) for N < 2m and the local elliptic regularity theory for
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the whole range (3.2) (necessary information about embeddings of function
spaces can be found in [22, Chapt. 1]).

Proof. We consider the parabolic equation with the same elliptic operator
wy = (=)™ A" w4+ w — jw|"Frw in RY x Ry (3.4)

and the initial data F(y). Setting w = e'@, we obtain the equation

@ = ()" AMD — e @, p= €(0,1),

n+1

where the operator is monotone in L?(RY). Therefore, the Cauchy problem
with initial data F' has a unique weak solution [21, Chapt. 2]. Thus, (3.4)
has a unique solution w(y, t) = F(y) which must be compactly supported for
arbitrarily small ¢ > 0. Such nonstationary instant compactification phenom-
ena for quasilinear absorption-diffusion equations with singular absorption
—|ulP~tu, p < 1, were known since the 1970s. These phenomena, called the
instantaneous shrinking of the support of solutions, were proved for quasi-
linear higher order parabolic equations with non-Lipschitz absorption terms
(34]. O

Thus, to provide compactly supported patterns F'(y), we can consider the
problem in sufficiently large bounded balls since, by (3.1), nontrivial solutions
are impossible in small domains.

3.2 The Lusternik—Schnirelman theory and direct
application of fibering method

Since the functional (3.1) is of class C!, uniformly differentiable, and weakly
continuous, we can use the classical Lusternik—Schnirelman (LS) theory of
calculus of variations [20, Sect. 57] in the form of the fibering method [25, 26],
which can be regarded as a convenient generalization of the previous versions
[7, 27] of variational approaches.

Following the LS theory and fibering approach [26], the number of criti-
cal points of the functional (3.1) depends on the category (or genus) of the
functional subset where the fibering takes place. Critical points of E(F) are
obtained by spherical fibering

F=r(uv (rz=0), (3.5)

where r(v) is a scalar functional and v belongs to a subset of W2 ((Br)
defined by the formula
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Ho = {v € Wy o(Br) : Ho(v) = — / |D™v[? + /v2 = 1}. (3.6)

The new functional
1

r?— ! r?
2 5

has an absolute minimum point, where

1
. Er-rﬁ*1/|v|ﬁ —0 = ro(v) = (/|v|ﬁ) T (38)
Then we obtain the functional

~ 2 ﬁ 2- [3
() = Hro(w)o) = =7, Pt =20 ([1r) 7 @)
The critical points of the functional (3.9) on the set (3.6) coincide with the
critical point of the functional
= /|v|ﬁ. (3.10)

Hence we obtain an even, nonnegative, convex, and uniformly differentiable
functional, to which the LS theory can be applied [20, Sect. 57] (see also
[9, p. 353]). Following [26], to find critical points of H on the set Ho, it is
necessary to estimate the category p of the set Hy, see the notation and basic
results in [3, p. 378]. Note that the Morse index ¢ of the quadratic form Q
in Theorem 6.7.9 therein is precisely the dimension of the space where the
corresponding form is negative definite. This includes all the multiplicities
of eigenfunctions involved in the corresponding subspace (see definitions of
genus and cogenus, as well as applications to variational problems in [1] and
2]).

By the above variational construction, F' is an eigenfunction,

H(r,v) = |v|ﬁ (3.7)

(~1)™HATE L F — p|F|"«11 F =0,

where 1 > 0 is the Lagrange multiplier. Then, scaling F +— p("t)/"F we
obtain the original equation in (1.7).

For further discussion of geometric shapes of patterns we recall that, by
Berger’s version [3, p. 368] of this minimax analysis of the LS category theory
[20, p. 387], the critical values {cj } and the corresponding critical points {vy }
are determined by the formula

= inf H 11
ok = inf sup (v). (3.11)
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Here, F C Hy is a closed set, My, is the set of all subsets of the form BS*~! ¢
Ho, where S¥~1 is a sufficiently smooth (k — 1)-dimensional manifold (say, a
sphere) in Hp, and B is an odd continuous map. Then each member of M,
is of genus at least k (available in Hp). It is also important to note that the
definition of genus [20, p. 385] assumes that p(F) = 1 if no component of
FUF*, where F* = {v : v* = —v € F} is the reflection of F relative to 0,
contains a pair of antipodal points v and v* = —v. Furthermore, p(F) = n
if each compact subset of F can be covered by at least n sets of genus one.
According to (3.11),
1S C2 XK,

where lop = lo(R) is the category of Hy (see an estimate below) such that
lo(R) — 400 as R — oo. (3.12)

Roughly speaking, since the dimension of F involved in the construction of
M, increases with k, the critical points delivering critical values (3.11) are
all different. By (3.6), the category lo = p(Ho) of the set Hp is equal to the
number (with multiplicities) of the eigenvalues A\ < 1,

lo=p(Ho) = t{\e <1} (3.13)

of the linear polyharmonic operator (—1)™A™ > 0,
(1) AP = Aeth, b € W2 o(Br) (3.14)
(see [3, p. 368]). Since the dependence of the spectrum on R is expressed as
Me(R) = R72™)\e(1), k=0,1,2,..., (3.15)

the category p(Hp) can be arbitrarily large for R > 1, and (3.12) holds. We
formulate this as the following assertion.

Proposition 3.2. The elliptic problem (1.7) has at least a countable set
{F, 1 > 0} of different solutions obtained as critical points of the functional
(3.1) in W2 o(Br) with sufficiently large R = R(l) > 0.

Indeed, in view of Proposition 3.1, we choose R > 1 such that supp F; C Bp.

3.3 On a model with an explicit description of the
Lusternik—Schnirelman sequence

As we will see below, detecting the LS sequence of critical values for the orig-
inal functional (3.1) is a hard problem. To this end, the numerical estimates
of the functional play a key role. However, for some similar models this can be
done much easier. Now, we slightly modify (3.1) and consider the functional
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1 [ = 1 1 > n+2
E\(F)=—_ [ |D"FJ? F? (/Fﬂ ( - 12)
WF) ==, [1DmFE ey [P p=""leq
(3.16)
corresponding to the nonlocal elliptic problem

[371
—eAWF+F—F(/Fﬁ2 =0 (in Bg, etc.) (3.17)
Denoting by {A\r} the spectrum in (3.14) and by {¢x} the corresponding

eigenfunction set, we can solve the problem (3.17) explicitly, looking for so-
lutions

F = Z by = ck[—)\k—i—l—( Z c?)z

(k=1) (321)

}:O,k:LZ””(aw)

The algebraic system in (3.18) is easy and yields precisely the number (3.13)
of various nontrivial basic solutions Fj of the form

E(y) = cati(y), where |qf2=-N+1>0, 1=1,2,...,1. (3.19)

3.4 Preliminary analysis of geometric shapes of
patterns

The forthcoming discussions and conclusions should be understood in con-
junction with the results obtained in Sect. 5 by numerical and other analytic
and formal methods. In particular, we use here the concepts of the index and
Sturm classification of patterns.

Thus, we now discuss key questions of the spatial structure of patterns
constructed by the LS method. Namely, we would like to know how the genus
k of subsets involved in the minimax procedure (3.11) can be attributed to
the “geometry” of the critical point v (y) obtained in such a manner. In
this discussion, we assume to explain how to merge the LS genus variational
aspects with the actual practical structure of “essential zeros and extrema” of
basic patterns { F1}. Recall that, in the second order case m = 1, N = 1, this is
easy: by the Sturm theorem, the genus [, which can be formally “attributed”
to the function Fj, is equal to the number of zeros (sign changes) [ — 1 or
the number [ of isolated local extremum points. Though, even for m = 1,
this is not that univalent: there are other structures that do not obey the
Sturmian order (think about the solution via gluing { Fo, Fp, ..., Fo} without
sign changes); see more comments below.

For m > 2 this question is more difficult, and seems does not admit a clear
rigorous treatment. Nevertheless, we will try to clarify some aspects.
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Given a solution F' of (1.7) (a critical point of (3.1)), let us calculate the
corresponding critical value cp of (3.10) on the set (3.6) by taking

v=CFeHy = C= ~1
_ DmF2_|_ F2
g e
so that cp = H(v) = ~ (ﬁ:n+ )
(- [1DmFp+ [ Rz 7T

This formula is important in what follows.

Genus one

As usual in many variational elliptic problems, the first pattern Fy (typically,
called a ground state) is always of the simplest geometric shape, is radially
symmetric, and is a localized profile such as those in Fig. 8. Indeed, this simple
shape with a single dominant maximum is associated with the variational
formulation for Fp:

Fy = r(vo)ve, with vo: inf H(v) = inf /|v|ﬂ, v € Hy. (3.21)

This is (3.11) with the simplest choice of closed sets as points, F = {v}.
_ Let us illustrate why a localized pattern like Fy delivers the minimum to
H in (3.21). Take, for example, a two-hump structure

U(y) = Cloo(y) +wo(y +a)], CER,

with sufficiently large |a| > diam supp Fp, so that supports of these two func-
tions do not overlap. Then, evidently, v € H implies that C' = \}2 and, since

Be(1,2),
H©) =2"2" H(ve) > H(vo).

By a similar reason, Fy(y) and vg(y) cannot have “strong nonlinear oscilla-
tions” (see next sections for related concepts developed in this direction), i.e.,
the positive part (Fp)4+ must be dominant, so that the negative part (Fp)_
cannot be considered as a separate dominant 1-hump structure. Otherwise,
deleting it will diminish H (v) as above. In other words, essentially nonmono-
tone patterns such as in Fig. 10 or 11 cannot correspond to the variational
problem (3.21), i.e., the genus of the functional sets involved is p = 1.
Radial symmetry of vy is pretty standard in elliptic theory, though not
straightforward in view of the lack of the maximum principle and moving
planes/spheres tools. We just note that small nonradial deformations of this
structure, vy — 7y will more essentially affect (increase) the first differential

term /|l~)m%|2 rather than the second one in the formula for C' in (3.20).
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Therefore, a standard scaling to keep this function in Hy would mean taking
C7y with a constant C' > 1. Hence

H(CTy) = CPH (W) ~ C°H(vo) > H(uy),

so infinitesimal nonradial perturbations do not provide us with critical points
of (3.21).

For N = 1 this shows that ¢; cannot be attained at another “positively
dominant” pattern Fy4, with a shape shown in Fig. 17(a). See Tabl. 1 below,
where for n =1

cr,, = 1.9488... > ¢y = ¢y = 1.8855... > ¢; = ¢, = 1.6203 ... .

Genus two

Let N =1 for the sake of simplicity, and let Fj obtained above for the genus
p = 1 be a simple compactly supported pattern as in Fig. 8. We denote by
vo(y) the corresponding critical point given by (3.21). We take the function
corresponding to the difference (5.7),

62<y>=j2 [0y — o) + v(y + o)) € Ho (suppeo = [—youo]) (3.22)

which approximates the basic profile Fy given in Fig. 10. One can see that
H(Ds) =22 H(vo) =22 ¢4, (3.23)

so that, by (3.11) with k = 2

e

c1<ea<22 ey (3.24)

On the other hand, the sum as in (5.6) (see Fig. 11)

1

Ua(y) = /2 [vo(y = yo) +v(y + vo)] € Ho (3.25)

also delivers the same value (3.23) to the functional H. 1t is easy to see
that the patterns F and Flio2 42, as well as F 4 and many others with two
dominant extrema, can be embedded into a 1D subset of genus two on Hj.
It seems that, with such a huge, at least, countable variety of similar
patterns, we first distinguish a profile that delivers the critical value co given
by (3.11) by comparing the values (3.20) for each pattern. The results are
presented in Tabl. 1 for n = 1, for which the critical values (3.20) are
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~ [ieer ,
cp = H(CF) = (g = ) (3.26)

(—/|f)mF|2+/F2)3/4 2

The corresponding profiles are shown in Fig. 1. Calculations have been per-
formed with the enhanced values Tols= ¢ = 10~*. Comparing the critical
values in Tabl. 1, we thus arrive at the following conclusion based on this
analytical-numerical evidence:

for genus k = 2, the LS critical (3.27)
value co = 1.855. .. is delivered by Fj. '

Note that the critical values cp for F; and Flys2 1o are close by just two
percents.

Table 1 Critical values of H(v); genus two

F Cp
Fy 1.6203...=c1
F1 1.8855...262

Fioo 4o 1.9255...
Fogg.o 1.9268...
Fiouto 1.9269...
Fioe12 1.9269. ..
Fi4 1.9488 ...

Thus, according to Tabl. 1, the second critical value cs is achieved at the
1-dipole solution Fj(y) having the transversal zero at y = 0, i.e., without
any part of the oscillatory tail for y =~ 0. Therefore, the neighboring profile
F_53 19 (see the dotted line in Fig. 1) which has a small remnant of the
oscillatory tail with just 3 extra zeros, delivers another, worse value (see
Sect. 4)

Cp = 1.9268. .. for F = F,2,37+2.

In addition, the lines from second to fifth in Tabl. 1 clearly show how H
increases with the number of zeros in between the +Fj-structures involved.

Remark 3.1. Even for m = 1 profiles are not variationally recognizable.

Recall that for m = 1, i.e., for the ODE (5.5), the Fy(y) profile is not
oscillatory at the interface, so that the future rule (3.31) fails. This does
not explain the difference between F (y) and, say, Fly2 9,42, which, obviously
deliver the same critical LS values by (3.11). This is the case where we should
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conventionally attribute the LS critical point to Fj. Of course, for m = 1 the
existence of profiles Fj(y) with precisely [ zeros (sign changes) and [ + 1
extrema follows from the Sturm theorem.

Checking the accuracy of numerics and using (3.23), we take the critical
values in the first and fifth lines in Tabl. 1 to get for the profile Fl{s o 42,
consisting of two independent Fy’s, to within 1074,

cr=2"2"H(vy) =2ic; = 1.1892. .. x 1.6203... =1.9269 .. . .

m=2, n=1: profiles associated with genus p=2

+2,00,+2 |
F
+2,2,42 ™~ 2342
. e e e e e e e 1
-1.51 ! - ! ! ! ]
-15 -10 -5 0 () 10 15

y

Fig. 1 Seven patterns F(y) indicated in Tabl. 1; m = 2 and n = 1.

Genus three

Similarly, for k = 3 (genus p = 3), there are also several patterns that can
pretend to deliver the LS critical value c3 (see Fig. 2).

The corresponding critical values (3.26) for n = 1 are shown in Tabl. 2,
which allows us to conclude:

k =3: the LS critical value c¢3 = 2.0710. ..

. . . . (3.28)
is again delivered by the basic F5.
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m=2, n=1: profiles associated with genus p=3

F+2,3,—2,3,+2

-20 -15 -10 -5 0 5 10 15 20

Fig. 2 Five patterns F(y) indicated in Tabl. 2; m =2 and n = 1.

All the critical values in Tabl. 2 are very close to each other. Again, check-
ing the accuracy of numerics and taking the critical values ¢; in Tabl. 1 and
cp for Fio o 420042 in Tabl. 2, consisting of three independent Fpy’s, we
obtain, to within 1074,

cr=3"2"H(v) = 3ic; = 1.31607... x 1.6203 ... =2.1324 . .. .

Table 2 Critical values of H(v); genus three

F cr

I 2.0710...=c3
Fiog 109242 2.1305...
Fios 9340 2.1322...

Flio 00420042 2.1324 ...

Fye 2.1647 ...

Note that the LS category-genus construction (3.11) itself guarantees that
all solutions {vy} as critical points will be (geometrically) distinct (see [20,
p. 381]). Here we stress upon two important conclusions:
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(I) First, what is key for us, is that closed subsets in Hy of functions of
the sum type in (3.25) do not deliver LS critical values in (3.11);

(IT) On the other hand, patterns of the {Fp, Fy}-interaction, i.e., those
associated with the sum structure as in (3.25) do exist (see Fig. 11 for m = 2),
and

(IIT) Hence these patterns (different from the basic ones {F}}) as well as
many others are not obtainable by a direct LS approach. Therefore, we will
need another version of the LS theory and fibering approach, with different
type of decomposition of function spaces to be introduced below.

Genus k

Similarly taking a proper sum of shifted and reflected functions +vg(y +1lyo),
we obtain from (3.11) that

e

Cr_1 < ¢ < kggfcl. (3.29)

Conclusions: conjecture and open problem

In spite of the closeness of the critical values cg, the above numerics con-
firm that there is a geometrical-algebraic way to distinguish the LS patterns
delivering (3.11). It can be seen from (3.26) that if we destroy the internal
oscillatory “tail” or even any two-three zeros between two Fj-like patterns in
the complicated pattern F'(y) then

two main terms — / |D™F|? and /|F|2 in cp in (3.20) decrease. (3.30)

Recall that precisely these terms in the ODE
FW = _|F|"2F+... (see (5.2) for n=1)

are responsible for the formation of a tail, as shown in Sect. 4, while the
F-term, giving /Fz, is negligible in the tail. Decreasing both terms, i.e.,

eliminating the tail between Fy’s, we decrease cp since, in (3.20), the numer-
ator becomes less and the denominator becomes larger. Therefore, composing
a complicated pattern Fj(y) from several elementary profiles like Fy(y) and
using (k — 1)-dimensional manifolds of genus k, we follow

Formal rule for composing patterns. By mazimazing ﬁ(v) of any (k—1)-
dimensional manifold F € My,
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the LS point F,_1(y) is obtained by

S . . (3.31)
minimizing all the internal tails and zeros,

i.e., making the minimal number of the internal transversal zeros between
single structures.

Regardless such a simple variational-oscillatory meaning (3.30) of this for-
mal rule, we do not know how to make it more rigorous.

Concerning the actual critical LS points, we formulate a conjecture which
well corresponds to (3.31):

Conjecture 1. For N = 1 and any m > 2 the critical LS value (3.11),
k > 1, is delivered by the basic pattern Fi_1 obtained by the minimization
over the corresponding (k — 1)-dimensional manifold F € My, which is the
1nteraction

Fo1=(-D)""Y4Fy, —Fy, +Fy, ..., (DR}, (3.32)

where each neighboring pair {Fy, —Fy} or {—Fy, Fo} has a single transversal
zero between the structures.

We also formulate an assertion (as an open problem) which is associated
with the specific structure of the LS construction (3.11) over suitable subsets
F as smooth (k — 1)-dimensional manifolds of genus k:

Open problem. For N = 1 and m > 2 there are no purely geometrical—
topological arguments confirming the validity of Conjecture 1. The same is
true in RV,

In other words, the metric analysis of “tails’ for the functionals involved
in (3.31) cannot be provided by any geometrical type arguments. On the
other hand, the geometrical analysis is nicely applied to the case m = 1,
and this is perfectly covered by the Sturm theorem about zeros for second
order ODEs. If the assertion of the Sturm theorem does not hold for the
variational problem under consideration, this means that the problem is not
of geometrical-topological (or purely homotopical if the tails are oscillatory)
nature.

4 Oscillation Problem: Local Oscillatory Structure of
Solutions Close to Interfaces and Periodic
Connections with Singularities

As we have seen, the first principal feature of the ODEs (1.8) (and the elliptic
counterparts) is that these admit compactly supported solutions. This was
proved in Proposition 3.1 in a general elliptic setting.
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Therefore, we will study the typical local behavior of solutions of the ODE
(1.8) close to singular points, i.e., to finite interfaces. We will reveal the ex-
tremely oscillatory structure with that well corresponds to the global oscilla-
tory behavior of solutions obtained above by variational techniques.

The phenomenon of the oscillatory changing sign behavior of solutions of
the Cauchy problem was detected for various classes of evolution PDEs (see
a general view in [15, Chapts. 3-5] and various results for different PDEs in
[10, 11, 12]). For the present 2mth order equations the oscillatory behavior
exhibits special features to be revealed.

4.1 Autonomous ODEs for oscillatory components

Assume that a finite interface of F(y) is situated at the origin y = 0. Then
we can use the trivial extension F'(y) = 0 to y < 0. Since we are interested in
describing the behavior of solutions as y — 01, we consider the ODE (1.8)
written in the form

p@em) _ (=)™ F|=*F + (-1)™F for y >0,

F(0)=0 (a:nil e(0,1)).

(4.1)

In view of the scaling structure of the first two terms, we make extra rescaling
and introduce the oscillatory component ¢(s) of F by the formula

2 2 1
F(y) =y ¢(s), where s=Iny and ~= m = m(n + ) (4.2)
o n

Since s — —oo (the new interface position) as y — 07, the monotone function
yY in (4.2) plays the role of the envelope to the oscillatory function F(y).
Substituting (4.2) into (4.1), we obtain the following equation for ¢:

Pa(p) = (=1)" | g + (=1)"e* ™. (4.3)
Here, Py, k > 0, are linear differential operators defined by the recursion
Pria(p) = (Pe(9) + (v = k)Pr(p) for k=0,1,.... Py(p) =¢. (44)

We write out the first four operators, which is sufficient for our purposes:

Pi(p) = ¢ + v
Py(p) ="+ 27y = 1) + (v — 1)g;
Py(p) =" +3(v—1)¢" + (37> — 67+ 2)¢’ + (v — 1)(v — 2)¢;



Higher Order Nonlinear Evolution PDEs 175

Py(p) = ™ +2(2y = 3)" + (69 — 18y + 11)¢"
+2(29° =99y + 11y = 3)¢’ + y(v — 1) (v — 2)(v — 3)e

According to (4.2), the interface at y = 0 corresponds to s = —o0, so that
(4.3) is an exponentially (as s — —o0) perturbed autonomous ODE

o m—+1 —« : o n
Panlp) = (=)™ e[ in R (a= T ). (4.5)
By the classical ODE theory [8], one can expect that for s < —1 the typical
(generic) solutions of (4.3) and (4.5) asymptotically differ by exponentially
small factors. Of course, we must admit that (4.5) is a singular ODE with
a non-Lipschitz term, so the results on continuous dependence need extra
justification in general.
Thus, in two principal cases, the ODEs for the oscillatory component ¢(s)
are as follows:

m=2: Pip)=—|p| %, (4.6)
m=3: Ps(p)=+[p| Yo,

which show rather different properties because comprise even and odd m.
For instance, (4.5) for any odd m > 1 (including (4.7)) has two constant
equilibria since

Yy =1...(0 = Cm—-1)p=e]% = (4.8)
o(s) =+ =t[y(y—1)...(y = (2m —1))]"« forall n>0. '
For even m including (4.6) such equilibria for (4.5) do not exist, at least for
n € (0, 1]. We show how this fact affects the oscillatory properties of solutions
for odd and even m.

4.2 Periodic oscillatory components

Now, we look for periodic solutions of (4.5) which are the simplest nontrivial
bounded solutions admitting the continuation up to the interface at s = —oo.
Periodic solutions, together with their stable manifolds, are simple connec-
tions with the interface, as a singular point of the ODE (1.8).

Note that (4.5) does not admit variational setting, so we cannot apply the
well-developed potential theory (see [23, Chapt. 8] for existence—nonexistence
results and further references therein) or the degree theory [19, 20]. For m = 2
the existence of @, can be proved by shooting (see [10, Sect. 7.1]), which can
be extended to the case m = 3 as well. Nevertheless, the uniqueness of a
periodic orbit is still an open question. Therefore we formulate the following
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assertion supported by various numerical and analytical results [15, Sect. 3.7]
as a conjecture.

Conjecture 2. For any m > 2 and o € (0,1] the ODE (4.5) admits a unique
nontrivial periodic solution ¢4 (s) of changing sign.

4.3 Numerical construction of periodic orbits; m = 2

Numerical results clearly suggest that (4.6) possesses a unique periodic solu-
tion @, (s) and this solution is stable in the direction opposite to the interface,
ie., as s — +oo (see Fig. 3). The exponential stability and hyperbolicity of
w. is proved by estimating the eigenvalues of the linearized operator. This
agrees with the obviously correct similar result for n = 0; namely, for the
linear equation (4.1) with a =0

FW =_F as y— —oc. (4.9)

Here, the interface is infinite, so its position corresponds to y = —oo. In-
deed, setting F(y) = e*¥, we obtain the characteristic equation and a unique
exponentially decaying pattern

pt=-1 = Fy)~ e/ V2 [Acos(f/g) + Bsin(ﬁ2)] (4.10)

The continuous dependence on n > 0 of typical solutions of (4.5) with
“transversal” zeros only will be the key of our analysis. In fact, this prop-
erty means the existence of a “homotopic” connection between the nonlinear
equation and the linear (n = 0) one. The passage to the limit as n — 0 in
similar degenerate ODEs from the thin film equation theory is discussed in
[10, Sect. 7.6].

The oscillation amplitude becomes very small for n =~ 0, so we perform
extra scaling.

Limit n — 0

This scaling is
n 4s

o(s) = (4)243(77), where 7= 0 (4.11)

where @ solves a simpler limit binomial ODE

e1(e"P) D) = ¢ 4 49" 4 60" + 4D + D = —|B| w1 . (4.12)
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The stable oscillatory patterns of (4.12) are shown in Fig. 4. For such small
n in Fig. 4(a) and (b), by scaling (4.11), the periodic components ¢, become
really small, for example,

4
max |« (s)] ~ 3 - 1074(2) "~3-107%° for n=0.2in (a),
and max |p.(s)| ~ 1079 for n=0.08 in (b).

Limit n — oo

Then « — 1, so the original ODE (4.6) approaches the following equation
with a discontinuous sign-nonlinearity:

"

©D + 1007 + 35¢" + 50, + 24pee = —sign Yoo (4.13)

This also admits a stable periodic solution, as shown in Fig. 5.

4.4 Numerical construction of periodic orbits; m = 3

We consider Eq. (4.7) which admits constant equilibria (4.8) existing for all
n > 0. It is easy to check that the equilibria £, are asymptotically stable
as s — 4o00. Then the necessary periodic orbit is situated between of these
stable equilibria, so it is unstable as s — +oo.

Such an unstable periodic solution of (4.7) is shown in Fig. 6 for n = 15.
It was obtained by shooting from s = 0 with prescribed Cauchy data.

As for m = 2, in order to reveal periodic oscillations for smaller n (actually,
numerical difficulties arise already in the case n < 4), we apply the scaling

o(s) = (Z) g@(n), where 17 = (ij (4.14)

This gives in the limit a simplified ODE with the binomial linear operator

e 1(e"P) ) = ¢©) 4 660 4 15060 4 200" + 150" + 68 + & = |P|” 1 P

(4.15)

Figure 7 shows the trace of the periodic behavior for Eq. (4.15) with n = .

According to scaling (4.14), the periodic oscillatory component @, (s) be-
comes very small,

max |¢.| ~ 1.1 x 10718 for n =0.5.

A more detailed study of the behavior of the oscillatory component as
n — 0 was done in [11, Sect. 12].
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Fig. 3 Convergence to the stable periodic solution of (4.6) for n =2 (a) and n =4 (b).
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and n = 0.08 (b).
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Fig. 6 Unstable periodic behavior of the ODE (4.7) for n = 15. Cauchy data are given by
0(0) =104, ' (0) = "' (0) = ... = ) (0) = 0, and ¢ (0) = —5.0680839826093907 .. . x
1074 .
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Fig. 7 Unstable periodic behavior of the ODE (4.15) for n = ; Cauchy data are given
by ©(0) = 1074, ¢/ (0) = ¢ (0) = ... = »(®)(0) = 0, and ¢”"(0) = —9.456770333415 ... x

10—4.

The passage to the limit n — 400 leads to an equation with discontinuous
nonlinearity which is easily obtained from (4.7). This admits a periodic solu-
tion, which is rather close to the periodic orbit in Fig. 6 obtained for n = 15.

We claim that the above two cases m = 2 (even) and m = 3 (odd) exhaust
all key types of periodic behaviors in ordinary differential equations like the
ODE (1.8). Namely, periodic orbits are stable for even m and are unstable for
odd m, with typical stable and unstable manifolds as s — 4+00. So, we observe
a dichotomy relative to all orders 2m of the ODEs under consideration.

5 Numeric Problem: Numerical Construction and First
Classification of Basic Types of Localized Blow-up or
Compacton Patterns

We need a careful numerical description of various families of solutions of
the ODEs (1.8). In practical computations, we have to use the regularized
version of equations

(—1)"FCm™) = F — (24 F?)"2+0F in R, (5.1)
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which, for € > 0, have smooth analytic nonlinearities. In numerical analysis,
it is typical to take ¢ = 10™% or, at least, 10~ which is sufficient to revealing
global structures.

It is worth mentioning that detecting in Sect. 4 a highly oscillatory struc-
ture of solutions close to interfaces makes it impossible to use the well-
developed homotopy theory [17, 36] which was successfully applied to other
classes of fourth order ODEs with coercive operators (see also [24]).

Roughly speaking, our nonsmooth problem cannot be used in homotopic
classifications since the oscillatory behavior close to interfaces destroys stan-
dard homotopy parameters, for example, the number of rotations on the
hodograph plane {F, F’}. Indeed, for any solution of the ODE (1.8) the ro-
tation number about the origin is always infinite. Then, as F' — 0, i.e., as
y — F00, the linearized equation is (4.5) which admits the oscillatory behav-
ior (4.2).

5.1 Fourth order equation: m = 2

We describe the main families of solutions.

First basic pattern and structure of zeros

For m = 2 the ODE (1.8) takes the form
FO —F —|F|7»mF in R (5.2)

We are looking for compactly supported patterns F' (see Proposition 3.1)
such that

meassupp I° > 2R., where R, > 7 is the first (53)
positive root of the equation tanh R = — tan R. '

Figure 8 presents the first basic pattern denoted by Fy(y) for various n €
[y, 100]. Concerning the last profile n = 100, we note that (5.2) admits a
natural passage to the limit as n — +o0o, which leads to an ODE with a
discontinuous nonlinearity

F—1 for F >0,

F+1 for F<O. (5.4)

F® = F —signF' = {

A unique oscillatory solution of (5.4) can be treated by an algebraic approach
(see [10, Sect. 7.4]). For n = 1000 and n = +oc the profiles are close to that
for n = 100 in Fig. 8.
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The profiles in Fig. 8 are constructed by MATLAB with extra accuracy,
where ¢ in (5.1) and both tolerances in the bvp4c solver have been enhanced
and took the values ¢ = 1077 and Tols = 10~7. This allows us also to
check the refined local structure of multiple zeros at the interfaces. Figure 9
corresponding to n = 1 explains how the zero structure repeats itself from
one zero to another in the usual linear scale.

m=2: basic pattern Fo(y) for various n

Fig. 8 The first (stable) solution Fy(y) of (5.2) for various n.

Basic countable family: approximate Sturm property

Figure 10 presents the basic family {F;, I = 0,1,2,...} of solutions of (5.2)
for n = 1. Each profile Fj(y) has precisely [ + 1 “dominant” extrema and
I “transversal” zeros (see the further discussion below and [13, Sect. 4] for
details). It is important that all the internal zeros of Fi(y) are transver-
sal (obviously, excluding the oscillatory endpoints of the support). In other
words, each profile Fj is approximately obtained by a simple “interaction”
(gluing together) of [ + 1 copies of the first pattern +F; taking with suitable
signs (see the further development below).

Actually, if we forget for a moment about the complicated oscillatory
structure of solutions near interfaces, where an infinite number of extrema
and zeros occur, the dominant geometry of profiles in Fig. 10 looks like it
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3 m=2, n=1: basic pattern FO(y), oscillations enlarged

(a) o— ‘

—12} i
—14} i

—16} i

scale 1073

4 m=2, n=1: basic pattern FO(y), oscillations enlarged

x 10
(b) 3f 1
21 i
F(y)
1F i
i ! ! ! n L

6.5 7 7.5 8 8.5 9 9.5 10
y
scale 10~4

Fig. 9 Enlarged zero structure of the profile Fy(y) for n =1 in the linear scale.
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approximately obeys the Sturm classical zero set property, which is true only
for m = 1, i.e., for the second order ODE

F'= —F+|F|~»+F in R. (5.5)

For (5.5) the basic family {F;} is constructed by direct gluing together the
explicit patterns (1.5), i.e., =Fy. Therefore, each F} consists of precisely [ + 1
patterns (1.5) (with signs +Fp), so that the Sturm property is true. In Sect.
3, we present some analytic evidence showing that precisely this basic family
{F;} is obtained by a direct application of the LS category theory.

m=2, n=1: basic family {FI}

F(y)

0.5

-20 -15 -10 -5 0 5 10 15 20

Fig. 10 The first five patterns of the basic family {F;} of the ODE (5.2) for n = 1.

5.2 Countable family of {Fy, Fy}-interactions

We show that the actual nonlinear interaction of the two first patterns +Fy(y)
leads to a new family of profiles.

Figure 11, n = 1, shows the first profiles from this family denoted by
{F4y2 .k +2}, where in each function Flysj yo the multiindex o = {+2, k, +2}
means, from left to right, +2 intersections with the equilibrium +1, then
next k intersections with zero, and final +2 stands again for 2 intersections
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m=2, n=1: family {F+

2,k,+2}

Fig. 11 First patterns from the family {F, o j yo} of the {Fp, Fo}-interaction; n = 1.

with +1. Later on, we will use such a multiindex notation to classify other
patterns obtained.

In Fig. 12, we present the enlarged behavior of zeros explaining the struc-
ture of the interior layer of connection of two profiles ~ +Fy(y). In particular,
(b) shows that there exist two profiles Fyo ¢ 42, these are given by the dashed
line and the previous one, both having two zeros on [—1,1]. Therefore, the
identification and classification of profiles just by the successive number of
intersections with equilibria 0 and +1 is not always possible (in view of a
nonhomotopical nature of the problem), and some extra geometry of curves
near intersections should be taken into account. In fact, precisely this proves
that a standard homotopic classification of patterns is not consistent for such
noncoercive and oscillatory equations. Anyway, whenever possible without
confusion, we will continue to use such a multiindex classification, though
now meaning that in general a profile F, with a given multiindex o may de-
note actually a class of profiles with the given geometric characteristics. Note
that the last profile in Fig. 11 is Fly 6,42, where the last two zeros are seen in
the scale ~ 107° in Fig. 13. Observe here a clear nonsmoothness of two last
profiles as a numerical discrete mesh phenomenon, which nevertheless does
nor spoil at all this differential presentation.

In view of the oscillatory character of Fy(y) at the interfaces, we expect
that the family {Flyo ; +2} is countable, and such functions exist for any even
k=0,2,4,.... Then k = 400 corresponds to the noninteracting pair
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m=2, n=1: family {F+2,k,+2

}; enlarged middle zero structure
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Fig. 12 Enlarged middle zero structure of the profiles Fy 5 1, o from Fig. 11.
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s m=2, n=1: family {F }; further enlarged zero structure

x 10 +2,K,+2

2 ‘ . : ,
-2
-4
-6
-8

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

y

Fig. 13 Enlarged middle zero structure of the profiles 'y 2 ¢ 12 from Fig. 11.

Fo(y + o) + Fo(y —yo), where supp Fo(y) = [0, %o]- (5.6)

Of course, there exist various triple { Fy, Fo, Fo} and any multiple interactions
{Fo, ..., Fo} of k single profiles, with different distributions of zeros between
any pair of neighbors.

5.3 Countable family of {—Fy, Fy}-interactions

We describe the interaction of —Fy(y) with Fy(y). In Fig. 14, n = 1, we
show the first profiles from this family denoted by {F_2  +2}, where for the
multiindex o = {—2, k, +2}, the first number —2 means 2 intersections with
the equilibrium —1, etc. The zero structure close to y = 0 is presented in
Fig. 15. It follows from (b) that the first two profiles belong to the class
F_51,9, ie., both have a single zero for y ~ 0. The last solution shown is
F_5 5 12. Again, we expect that the family {F_s ; 42} is countable, and such
functions exist for any odd k£ = 1,3,5,..., and k = +o0o corresponds to the
noninteracting pair

—Fo(y + o) + Fo(y —yo)  (supp Fo(y) = [0, Yo))- (5.7)

There exist families of arbitrarily many interactions such as {+Fp, +Fp,...,
+Fy} consisting of any k > 2 members.
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m=2, n=1: family {F—Z,k,+2}

F(y)
-0.5F E
- === - e 4
_1 .5 L Il Il Il Il Il Il ]
-15 -10 -5 0 5 10 15
y
Fig. 14 First four patterns from the family {F_ ; 42} of the {—Fp, Fp}-interactions;
n=1.

5.4 Periodic solutions in R

Before introducing new types of patterns, we need to describe other noncom-
pactly supported solutions in R. As a variational problem, Eq. (5.2) admits
an infinite number of periodic solutions (see, for example, [23, Chapt. 8]). In
Fig. 16 for n = 1, we present a special unstable periodic solution obtained by
shooting from the origin with conditions

F(0) =15, F'(0)=F"(0)=0, F"(0)=—0.3787329255....
We will show next that precisely the periodic orbit Fi(y) with
F.(0) ~1.535... (5.8)

plays an important part in the construction of other families of compactly
supported patterns. Namely, all the variety of solutions of (5.2) that have
oscillations about equilibria +1 are close to +F(y) there.
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m=2, n=1: family {F—2,k,+2}
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Fig. 15 Enlarged middle zero structure of the profiles F_ j, o from Fig. 14.
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m=2, n=1: Unstable periodic solution about 1: F(0)=1.5, F”(0)=-0.3787329255...

\ L y/ |
0.4f N Vv v/

Fig. 16 An example of a periodic solution of the ODE (5.2) for n = 1.

5.5 Family {F o}

Such functions F. o for & > 1 have 2k intersection with the single equilibrium
+1 only and have a clear “almost” periodic structure of oscillations about
(see Fig. 17(a)). The number of intersections denoted by +2k gives an extra
Strum index to such a pattern. In this notation, Flyo = Fj.

5.6 More complicated patterns: towards chaotic
structures

Using the above rather simple families of patterns, we claim that a pattern
(possibly, a class of patterns) with an arbitrary multiindex of any length

o ={+01,09,+03,04,...,%0;} (5.9)

can be constructed. Figure 17(b) shows several profiles from the family with
the index o = {+k,l,—m,l,+k}. In Fig. 18, we show further four different
patterns, while in Fig. 19, a single most complicated pattern is presented, for
which

oc={-8,1,44,1,-10,1,+48,1,3,-2,2,-8,2,2, —2}. (5.10)
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192
m=2, n=1: family {F+k}
(a)
-30 -20 -10 0 10 20 30
y
Fior(y)
m=2, n=1: family {F+k|—m|+k}
(b)

_30 _20 ~10 0 10 20
y
Foypi,—m, i+

Fig. 17 Two families of solutions of (5.2) for n = 1; Fyox(y) (a) and Fip ; —m.i,+k (D).
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m=2, n=1: pattern F+612’+2’2’+6
1.6 T T T T T T

-30 -20 -10 0 10 20 30

o={+6,2,+2,2,+6}

m=2, n=1: pattern F+6,2,+4,1,—2,1,+2

o ={+6,2,+4,1,-2,1+2}
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m=2, n=1: pattern F+2,2,+4,2,+2,1,—4

T T T T T T

1.5F

0.5

F(y),

15} d

o ={+2,2,+4,2,+2,1, -4}

m=2, n=1: pattern F+6,3,—4,2,-6

o ={+6,3,—4,2, -6}

Fig. 18 Various patterns for (5.2) for n = 1.
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m=2, n=1: pattem F—s,1,+4,1,—10,1,+8,3—2,2,—8,2,-2

-80 -60 -40 -20 0 20 40 60 80

y

Fig. 19 A complicated pattern F,(y) for (5.2) for n = 1.

All computations are performed for n = 1 as usual. Actually, we claim
that the multiindex (5.9) can be arbitrary and takes any finite part of any
nonperiodic fraction. Actually, this means chaotic features of the whole family
of solutions {F, }. These chaotic types of behavior are known for other fourth
order ODEs with coercive operators, [24, p. 198].
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L, ,-Cohomology of Riemannian
Mamfolds with Negative Curvature

Vladimir Gol’dshtein and Marc Troyanov

Dedicated to the memory of Sergey L’vovich Sobolev

Abstract We consider the L, ,-cohomology of a complete simply connected
Riemannian manifold (M, g) with pinched negative curvature. The connec-
tion between the L, ,-cohomology of (M,g) and Sobolev inequalities for
differential forms on (M, g) was established by the authors in the previous
publications.

1 Introduction

In [5], we established a connection between Sobolev inequalities for differ-
ential forms on a Riemannian manifold (M, g) and an invariant, called the
L ,-cohomology (H(ip(M)) of the manifold (M, g). In this paper, we prove
nonvanishing results for the L, ,-cohomology of simply connected complete
manifolds with negative curvature.

1.1 L, ,-cohomology and Sobolev inequalities

To define the Ly p-cohomology of a Riemannian manifold (1, g), we first
recall the notion of the weak exterior differential of a locally integrable
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differential form. Denote by C2°(M, A*) the space of smooth differential forms
of degree k with compact support on M.

Definition. A form ¢ € L}, (M, A¥) is the weak exterior differential of a form
@ € L1 (M, A*~1) and one writes dp = @ if for every w € C (M, A"~F)

loc
/GAw:(—l)k/cp/\dw.
M

M

The Sobolev space W1P(M, A*) of differential k-forms is defined as the
space of k-forms ¢ in LP(M) such that dp € LP(M) and d(xp) € LP(M),
where % : A¥ — A"~* is the Hodge star homomorphism. In this paper, we are
interested in a different “Sobolev type” space of differential forms, denoted by
Qg,p(M); namely, the space of all k-forms ¢ in L9(M) such that dp € LP(M)
(1 < gq,p < o0). It is a Banach space relative to the graph norm

lwlloy = llollge + dwl - (1.1)

When k = 0 and ¢ = p, the space 2) (M) coincides with the classical Sobolev
space W1 (M) of functions in L? with gradient in L. Note that a more general
space Qgp(M ) was considered in [10] in the context of embedding theorems
and Sobolev inequalities.
To define the L, ,—cohomology of (M, g), we introduce the space of weakly
closed forms
ZH (M) = {w € LP(M, A¥) | dw = 0}

and the space of differential forms in LP(M) having a primitive in LI(M)
k k-1
By (M) =d(£2,,")

Note that Z}’;(M) C LP(M, A*%) is always a closed subspace, but this is, in
general, not the case of BY (M), and we denote by B];,p(M) its closure in

the LP-topology. We also note that B];,p(M) @ Z}’,f(M) (by continuity and
dod=0). Thus,

BY (M) C BE (M) C Z¥(M) = Zs(M) C LP(M, A%).

Definition. The L, ,-cohomology of (M,g) (where 1 < p, ¢ < 00) is

HY (M) := Z¥(M)/BY (M)

0.p a.p
and the reduced Lg p-cohomology of (M, g) is

H. (M) = ZF(M)/B} (M).

q9,p
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The reduced cohomology is a Banach space, whereas the unreduced coho-
mology is a Banach space if and only if it coincides with the reduced one.

In [5, Theorem 6.1], we established the following connection between
Sobolev inequalities for differential forms on a Riemannian manifold (M, g)
and the L, ,—cohomology of (M, g).

Theorem 1.1. Hf,p(M, g) = 0 if and only if there exists a constant C' < 0o
such that for any closed p-integrable differential form w of degree k there
exists a differential form 6 of degree k — 1 such that df = w and

161l e < CllwllLs -

Suppose that & = 1. If M is simply connected (or, more generally,
Hlgham (M) = 0), then any w € Z)(M) has a primitive locally inte-
grable function f, df = w. This means that for simply connected mani-
folds the space Z} (M) coincides with the seminormed Sobolev space L] (M),
£ 22 cary == lldf | Lo (ary- Then Theorem 1.1 reads as follows.

P

Corollary 1.2. Suppose that (M, g) is a simply connected Riemannian man-
ifold. Then H, ,(M,g) = 0 if and only if there exists a constant C < oo
depending only on M, (q,p), and a constant ay < oo depending also on
f e L)(M,g) such that

If = asllpe <CldfllL

for any f € Ly(M,g).

In this paper, we prove nonvanishing results for the L, ,-cohomology of
simply connected complete manifolds with negative curvature, which con-
cerns the nonexistence of Sobolev inequalities for such pairs (g, p).

1.2 Statement of the main result

The main goal of the present paper is to prove the following nonvanishing
result for the L, ,-cohomology of simply connected complete manifolds with
negative curvature.

Theorem 1.3. Let (M, g) be an n-dimensional Cartan—Hadamard manifold*
with sectional curvature K < —1 and Ricci curvature Ric > —(1+4¢)?(n—1).

(A) Assume that

1 k k—1 1
+€< and +e< +E.
P n—1 n—1 q

I Recall that a Cartan-Hadamard manifold is a complete simply connected Riemannian
manifold of nonpositive sectional curvature.
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Then HJ (M) # 0.
(B) If, in addition,

1+4+¢ k k—1 . 14+¢e¢ 1+e¢
< and + € < min , ,
P n—1 n—1 q P

k
then H, (M) # 0.

Theorem 1.3, together with Theorem 1.1, has the following (negative) con-
sequence regarding Sobolev inequalities for differential forms.

Corollary 1.4. Let (M,g) be a Cartan-Hadamard manifold as above. If q
and p satisfy assumption (A) of Theorem 1.3, then there is no finite constant
C such that any smooth closed k-form w on M admits a primitive 6 such that
df = w and

101l Laary < CllwllLear)-

The proof of Theorem 1.3 is based on the duality principle established
in [5] and a comparison argument inspired by Chapt. 8 of the book [8] by
Gromov. Now, we discuss some particular cases.

e If M is the hyperbolic plane H? (n = 2, = 0), Theorem 1.3 says that

1 .
H,, (H?) # 0 for any ¢, p € (1,00); and another proof can be found in [5,
Theorem 10.1].

e For ¢ = p Theorem 1.3 says that HI;,p(M) # 0 provided that

k—1 1+e¢ k
; 1.2
n_1+a< p < (1.2)

this result was already known [8, p. 244]. The inequalities (1.2) can also
be written in terms of £k as follows:
n—T n—T

<k< + 7
p p

with7=1—¢(n—1).

e By contrast, Pansu [11, Theorem A] proved that H} (M) = 0 if the
sectional curvature satisfies
-1

~(1+e)’<K<-1 and (1—}—5)p<n]€ +e.

e A Poincaré duality for the reduced LP-cohomology was proved in [2], it
says that for a complete Riemannian manifold

k n—k

Hp’p(M) = Hp’,p’(M)
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with p’ = p/(p — 1). This duality, together with the result of Pansu and
some algebraic computations, implies that for a manifold M as in Theorem

1.3 we also have H,, (M) =0 if

0> (n—1)+€(n—k).
kE—1

e Consider, for example, the hyperbolic space H™. This space is a Cartan—
Hadamard manifold with constant sectional curvature K = —1, and the
reduced cohomology is known. Indeed, we have ¢ = 0 and, by the above
three inequalities, Hzp (H™) # 0 if and only if p € (";1, Z:i) (or, equiv-
alently, ";1 <k< ";1 + 1). This assertion also follows from the compu-
tation of the L,-cohomology of warped cylinders in [3, 4].

For ¢ > 0 there is still a gap between vanishing and nonvanishing results for
the L, ,-cohomology. When & > ! | the estimate (1.2) no longer gives any
information about the L, ,-cohomology. Note, by contrast, that Theorem 1.3
always produces some nonvanishing L, ,-cohomology.

2 Manifolds with Contraction onto the Closed Unit Ball

Theorem 2.1 below, inspired by [8], can be regarded as an application of
the concept of almost duality in [5]. It will be used in the proof of Theorem
1.3. Recall that, by the Rademacher theorem, a Lipshitz map f : M —
N is differentiable for almost all z € M and its differential df, defines a
homomorphism

AR fo o AR(TyN) — AF(T, M).

Denote by |A* f,| the norm of this homomorphism.

Theorem 2.1. Let (M, g) be a complete Riemannian manifold, and let f :
M —B" bea Lipschitz map such that

|A¥fl e LP(M) and |A™7*f| € LY (M),

where B" is the closed unit ball in R™ and ¢ = q/(q—1). Assume that

ffwe LY(M) and /f*w;é(),
M

where w = dx1 N\ dxo A -+ A dx, is the standard volume form on B". Then
H(ip(M) #0.

. n— ’ k
Furthermore, if |A"~% f| € LP (M) for p' = o1 then Hy (M) # 0.
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The proof of this theorem uses the following “almost duality” result.

Proposition 2.2. Let (M,g) be a complete Riemannian manifold, and let
k . n—k

o € Z;(M). Assume that there exists a closed (n — k)-form v € Z;;""(M)

forq' = such that y Na € LY(M) and

/’y/\a;éO.

M

k : n—k n—k _
Then H, ,(M) # 0. F:rthermore, ify € Zy " (M)NZ (M) for p' = pfl
and ¢’ = *, then H, (M) # 0.

This assertion is contained in [5, Propositions 8.4 and 8.5].
We also need some facts about locally Lipschitz differential forms.

Lemma 2.3. For any locally Lipschitz functions g,hy,...,hy : M — R
d(gdhy Ndha A ... Ndhi) =dg ANdhy Adha A ... A dhy

in the weak sense.

Denote by Lip* (M) the algebra generated by locally Lipschitz functions
and the wedge product. By Lemma 2.3, Lip*(M) is a graded differential
algebra. Elements of Lip* (M) are referred to as locally Lipschitz forms.

Proposition 2.4. For any locally Lipschitz map f : M — N between two
Riemannian manifolds the pullback f*(w) of any locally Lipschitz form w is
a locally Lipschitz form and d(f*(w)) = f*(dw).

A proof of Lemma 2.3 and Proposition 2.4 can be found in [1] (see also [6]
for some related results).

Proof of Theorem 2.1. We set w’ = dx1 Adxs A -+ Adxy, and W’ = dagyr A
dxy A - -+ Adxy,. Using the inequality

[(Frw)al <A f] i),
we find that
p
15 nae = | 10wl ae) <[ [ (2550w [) s
M

M

/
W)

< ||/1kf||Lp(M) Il Lo (a1, a8y < 00

We set a = f*w’. Since f is a Lipschitz map, « is a Lipshitz form and,
by Proposition 2.4, we have da = f*dw’ = 0. The previous inequality says
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that a € LP(M, A¥). Thus, o € Z}(M). The same argument shows that
v =€ Z;lfk(M), where v = f*w”.
By assumption, a Ay = f*(w' AW") = f*(w) € L*(M) and

/vAa:/f*waéO.

M M

Hence, by Proposition 2.2, we have HY (M) # 0.
If, additionally, we assume that A"~*f, € Lpl(M) for p/ = pfl, then

n—k . s k
v € Z,"(M) and, by the second part of Proposition 2.2, H, (M) #0. O

The paper [7] contains other results relating the L, ,-cohomology and
classes of mappings.

3 Proof of the Main Result

Let (M,g) be a complete simply connected manifold of negative sectional
curvature of dimension n. Fix a base point o € M and identify T,M with R"
by a linear isometry. Then the exponential map exp, : R" = T,M — M is
a diffeomorphism, and we define a map f : M — B", where B" C R" is the
closed Euclidean unit ball, by the formula

exp, H(x) if Jexpyt(z)] <1,

fz) =

exp, ()

if [exp-H(x)| > 1.
oy e )

Using the polar coordinates (r,u) on M, i.e., writing a point x € M as
x = exp,(r - u) with u € S*"! and r € [0,00), we can write this map as
f(r,u) = min(r,1) - u. Since the exponential map is expanding, the map
f+M— B" is contracting and, in particular, is a Lipschitz map.

Recall that w = dz1 Adxa A- -+ Adx,, 1s the volume form on B". It can also
be written as v~ 'dr A dog, where dog is the volume form of the standard
sphere S"~1. Tt follows that f*w = 0 on the set {x € M | d(o,z) > 1}
and f*w has compact support and is integrable. Denote by Uy = {2 € M |
d(o,x) < 1} the Riemannian open unit ball in M. The restriction of f to Uy
is a diffeomorphism onto B".

Therefore,
/f*w:/f*w:/w:Vol(IB%")>0.
M U B»

The next lemma implies that [A* f| € LP(M) if
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1+¢€ k
<
P n—1
and [A""F f| € LY (M) if
1+e¢ - n—=k
q n—1"
Note that the inequality
1+4¢ o k
q n—1
is equivalent to the inequality
k—1 14¢€
+e<
n—1 q

since ¢/ = q/(q — 1). Likewise, |[A" % f| € LV (M) if

k—1 1+e¢€
+e< .
n—1 D
In conclusion, the map f satisfies all the assumptions of Theorem 2.1,
as soon as assumption (A) or (B) of Theorem 1.3 is fulfilled. The proof of
Theorem 1.3 is complete.

Lemma 3.1. The map f: M — B" satisfies |[A™ f| € L5(M) if

1+4+¢ m
< .
S n—1

Proof. By the Gauss lemma from Riemannian geometry, we know that, in the
polar coordinates, M =~ [0,00) x S"=1/({0} x S"~1), the Riemannian metric
can be written as

g = dr? + 9,

where g, is a Riemannian metric on the sphere S*~!. The Rauch comparison
theorem tells us that if the sectional curvature of g satisfies K < —1, then

gr < (sinh(r))? go, (3.1)

where gq is the standard metric on the sphere S*~! (see any textbook on Rie-
mannian geometry, for example, [12, Sect. 6.2, Corollary 2.4] or [9, Corollary
4.6.1]). Using the fact that the Euclidean metric on R™ = T,M is written
in the polar coordinates as ds® = dr? + r?gg and taking into account the
inequality (3.1), we find
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for any covector 6 € T(*T’U)M , orthogonal to dr. Since f*(dr) has compact
support, we conclude that

el <eonst (L n )l

for any m-form ¢ € A™(T; , M). In other words, we have the pointwise
estimate

m r "
|A™ fl(ru) < const <sinh(r)> . (3.2)

By the Ricci curvature comparison estimate, Ric > —(1+¢)?(n—1) implies
that the volume form of (M, g) satisfies

inh((1 n—1
dvol < <Sm (1(;;5)” ) dr A doy, (3.3)

where doy is the volume form of the standard sphere S*~! (see, for example,
[12, Sect. 9.1.1]). The above inequalities give us a control of the growth of
|A™ f1{,. ,ydvol. To be precise, let us choose a number ¢ such that

ml+e) <t <s.
n—1
Then (3.2) and (3.3) imply
|A™ f[¢,.ydvol < const e dr A dag

with a = mt — (n—1)(14¢) > 0. The last inequality implies the integrability
of [A™fI7,

/|Amf|(ru)dvol Vol (S"* /e “Tdr < oo.
0

The lemma is proved. a
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Volume Growth and Escape Rate of
Brownian Motion on a
Cartan—Hadamard Manifold

Alexander Grigor’yan and Elton Hsu

Abstract We prove an upper bound for the escape rate of Brownian motion
on a Cartan-Hadamard manifold in terms of the volume growth function. One
of the ingredients of the proof is the Sobolev inequality on such manifolds.

1 Introduction

Let M be a geodesically complete noncompact Riemannian manifold. We de-
note by d(z,y) the geodesic distance between x and y and by p the Rieman-
nian volume measure. We use P, to denote the diffusion measure generated
by the Laplace-Beltrami operator A. Let X = {X;, t € R, } be the coordi-
nate process on the path space W(M) = C(Ry, M). By definition, P, is a
probability measure on W (M) under which X is a Brownian motion starting
from .

Fix a reference point z € M, and let p(x) = d(x, z). We say that a function
R(t) is an upper rate function for Brownian motion on M if

P.{p(X:) < R(t) for all sufficiently large ¢t} = 1.

The purpose of this paper is to study the rate of escape of Brownian motion
on M in terms of the volume growth function. Let us first point out that the
notion of an upper rate function makes sense only if the lifetime of Brow-
nian motion is infinite. In this case, the manifold M is called stochastically
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complete. The stochastic completeness is equivalent to the identity

/f@%w@@=L

M

where p(t, z,y) is the minimal heat kernel on M, which is also the transition
density function of Brownian motion on M.

Let B(z, R) be the geodesic ball of radius R centered at z. It was proved
(3] that M is stochastically complete if

(o]

rdr
| rcx (e my = (1)

The integral in (1.1) will be used in this paper to construct an upper rate
function. Before we state the result, let us briefly survey the existing estimates
of escape rate.

e The classical Khinchin law of the iterated logarithm says that for a Brow-
nian motion in R™ with probability 1

lim sup p(Xe) =
t—oo  \/4tloglogt

(the factor 4 instead of the classical 2 appears because, in our setting, a
Brownian motion is generated by A rather than JA). It follows that for
any € > 0

R(t) = /(44 ¢)tloglogt (1.2)

is an upper rate function.

e If M has nonnegative Ricci curvature, then (1.2) is again an upper rate
function on M (see [9, Theorem 1.3] and [7, Theorem 4.2]).

e If the volume growth function is at most polynomial, i.e.,
u(B(z,r)) < CrP
for large enough 7 and some positive constants C' and D, then the function
R(t) = const /tlogt (1.3)

is an upper rate function (see [15, Theorem 5.1], [7, Theorem 1.1], and [9,
Theorem 1.1]). Note that the logarithm in (1.3) is single in contrast to (1.2)
and, in general, cannot be replaced by the iterated logarithm (see [1, 10]).

e If the volume growth function admits a sub-Gaussian exponential estimate

u(B(z,7)) < exp(Cr®)
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where 0 < a < 2, then the function
R(t) = const tata
is an upper rate function (see [7, Theorem 4.1]).

Note that (1.1) is satisfied if the volume growth function admits the Gaus-
sian exponential estimate

w(B(z,7)) < exp(Cr2) (1.4)

(under the condition (1.4), the stochastic completeness was also proved by
different methods in [15], [12], and [2]). However, none of the existing results
provided any estimates of escape rate under the condition (1.4), let alone
under the volume growth function exp(Cr?logr) and the like.

We construct an upper rate function under the most general condition
(1.1). However, we assume, in addition, that M is a Cartan-Hadamard man-
ifold, i.e., a geodesically complete simply connected Riemannian manifold of
nonnegative sectional curvature. The property of Cartan-Hadamard man-
ifolds that we use is the Sobolev inequality: if N = dim M, then for any
function f € C§°(M)

N-—-1
N

( / |f|N131du> <O / V1|, (1.5)
M M

where Cly is a constant depending only on N (see [11]). The Sobolev inequal-
ity allows us to carry through the Moser iteration argument in [14] and prove
a mean value estimate for solutions of the heat equation on M, which is one
of the ingredients of our proof.

Now, we state our main result.

Theorem 1.1. Let M be a Cartan—Hadamard manifold. Assume that the
following volume estimate holds for a fized point z € M and all sufficiently
large R :

1(B(z, R)) < exp(f(R)), (1.6)

where f(R) is a positive, strictly increasing, and continuous function on
[0, 400) such that

oo
rdr

f(r)
Let ¢(t) be the function on Ry defined by

= o0. (1.7)

w(t)

rdr
t= 0/ £r)’ (1.8)
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Then R(t) = ¢(C't) is an upper rate function for Brownian motion on M for
some absolute constant C (for example, for any C > 128).

If we set f(R) = logu(B(z, R)) for large R, then the condition (1.7) be-
comes identical to (1.1). Under this condition, Theorem 1.1 guarantees the
existence of an upper rate function R(t). This, in particular, means that
in a finite time Brownian motion stays with probability one in a bounded
set, which implies that the life time of Brownian motion is infinite almost
surely. Hence the manifold M is stochastically complete. This recovers the
above cited result that (1.1) on geodesically complete manifolds implies the
stochastic completeness, although under the additional assumption that M
is Cartan—-Hadamard.

Let us show some examples.

o If
u(B(z, R)) < CRP (1.9)

for some constants C' and D, then (1.6) holds with
f(R) = Dlog R + const

and (1.8) yields

()02

b= 2Dlog o’
It follows that log¢ ~ log ©? and

o(t) ~ \/Dtlogt.
Hence the function
R(t) = \/CDtlogt
is an upper rate function which matches the above cited results of [7, 9, 15].

o If u(B(z,R)) < exp(Cr®) for some 0 < a < 2, then (1.6) holds with
f(R) = Cr® and (1.8) yields t ~ ¢(t)?>~®. Hence we obtain the upper rate
function

R(t) = Ct2"a
which matches the above cited result [7].

o If
1(B(z, R)) < exp(CR?),

then f(R) = CR?. Then (1.8) yields ¢ ~ Inp(t). Hence we obtain the
upper rate function
R(t) = exp(Cht).

This result is new. Similarly, if

#(B(z, R)) < exp(CR*log R),
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then (1.8) yields ¢ ~ loglog . Hence
R(t) = exp(exp Ct)).

The hypothesis that M is Cartan-Hadamard can be replaced by the re-
quirement that the Sobolev inequality (1.5) holds on M. Furthermore, the
method goes through also in the setting of weighted manifolds, when mea-
sure p is not necessarily the Riemannian measure, but has a smooth positive
density, say o(z), with respect to the Riemannian measure. Then, instead
of the Laplace-Beltrami operator, one should consider the weighted Laplace
operator

1
A, = " div (oV)

which is symmetric with respect to u. Theorem 1.1 extends to the weighted
manifolds that are geodesically complete and satisfy the Sobolev inequal-
ity (1.5).

This paper is organized as follows. Section 2 contains the proof of an upper
bound for certain positive solutions of the heat equation. In Sect. 3, we prove
the main result stated above. In Sect. 4, we compute the sharp upper rate
function on model manifold and show that, for a certain range of volume
growth functions, the upper rate function of Theorem 1.1 is sharp up to a
constant factor in front of ¢.

2 Heat Equation Solution Estimates

In this section, we prove a pointwise upper bound of certain solutions of
the heat equation on a Cartan-Hadamard manifold M (Theorem 2.3). It is
an easy consequence of an L2-bound for a general complete manifold and
a mean value type inequality for a Cartan-Hadamard manifold. These two
upper bounds are known, and we state them as lemmas.

For any set A C M let A, be the open r-neighborhood of A in M.

Lemma 2.1. Let M be a geodesically complete Riemannian manifold. Sup-
pose that u(z,t) is a smooth subsolution to the heat equation in the cylinder
A, x[0,T], where A C M is a compact set and r,T > 0 (see Fig. 1). Assume
also that 0 < u(z,t) < 1 and u(xz,0) =0 on A,. Then for any t € (0,7

/uQ(x, Ddpu(x) < p(Ar) max (1, ’;) exp (- ’; + 1) .
A

For the proof see [6, Theorem 3] (see also [7, Proposition 3.6]). Note that no
geometric assumption about M is made except for the geodesic completeness.
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Fig. 1 Illustration to Lemma 2.1.

The proof exploits essentially the property of the geodesic distance function
that |Vd| < 1.

Takeda [15] proved a similar estimate for /u(x,t)du(:v) by using a dif-
A
ferent probabilistic argument. However, it is more convenient for us to work
with the L? rather than with L! estimate in view of the following lemma.

Lemma 2.2. Let M be a Cartan—Hadamard manifold of dimension N.
Suppose that u(z,t) is a smooth nonnegative subsolution to the heat equation
in a cylinder B(y,r) x [0,T], where r,T > 0 (see Fig. 2). Then

u(y, )\mm\/TTNH// W2 (z, 8) dp(z)dt, (2.1)

0 B(y,r)

where Cy is a constant depending only on N.

Proof. As was already mentioned above, a Cartan—-Hadamard manifold ad-
mits the Sobolev inequality (1.5). By a standard argument, (1.5) implies the
Sobolev-Moser inequality

2/N
/ P du < 0N< / |f|2du> / V12 dp,
M M M

which leads, by the Moser iteration argument [14], to the mean value in-
equality (2.1). Note that the value of Cy may be different in all the above
inequalities.

An alternative proof of the implication (1.5)=(2.1) can be found in [4]
(see also [5, Theorem 3.1 and formula (3.4)]). O
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Fig. 2 Illustration to Lemma 2.2.

With these two preliminary results, we prove the main inequality in this
section. This inequality gives an upper bound for probabilities of escaping
times not exceeding a given upper bound.

Theorem 2.3. Let M be a Cartan—Hadamard manifold of dimension N.
Suppose that u(z,t) is a smooth subsolution to the heat equation in a cylinder
B(y,2r)x[0,T], where r,T > 0. If 0 < u < 1 in this cylinder and u(x,0) =0
on B(y,2r), then

u(y, T) < On/pu(B(y, 2r))

max(VT, ) ( r2 ) | (22)

min(v/7T,7)+N/2 P\ Tur

Proof. We use Lemma 2.1 with A = B(y,r). Then A, = B(y, 2r) and for any
0<t<T

2 2
u?(z, t)du(z) < u(B(y,2r)) max (1, ;t> exp (— ;t + 1)
B(y,r)

(see Fig. 3). Hence

T
u? (z, t)dp(x)dt
T/2 B(y,r)
2 2
< — .
< 2u(B(y, 2r))T max (1, T) exp ( ZT)

Applying Lemma 2.2 in the cylinder B(y,r) x [T/2,T], we obtain
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max(T, r? r?
u(y, T)> < Cnvp(Bly, 27‘))min(\/£,?:;)zv)+2 exp <_2T> '

Hence (2.2) follows. O

b
[

172

Fig. 3 Illustration to the proof of Theorem 2.3.

3 Escape Rate of Brownian Motion

We first explain the main idea of the proof. For any open set 2 C M we
denote by 7, the first exit time from (2, i.e.,

To =inf{t >0: X, & 2}.

Recall that B(z,r) denotes the geodesic ball of radius r centered at z. Fix a
reference point z € M and set p(x) = d(z, z).

Let {R,}52; be a sequence of strictly increasing radii to be fixed later
such that HILngO R,, = co. Consider the following sequence of stopping times:

Tn = TB(z,Rn)"

Then 7, — 7,—1 is the amount of time the Brownian motion X; takes to
cross from 0B(z, R,—1) to 0B(z, R,,) for the first time (if n = 0, then we set
Ry = 0 and 79 = 0). Let {¢,}72, be a sequence of positive numbers to be
fixed later. Suppose that we can show that

sz{Tn — Tn—1 g Cn} < Q. (31)
n=1

Then, by the Borel-Cantelli lemma, with P_-probability 1 we have
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Tn — Tn—1 > ¢, for all large enough n. (3.2)

For any n > 1 we set
n
Tn = Z Ck.
k=1

From (3.2) it follows that for all sufficiently large n
Tn > Tn - TO;

where T} is a large enough (random) number. In other words, we have the
implication

t<T,—Ty = p(Xi) < R, if nislarge enough. (3.3)
Let ¢ be an increasing bijection of Ry onto itself such that
Th_1—Y(R,) — +00 as n — oo. (3.4)

We claim that ¢)~! is an upper rate function. Indeed, for large enough t we
choose n such that
Tho1—To<t<T,—"Tp.

If ¢ is large enough, then also n is large enough so that, by (3.3),

and, by (3.4),
Tn—l — w(Rn) > T().

It follows that
t>Th—1—To > P(Ry).

Hence
p(X1) < Ry <9 '(t),

which proves that 1! is an upper rate function.
Now, let us find ¢, such that (3.1) is true. By the strong Markov property
of Brownian motion, we have

P A1, —Th-1 < cn} = E.Px, | {mn < en}. (3.5)

Note that X, |, € 0B(z, R,—1). If a Brownian motion starts from a point
y € 0B(z, R,—1), then it has to travel no less than the distance

T'n = Rn - Rnfl

before it reaches OB(z, R,,) (see Fig. 4). Hence
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Py{Tn < Cn} < ]P)y{TB(y,rn) < Cn}7 Y S aB(ZaRnfly

Fig. 4 Brownian motion X; exits the ball B(y, r,) before B(z, Ry).

From the above inequality and (3.5) we obtain

P A1, — Th-1 < cn} < sup P {TB(y,r,) < Cn}- (3.6)
yE€OB(z,Rp—1)

For a fixed y € 0B(z, R,—1) we consider the function
u(z,t) = Pe{Tp(y,r <t}

Clearly, u(x, t) is the solution of the heat equation in the cylinder B(y, r)xR.
Furthermore, 0 < u < 1 and

u(z,0) =0 for x € B(y,r).

The probability we wanted to estimate is the value of the solution at the
center of the ball:

Py{TB(y,rm) < cn} = u(y, cn).

Applying the estimate (2.2) of Theorem 2.3 in the cylinder B(y,r,) % [0, ¢;,]
and noting that B(y,r,) C B(z, Ry) so that

w(B(y, ) < exp(f(Rn)),

we obtain

max(y/Cn, Tn r2
u(y.c) < O exp(f(Ry)/2) XV Tn) x( ) (3.7)

min(y/cy,, 7, ) 1 TN/2 P\ 16¢,

Now, we choose ¢, to satisfy the identity
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2

T
16¢, f(Bn)
ie.,
1 72
Cp = .
16 f(Rn)

Noticing that ¢,, < r2 for large enough n, form (3.7) we obtain
Tn
Py {mB(y,r,) < cn} < Cn e 14N/2 exp(—f(Rn)/2)
= Oy M2 f(Ra) " exp(—f(Ra)/2)
< CNT‘;N/Q.

Set now R, = 2" so that r,, = 2"~!. The above estimate together with (3.6)
obviously implies

Z]P{Tn Tn— 1 CNZT'

ie., (3.1).
Knowing the sequences {R,,} and {c¢,}, we can now determine a function
1 that satisfies (3.4). Indeed, we have

"~ Riy1(Ripr — Ry)
Ty—ci+.. +ecn
R T Z f = 128 Z F(Ry)

Rn+1
rdr rdr
128 Z / 128 flr)
Ry

Setting

T

rdr
¢(T) =C f(’f') )

where ¢ < and using (1.7), we obtain

128’

Tp — (Ryy1) — 00 as n — 00,

which is equivalent to (3.4). Therefore, 1»~! is an upper rate function. Clearly,
P~ L(t) = p(Ct), where ¢ is defined by (1.8) and C' = ¢!, which completes
the proof of our main result, Theorem 1.1.
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4 Escape Rate on Model Manifolds

In this section, we compute sharp upper rate function on model manifolds
and compare it to the one from Theorem 1.1. We first illustrate the method
in a simple case when M is a hyperbolic space.

4.1 Constant curvature

Let M be the hyperbolic space HY of dimension N and of the constant
sectional curvature —K. Then u(B(z,7)) < CeN=DE" 50 that we can take
f(r)=(N —1)Kr. Theorem 1.1 yields the following upper rate function:

R(t) = CK(N — 1)t.

In this case, a sharp upper rate function can be computed as follows. The
radial process r, = p(X}) satisfies the identity (see [13])

t
= V2W, + (N — 1)/KcothKrsds,
0

where W; is a one-dimensional Brownian motion. We have

Wi

ry — oo and . — 0

as t — oo. Therefore,
— (N -1)K.

Hence a sharp upper rate function is
R(t)=(14¢e)K(N — 1)t,

where € > 0.

4.2 General model manifolds

Here, M is not necessarily Cartan—Hadamard, but we do assume that M has
a pole z, i.e., the exponential map exp : T.M — M is a diffeomorphism.
Then the polar coordinates (p, ) are defined on M \ {z}. The manifold M is
said to be a model if the Riemannian metric of M is spherically symmetric,
i.e., has the form
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ds* = dr* + h(r)?d?, (4.1)

where h(r) is a smooth positive function of r > 0 and d#? is the canonical
metric on SV’ ~! (note that  varies in S¥~1). For example, R" is a model with
h(r) = r and the hyperbolic space HY is a model with h(r) = K~!sinh Kr.
The volume growth function of the metric (4.1) is

V(r) == u(B(z1)) = wx / h(s)N-1ds,
0

where wy is the (N —1)-volume of the unit sphere S¥~!. The Laplace operator
of the metric (4.1) is represented in the polar coordinates as follows:
9? o) 1
A — A n—

or2 T g T a gy A
where Agn-1 is the Laplacian in the variable § with respect to the canonical
metric of SY~! and

h/ V//
= (N -1 = .

m(r) = (N -1)) = 1
The function m(r) plays an important role in what follows. Clearly, m satisfies
the identity

V'(r)=V"'(ro) exp( /m(s)ds) (4.2)

for all r > rg > 0. We assume in the sequel that

m(r) >0 and m/(r) > 0 for large enough r (4.3)
and -
o (4.4)
m(r)

For example, we have m(r) = ¥~ in RN and m(r) = (N — 1)K coth Kr in
HEY. In neither case is the hypothesis (4.3) satisfied. On the other hand, if
V'(r) = exp(r®), then m(r) = ar®~!, and both (4.3) and (4.4) are satisfied
provided that 1 < a < 2. If V'(r) = exp(r2log® r), then (4.3) and (4.4) hold
forall 0 < g < 1.

We claim that, under the condition (4.3), the Brownian motion on M is
transient and, under the conditions (4.3)—(4.4), M is stochastically complete.
We use the following well-known results (see [8]) that for model manifolds
the transience is equivalent to
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oo

dr

oy = (4.5)

and the stochastic completeness is equivalent to

(o]

Ve
/V’(r)dr_ . (4.6)

Clearly, (4.3) implies m(r) > ¢ for some positive constant ¢ and all large
enough r. From (4.2) it follows that V'(r) grows at least exponentially as
r — 00, which implies (4.5). To prove (4.6), we observe that for large enough
r>Try

VW—Wm=jV@%=/Zg%

1 " _ ! "(ry =V (r
>mm/vwm— (V/(r) = V(o).

Therefore,
1 . Vir)—Vi(rg) Vir)
m(r) = V/(r) = V'(ro)  V'(r)
Hence (4.6) follows from (4.4).
Let us define the function r(¢) by the identity

as r — OQ.

t= . (4.7)

Our main result in this section is as follows.

Theorem 4.1. Under the above assumptions, the function r((1+€)t) is the
upper rate function for Brownian motion on M for any e > 0, and is not for
any € < 0.

Let us compare the function r(t) with the upper rate function R(t) given
by Theorem 1.1, which is defined by the identity

R(t)
rdr
= ('t.
/bMW)C
0

For “nice” functions V(r) we have
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1 !
I
VeV log V) ~ ng(”, (4.8)

which means that the functions r(t) and R(t) are comparable up to a constant
multiple in front of ¢. For example, (4.8) holds for functions like V (r) =
exp(r®) and V (t) = exp(r®log” r), where a > 0, etc. On the other hand, it
is easy to construct an example of V' (r) where r(¢) may be significantly less
than R(t) because one can modify a “nice” function V' (r) to make the second
derivative V" (r) very small in some intervals without affecting too much the
values of V' and V. Then the function r(¢) in (4.7) will drop significantly,
while R(t) will not change very much.

Proof of Theorem 4.1. By the Ito decomposition, the radial process r; =
p(X¢) satisfies the identity

re = V2W; + /m(rs)ds, (4.9)
0

where W is a one-dimensional Brownian motion (see [13]). Since the process
X, is transient, r; — oo as ¢ — oo with probability 1. Hence m(r;) > ¢ for
large enough ¢ so that the second term on the right-hand side of (4.9) grows
at least linearly in t. Since W; = o(t) as t — oo, we have with probability 1

¢
Ty~ /m(rs) ds as t — oc. (4.10)
0

Consider the function .
u(t) = /m(rs)ds
0

From (4.10) it follows that for any C' > 1 and large enough ¢
re < Cu(t). (4.11)
Hence, by the monotonicity of m,

m(ry) < m(Cul(t)).

Since dltt (t) = m(r¢), we obtain the differential inequality for wu(t)

du

gt < m(Cu(t)).

Solving it by separation of variables, for large enough ty and all ¢t > to we
obtain
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Cu(t)
dg§
<Ct—t
/ m(g) S 1)
Cu(to)
Hence Cut)
u(t
dg§
< Ct+ Cy, 4.12
/ m(&) ’ @12

where C is a large enough (random) constant. Comparing (4.12) with (4.7)
and using again (4.11), we obtain

re < Cu(t) < r(Ct + Cp) < r(C?t)

for large enough r with probability 1. Since C' > 1 was arbitrary, this proves
that r((1 + &)t) is an upper rate function for any € > 0. In the same way,
one proves that r; > r(C~2t) for large enough ¢ so that r((1 — €)t) is not an
upper rate function. O
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Sobolev Estimates for the Green
Potential Associated with the
Robin—Laplacian in Lipschitz Domains
Satisfying a Uniform Exterior Ball
Condition

Tiinde Jakab, Irina Mitrea, and Marius Mitrea

Dedicated to the memory of S.L. Sobolev

Abstract We show that if u = G f is the solution operator for the Robin
problem for the Laplacian, i.e., Au = f in 2, O,u + Au = 0 on 92 (with
0 < A < 00), then Gy : LP(2) — W?2P(2) is bounded if 1 < p < 2
and 2 C R” is a bounded Lipschitz domain satisfying a uniform exterior
ball condition. This extends the earlier results of V. Adolfsson, B. Dahlberg,
S. Fromm, D. Jerison, G. Verchota, and T. Wolff, who have dealt with Dirich-
let (A = o0) and Neumann (A = 0) boundary conditions. Our treatment
of the end-point case p = 1 works for arbitrary Lipschitz domains and is
conceptually different from the proof given by the aforementioned authors.

1 Introduction

Let {2 be a bounded Lipschitz domain in R™. We consider the Poisson problem
for the Laplacian with Dirichlet and Neumann boundary conditions, i.e.,

Au=f in {2,
D (1.1)
Tru =0 on 912,
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and

Au = f in £,
(V) { ! (1.2)

O,u=0 on 0f2.

Above, Tr stands for the boundary trace operator and 9, denotes the direc-
tional derivative along v, the outward unit normal to 9f2. A natural question
arising in this setting is whether there are numbers p € (1, 00) for which the
following implication holds:

feLP(N) = uecW»P(0). (1.3)

Here and elsewhere, W*?(£2), 1 < p < oo, s € R, stands for the LP-based
Sobolev space of order s in (2. It has long been understood that this regularity
issue is intimately linked to the analytic and geometric properties of the
underlying domain (2. To illustrate this point, let us briefly consider the case
where 2 C R? is a polygonal domain with at least one re-entrant corner.
In this scenario, let wy,...,wy be the internal angles of {2 satisfying 7 <
wj <2m, 1< j < N. Denote by Pi,..., Py the corresponding vertices. Then
the solution to the Poisson problem equipped with a homogeneous Dirichlet
boundary condition

Au=feL*2), ueW,?2):= closure of C§°(£2) in Wh2(£2), (1.4)

permits the representation
N
u = Z)\ﬂ}j + w, )\j e R, (15)
j=1

where w € W22(2) N Wy*(£2) and, for each j, v; is a function exhibiting a
singular behavior at P; of the following nature. Given j € {1,..., N}, choose
polar coordinates (rj,0;) taking P; as the origin and so that the internal
angle is spanned by the half-lines ; = 0 and 6; = w;. Then

vj(rj,0;) = gpj(rj,ﬁj)r;/wj sin(m; /w;), 1<j<N, (1.6)

where ¢; is a C*°-smooth cut-off function of small support, which is identi-
cally one near P;. In this scenario, v; € W*2(£2) for every s < 1 + (m/wj),
though v; ¢ W1+("/«i):2(2). This implies that the best regularity statement
regarding the solution of (1.4) is

™

u € W2(2) for every s < 1+ (1.7)

max {wy,...,wN}

and this fails for the critical value of s. In particular, this provides a quan-
tifiable way of measuring the failure of the implication (1.3) when p = 2 for
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Lipschitz, piecewise C'*° domains exhibiting inwardly directed irregularities.
The interested reader is referred to the monograph [10] for a first-rate survey
of the state of the art of this area, as well as for pertinent references to the
rather vast literature dealing with partial differential equations in domains
with isolated singularities.

From a different perspective, the W2P-regularity result (1.3) holds (both
for (1.1) and (1.2)) whenever 2 is sufficiently smooth. For example, it is not
too difficult to show that for a given p € (1, 00)

90 € C*" for some r > 1 —1/p = (1.3) holds. (1.8)

For near optimal conditions of this nature, see the excellent monograph [17]
by Maz’ya and Shaposhnikova.

In this paper, we, however, are interested in the case where (2 is an ir-
regular domain. More specifically, we assume that 2 C R" is a bounded
Lipschitz domain (i.e., a bounded open set lying on just one side of its topo-
logical boundary which, in turn, is a surface locally described as the graph
of a real-valued Lipschitz function defined in R"~!). As apparent from (1.7),
the implication (1.3) fails in non-convex polygons when p = 2 so, in this
case, extra conditions on {2 need to be imposed. More specifically, besides
being Lipschitz, we require that {2 satisfies a uniform exterior ball condition.
Heuristically, this ensures that all the singularities of 02 are directed out-
wardly. This class of domains contains all (geometrically) convex domains
2 CR".

In the class of convex domains, fairly simple counterexamples (see, for
example, the discussion in [2]) show that (1.3) is actually false if p > 2.
Hence p = 2 is shaping up as a critical exponent in this class. As regards
the end-point case p = 1 a more sophisticated counterexample was produced,
originally, by Dahlberg [4], and subsequently sharpened by Jerison and Kenig
[8], to the effect that there exist a bounded C' domain in {2 along with some
function f € C°°({2), such that the Lax-Milgram solution of (1.1) satisfies

u g WHH0). (1.9)

In particular, this shows that the case p = 1 and r = 0 of (1.8) is, generally
speaking, false.

Turning to positive results for irregular domains, in the case where 1 <
p < 2 and {2 is convex the question was affirmatively answered by Dahlberg,
Verchota and Wolff, and Adolfsson, Fromm (see the discussion in [1], [6]) for
the Dirichlet problem (1.1) and Adolfsson and Jerison [2] for the Neumann
problem (1.2).

The aim of this work is to generalize the results in [1, 2, 4, 6], by proving
W?2P estimates for the solution of the Poisson problem for the Laplacian with
Robin boundary conditions in bounded Lipschitz domains in R” satisfying a
uniform exterior ball condition. Our main result reads as follows:
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Theorem 1.1. Let §2 be a bounded Lipschitz domain in R™ satisfying a
uniform exterior ball condition (see Definition 2.1 below). Also, assume that
1<p<2and0 <A< oo. Then the boundary value problem

Au = f € LP(02),
(Ry) { u € W2P(0), (1.10)
Oyu+ ATru =0 on 082,

is well posed. In particular, there exists a finite constant C = C(2,\,p) >0
such that

llullw2r2) < CllfllLr0)- (1.11)

As a corollary, if u = G f denotes the solution operator for the Robin problem
(1.10), then

Gy : LP(2) — W2P(0) (1.12)

1s well defined, linear, and bounded.

It should be mentioned that (1.1) and (1.2) are special cases of (1.10)
corresponding to the cases A = oo and A\ = 0 respectively. Thus, from this
perspective, the inhomogeneous Dirichlet and Neumann problems are partic-
ular instances (indeed, end-point cases) of the above Robin problem, which
naturally bridges between the two as the parameter A ranges in [0, oo]. The
results of Adolfsson, Dahlberg, Fromm, Jerison, Verchota and Wolff, quoted
earlier, correspond to the statement that (1.12) holds if 2 C R™ is a bounded
convex domain, 1 < p < 2, and A € {0, 00} (parenthetically, we wish to point
out that, in contrast to Theorem 1.1, this is not a well-posedness statement,
per se).

For the sake of this introduction, let us now heuristically describe the main
steps that go into the proof of Theorem 1.1 in the special case where (2 is a
convex domain of class C? (our constants will, however, not depend on the
smoothness of 92, but rather only on the diameter and Lipschitz character
of 12).

Step I. The operator (1.12) is bounded when p = 2.

In this scenario, we recall the following useful integral identity. If u €
W22(£2), then

2
2, _ )
/|Au| dx = E /(8x]8xk) dx Q/an(auu) Vianu do
o0

Jk=10
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-2 / {K(Viant, Vianu) + (tr IC)(&,u)Q} do. (1.13)
o0

Above, do denotes the surface measure on 92, V,,,, stands for the tangential
gradient, KC is the second fundamental quadratic form on 0f2, regarded as
C?-submanifold of R", and tr K stands for trace of K. More specifically, if
T, € 012, then K at x, is the bilinear form

n—1
v v

K&m == (57 )amn = (5 ), 1.14

(&m) ;1 9s, 015 oe" (1.14)

where &, 1 are tangent vectors to 912 at x, with components {&1,--- ,&,—1},
{m, - ,Mn—1} in the basis {O1, -+ ,60,_1} provided by the tangent vectors
at z, to n—1 curves Ay, - -+, A,_1 which pass through z, and are orthogonal
at x,. Furthermore, s1,---, s,_1 denote the arc lengths along Ay, -, A,_1

and <-, > denotes the scalar product. The trace of this form is then defined
as

o v
trK = — ; <85i’@i> (1.15)

For a proof of (1.13) we refer, for example, to [7].
The crux of the matter is that, if 92 € C?, then

2 convex = K <0 and trX <0 pointwise on 9. (1.16)

For the purposes we have in mind, we use this in conjunction with the ob-
servation that, if u satisfies the Robin boundary condition d,u + Au = 0 on
012, then

Vian(001) - Viantt = =N Vianu|? < 0. (1.17)

In concert, (1.16) and (1.17) allow one to conclude that if u € W?22(£2)
satisfies the Robin boundary condition in (1.10) then

||v2u||L2(Q) < HAU||L2(Q). (1.18)
In turn, this entails
V3G L2(2) — L*() (1.19)

is bounded, which is the key ingredient in ensuring that the claim made in
the formulation of Step I holds. For related results see [15, 16].

Moving on, one would naturally be tempted to try to show that the op-
erator (1.12) is also bounded when p = 1, with a bound for operator norm
independent of smoothness. However, the correct point of view is to actually
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treat the case where p < 1, in which scenario one has to replace the standard
(Lebesgue-based) Sobolev space W2P(§2) by the Hardy-based Sobolev-like
space h?P(§2). Specifically, we prove the following:

Step II. For any bounded Lipschitz domain §2 there exists € > 0 depending
only on the Lipschitz character of {2 such that the operator

Gy : hb(92) — h*P(0) (1.20)

is well defined, linear, and bounded whenever 1 —e < p < 1.

Here, h{)(£2) is the space of distributions in {2 consisting of the restrictions
to £2 of those distributions in the Triebel-Lizorkin space F{ 2 (R™) which are
supported in §2. Also, h?P(§2) is the Hardy-based Sobolev-like space of order
2 (see the body of the paper for more details).

This step is based on work developed in connection to the solution of
Chang-Krantz—Stein conjecture from [13, 14]. Tt is important to point out
that our result in the second step holding for 1 — & < p < 1 has been estab-
lished for the entire class of bounded Lipschitz domains in R™. In particular,
this result does not depend on the convexity, nor on the uniform exterior ball
condition property of the domain (2. Under the assumption of convexity or a
uniform exterior ball condition property, it is conceivable that a better lower
endpoint, in the class of Hardy spaces, can be established. This is a problem
we plan to return to on a different occasion.

Step III. The problem (1.10) is well posed whenever {2 is a bounded Lips-
chitz domain satisfying a uniform exterior ball condition and 1 < p < 2.

Existence and estimates are obtained by relying on the fact that the Green
operator (1.12) is well defined, linear, and bounded if 1 < p < 2. The latter
claim is a consequence of Steps I-II and interpolation. Finally, uniqueness is
proved by relying on the fundamental work of Dahlberg and Kenig [5].

2 Preliminaries

We call a bounded open set {2 C R™ a bounded Lipschitz domain if there
exists a finite open covering {O,}1<;<n of 02 with the property that, for
every j € {1,...,N}, O; N §2 coincides with the portion of O, lying in the
upper graph of a Lipschitz function ¢; : R"! — R (where R"~! x R is a new
system of coordinates obtained from the original one via a rigid motion). As
is well known, for a Lipschitz domain {2 the surface measure do is well defined
on 912 and there exists an outward pointing normal vector v = (v1,...,vy)
at almost all points on 9f2.
Given a > 0, we set
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Iy(z):={ye 2: |z —y| < (1+ a)dist (y,00)} (2.1)

and denote by M = M, the nontangential maximal operator associated with
02, i.e., for a function u defined in {2 we set

(Mu)(x) := sup |u(y)|, x € 052 (2.2)
yEla(x)

Also, define the nontangential pointwise trace by

u|89(x) = lim u(y), x € 012 (2.3)

yElq (x)
yaw

For a Lipschitz domain 2 C R™ we introduce the tangential gradient of a
real-valued function f defined on 0f2 by

n
vtanf = (Z I/ka‘rkjf)lgjgn’ (2'4)
k=1
where 0., = v;0x — v0;, 1 < j,k < n, are tangential derivative operators

on 0f2.
Next, we discuss layer potential operators associated with a given Lipschitz
domain 2 C R™. To set the stage, we denote by I" the canonical fundamental

solution for the Laplacian A = )~ 97 in R", i.e.,
j=1
1 1

it >3,
wn1(2—n) |zjn-27 © "

I(z) = zeR"\ {0}, (25)

1
271_log |z|, if n=2,

where w,, is the surface measure of the unit sphere S”~! in R". Next, we
recall the harmonic single layer and its boundary version given respectively
by the formulas

Sfa) = / Dz —y)f(y)doly), =<2, (2.6)
on

Sf(z) = / D@ —y)f(y)doly), oo (2.7)
on

We also recall here that
Sf|8925f on 012 (2.8)

and the following jump-formula for the normal derivative of the single layer
potential operator holds:
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0,Sf= (=3I +K*)f  on 01, (2.9)
where, with p.v. denoting principal value, we have set

K*f(z) = 1p.v./ @ =9 @) ) do(y), zeon. (210

wWn - |z —y["

Moving on, we briefly recall the Newtonian volume potential for the Lapla-
cian. Specifically, for a given function f € L(£2) we set

Tf(z) = / [@—y)f)dy, «eck", (2.11)
N

and note that
Al'f=f in 2. (2.12)
Finally, we record here the following definition.

Definition 2.1. An open set 2 C R™ is said to satisfy a uniform exterior
ball condition (abbreviated by UEBC) if there exists r > 0 with the following
property: For each « € 9f2 there exists a point y = y(x) € R™ such that

B(y,r)\{z} CR"\2 and z € 0B(y,r). (2.13)

The largest radius r satisfying the above property is referred to as the UEBC
constant of (2.

3 Smoothness Spaces on Lipschitz Boundaries and
Lipschitz Domains

We begin by briefly reviewing the Besov and Triebel-Lizorkin scales in R™.
One convenient point of view is offered by the classical Littlewood—Paley
theory (see, for example, [21, 23]). More specifically, let = be the collection
of all systems {(; };";0 of Schwartz functions with the following properties:

(i) there exist positive constants A, B, C' such that

supp (Co) C {z: |z] < A}

- T (3.1)
supp ((;) C {z: B2 7" < |z| < C27} ifjeN;
(ii) for every multiindex « there is a positive, finite constant C,, such that

sup sup 271°1|9°¢; ()] < Ca; (3.2)
z€R" jEN
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(iii)
o0
Zgj () =1 for every z € R™. (3.3)

Let s € R, 0 < ¢ < oo. Fix some family {(;}72, € Z. Also, let F and
S’'(R™) denote the Fourier transform and the class of tempered distributions
in R™ respectively. Then the Triebel-Lizorkin space FP4(R") is defined for
each 0 < p < o0 as

FPa®") = {f € S' R+ | fllppaceny

H(me Fpe)”

If 0 < p < oo then the Besov space B?'9(R™) can be defined as

. 4
oy < oo} (3.4)

BYR") = {f € S R") : | fl|ppoury
1/q
(anw GFD o) <o} (35)

A different choice of the system {(;}52, € = yields the same spaces (3.4)-
(3.5), albeit equipped with equlvalent norms. Furthermore, the class of
Schwartz functions in R™ is dense in both B??(R™) and F?9(R™) provided
that s € R and 0 < p, q < .

It has long been known that many classical smoothness spaces are encom-
passed by the Besov and Triebel-Lizorkin scales. For example,

C*(R") = B®>(R"), 0<s¢Z, (3.6)
LP(R") = FP*(R™), 1< p< oo, (3.7)
LP(R") = FP2(R™), 1<p< oo, sER, (3.8)
WHEP(R™) = FP2(R"), 1<p<oo, keN, (3.9)
RP(R™) = FP*(R™), 0<p<1, (3.10)
RFP(R™) = FP2(R™), 0<p<1, keZ, (3.11)
bmo(R") = F5*2(R™). (3.12)

Above, given 1 < p < oo and s € R, L?(R™) stands for the Bessel potential
space defined by
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LR = {(T - 2)~%g: g € L’(R")}
= {Fra+ier)rFg ge @) (313)
equipped with the norm

Lr@ny = [F LA+ €32 F fll Lo grny.- (3.14)

As is well known, when the smoothness index is a natural number, say s =
k € N, this can be identified with the classical Sobolev space

WHP(R") = {f € LPR™) : || flwer@ny == D>, 107 fllLe@n < oo},
[vI<k
(3.15)
ie.,
LP(R™) = WFP(R™), keN,, 1<p<oo. (3.16)

Also, C*(R™), hP(R™), h¥P(R™) stand for the Hélder, (local) Hardy, and
Hardy-based Sobolev-like spaces in R™.

We next wish to adapt some of these smoothness classes to the situation
where the Euclidean space is replaced by the boundary of a Lipschitz domain
£2. To get started, for each 1 < p < o0, the space LP(0{?2) is the space of p-
integrable functions on 92 with respect to the surface measure do. For a € R
we set (a)4 := max{a,0}. Consider three parameters p, ¢, and s subject to

0<p,q< oo, m=1)1/p—1)r <s<1 (3.17)

and assume that (2 C R™ is the upper graph of a Lipschitz function
¢ : R"™1 — R. We then define BP*9(9{2) as the space of locally integrable
functions f on 92 for which the assignment R~ > z +— f(z, ¢(x)) belongs
to BP4(R"~1), the classical Besov space in R"~1. We equip this space with
the (quasi) norm

Il fllsrapny = If( o))l Bra@n—1). (3.18)

As far as Besov spaces with a negative amount of smoothness are concerned,
in the same context as above we set

f € BU(092) == [( o)W1 +IVe()]? € B[R, (3.19)

1157 00y = I, \/1+|V<P()| 579, (Rn=1)- (3.20)

As is well known, the case where p = ¢ = oo corresponds to the usual
(inhomogeneous) Holder spaces C*(912), defined by the requirement that
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) —
I fllcso0) == IfllL=@a0) + sup |f(|x)_ yf|£y)| < +00, (3.21)
r,;z%ﬂ
ie.,
B>>°(082) = C*(012) for s€(0,1). (3.22)

All the above definitions then readily extend to the case of (bounded)
Lipschitz domains in R™ via a standard partition of unity argument.

We now proceed to discuss Triebel-Lizorkin spaces defined on the bound-
ary of a bounded Lipschitz domain {2 C R", denoted in the sequel by
FP9(0(2). Compared with the Besov scale, the most important novel as-
pect here is the possibility of allowing the endpoint case s = 1 as part of the
general discussion if ¢ = 2. To discuss this in more detail, assume that either

1

0<p<oo, 0<gqg< oo, (n_l)(min{p o

1) <s<1, (3.23)
+
or

<p<oo, q=2, s=1. (3.24)

In this scenario, the Triebel-Lizorkin scale in R”~! is invariant under point-
wise multiplication by Lipschitz maps, as well as composition by Lipschitz
diffeomorphisms. When s, p, and g are as above and {2 is a Lipschitz domain
in R™ lying above the graph of a Lipschitz function ¢ : R"~! — R, we may
therefore define the space FP7(042) as the collection of all locally integrable
functions f on 042 such that

flop()) € FPIR", (3.25)

endowed with the norm

[l Fr-2o0) = 1 o) pran-1)- (3.26)

Also, if Lip, (0£2) stands for the collection of all compactly supported Lips-
chitz functions on 942, the space F% (912) is defined as the collection of all
functionals f € (Lip, (042))" such that

FE O+ V() € B2 (R, (3.27)
and we equip it with the quasinorm
111725 002) = 1F o @)V + V() 2l ppa 1y (3.28)

Hereafter, we introduce
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H5(002) := F2%(092), -1<s< 1. (3.29)

In particular, the following duality result holds:
(H*(092))" = H*(092), ~-1<s< 1. (3.30)

When 2 C R” is a bounded Lipschitz domain and (s, p, q) are as in (3.23)-
(3.24), we define FP1(982) and F" (942) via localization (using a smooth,
finite partition of unity) and pull-back to R™~! (in the manner described
above, for graph-Lipschitz domains). When equipped with the natural quasi-
norms, the Triebel-Lizorkin spaces just introduced are quasi-Banach, and
different partitions of unity yield equivalent quasinorms.

Going further, we adapt the Besov and Triebel-Lizorkin spaces B?¢(R™),
FP9(R™), 0 < p,q < 00, s € R, originally defined in the entire Euclidean
setting, to arbitrary open subsets of R™. Concretely for a given arbitrary
open subset {2 of R™ we denote by f|p the restriction of a distribution f
in R” to £2. For 0 < p,q < oo and s € R, both B2?(R™) and FP?(R"™) are
spaces of (tempered) distributions, hence it is meaningful to define

APA((2) := {f distribution in {2 : Fg € ALY(R™) such that g|o = [},

[fllazac) == nf{llglaragn) : g € ALIR™), glo=f}, [ € AR,
(3.31)
where A = B or A = F. Throughout the paper, the subscript loc appended
to one of the function spaces already introduced indicates the local version
of that particular space.

The existence of an universal extension operator for Besov and Triebel—
Lizorkin spaces in an arbitrary Lipschitz domain {2 C R"™ was established
by Rychkov [22]. This allows one transferring a number of properties of the
Besov-Triebel-Lizorkin spaces in the Euclidean space R™ to the setting of a
bounded Lipschitz domain {2 C R™. Here, we only wish to mention a few of
these properties. First, if 0 < p < 00, 0 < ¢ < 00, and s € R, then

prmin(0:9) () —y FPA(Q) — Brmax (9 () (3.32)
and
BEOP($2) — FP(02) < BPP(0) (3.33)

1 S 1 s 1 S

if 0 <po <p<p1 <ooand e g — 1.Second7ifkisa
o po m_p nm pn

nonnegative integer and 1 < p < oo, then

FP2(0Q) = WhP(Q) = {f € LP(2) : 0°f € LP(), |a| <k}, (3.34)

the classical Sobolev spaces in 2. Third, if k£ € Ny and 0 < s < 1, then
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B (02) = CFe(0), (3.35)
where

crts () ::{u cCch(n): lull cr+s(o) < o0 and |Jullcr+s(g) =

vamnmmwz sup 1700 = O 5 35

o= kT #yeN |x_y|g

Going further, for 0 < p,q < 0o, s € R, we set

ALG(2) :={f € ADI(R™) : supp f € 2},

(3.37)
ara) = [ fllavagny, [ € ATE(02),

where we use the convention that either A = F and p < oo or A = B.
Thus, BY((2) and FY(£2) are closed subspaces of BE4(R") and F*9(R")
respectively. /

Next we record an assertion from [14] which extends work done in [8].

Theorem 3.1. Let {2 be a bounded Lipschitz domain in R™. Assume that
the indices p, s satisfy "~ ' < p < oo and (n — 1)( — 1)+ < s < 1. Then the
following holds.

(i) The restriction to the boundary extends to a linear, bounded operator

Tr: B, (2) — BY(092) for 0<gq< oo, (3.38)

P
Moreover, for this range of indices, Tr is onto and has a bounded right inverse

Ex : BP(082) — Bf_fl (92). (3.39)

p

(i) Similar considerations hold for

Tr: Ef_;_ql (2) — BPP(912) (3.40)
with the convention that ¢ = oo if p = co. More specifically, Tr in (3.40) is a
linear, bounded, operator which has a linear, bounded right inverse

Ex: BYP(982) — Fspfl (£2). (3.41)
P
Denote by (+,+)g,q and [+, -] the real and complex method of interpolation
respectively. A proof of the following result can be found in [9].

Theorem 3.2. Suppose that §2 is a bounded Lipschitz domain in R™. Let
ag,a1 € R, g # a1, 0 < qo,q1,¢g <00, 0 <0 <1, a=(1—0)ag+ Oa.
Then
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(FR0(82), FR (£2))g,q = BY1(£2), 0<p < oo, (3.42)
(BE(£2), BE" (£2))o.g = BR(£2), 0 <p<oo. (3.43)

Furthermore, if ag, a1 € R, 0 < po,p1 < 00 and 0 < qo,q1 < oo are such that

either max{pg,qo} < oo or max{p1,q} < oo, (3.44)
then
(8% (£2), FEP (2)]o = FLU(£2), (3.45)
1 1-6 0 1 1-60 0
where 0 <0 <1, a=(1—-0)ag+ 01, = +  and = + .
) p Po P q qo q1
On the other hand, if ag, a1 € R, 0 < po,p1,qo,q1 < 00 are such that
min {qo, 1} < o0, (3.46)
then also
[BEy % (£2), BEY " (12)]g = B (£2), (3.47)

where 0, a, p,q are as above.
Finally, the same interpolation results are valid if the spaces BE1(S2),
FP4(82) are replaced by BL§(§2) and FY(£2) respectively.

The following is a collection of mapping and invertibility properties of
the layer potential operators introduced at the end of the previous section
which will be useful in the sequel. Specifically, we have the following assertion
from [14].

Theorem 3.3. Let §2 be a bounded Lipschitz domain in R™. Then for each
0<p<ooand (n—1)(1/p—1)1 <s <1 the following operators are well
defined, linear, and bounded:

K*: BP? (002) — BYP,(092), (3.48)
S : BPP (902) — BPP(912), (3.49)
S: BUP (092) — FP2 (92). (3.50)

Regarding the invertibility of boundary harmonic layer potentials, we
record here the following version of Theorem 1.5 of [12] (see also [14]).
Theorem 3.4. For each bounded Lipschitz domain {2 in R™ there exists ¢ =

—1
e(£2) € (0,1] with the following significance. Assume that " < p < oo,
n
(n—1)(1/p— 1)+ < s <1, are such that either one of the four conditions

(1) : n’_ﬁis<p<1 and (n—l)(;—1)+1—6<s<1;
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(IT): 1<p<1fr€ and 12)—1—€<s<1; (3.51)
(I1n): 2. <p< |’ and 0<s<1;
(IV): 2.<p<oo and 0<s5<?+e,

is satisfied if n > 3, and either one of the following three conditions

(I'y:  2.<p< 2 and 0<s<I;
(Iry: 2. <p<,?, and 217 - e <s <1 (3.52)
(I11'): 2, <p<oo and 0<s < +'1°,

is satisfied if n = 2. Then, with 0 < q < 00, the operators

+2 I+ K*: BV (002) — B, (002) are Fredholm with index zero. (3.53)
Let us also record here the fact (see [24] for a proof) that
S L*(082) — H*(0£) is an isomorphism. (3.54)

We conclude this section by discussing finite energy solutions for the in-
homogeneous problem for the Laplacian with Robin boundary conditions in
a bounded Lipschitz domain £ C R™. To set the stage, let x«(-,-)x denote
the duality pairing between a Banach space X and its dual X*. Then for a
given bounded Lipschitz domain with outward unit normal v we consider the
Neumann trace operator

9y {ue Wh2(Q): Aue L*(2)} — HY2(80) (3.55)

given by

(H'/2(082))* <8l,u, QD>H1/2(39) = /Vu Vo dx + /(Au)@ dzx. (356)
(9] 2

Above, ¢ € H'Y?(92) is arbitrary and & € W1H2(£2) is such that Tr& =
@ on Jf2. Then (3.55)-(3.56) is a well-defined operator (whose definition is
unaffected by the particular extension @ of ¢ € H'Y/?(9£2) to a function in
W12(£2)), which is linear and bounded.

Proposition 3.5. Let §2 be a bounded Lipschitz domain, and let A > 0. Then
the boundary value problem
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Au=feL*(2) in £,
du+du=ge HV2002) on 09, (3.57)
u € WhH2(£2),

18 uniquely solvable. In addition, the solution satisfies

lullwr2c2) < Cllfllzze) + Clgllg-1/200) (3.58)

for some C' > 0 which depends only on the Lipschitz character of 2 and A,
and

we W2(0). (3.59)

loc

Proof. 1t is well known that the Neumann trace operator (3.55)-(3.56) is onto.
Granted this, there is no loss of generality in assuming that g = 0. Assuming
that this is the case, the idea is now to implement the standard Lax—Milgram
lemma. Specifically, let

B:Wh(0Q) x WH2(02) — R (3.60)

be given by

B(u,v) := /Vu-Vvdx—F/\/TruTrvda (3.61)
Q EXe)

Then B is bilinear, bounded, symmetric and coercive, where this last property
follows from the Poincaré inequality (see, for example, [3]). Then, according
to the Lax-Milgram lemma, for each function f € L*(£2) — (W'2(2))"
there exists a unique u € W2(§2) such that

lullwrz) < CU2 N flL22), (3.62)
for some finite C' = C(£2, ) > 0 and
—B(u,v) =20y (f,0)wrz) YveWh(9). (3.63)

Thus,

/Vu-Vvdx+)\/TruTrvdJ:—/fvdx Vo e WH2(02). (3.64)
£2 s £2

Specializing this to the case v € C§°(§2), we prove that Au = f in 2. With
this in hand, then (3.55)-(3.56) show that also 9, u+\Tru = 0in H~Y/2(912),
from which the conclusion in the first part of the proposition follows.

As for the membership of u to VVIQOC2 (£2), we pick an arbitrary function
n € C§°(£2) and consider a domain D C (2 of class C*° such that suppn C D.
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Then A(nu) € L*(D) and nu € W, *(D). Since 8D is of class C*°, well-
known elliptic estimates in smooth domains imply that nu € W22(D). Thus,
u € leo’f(!?), as required. O

4 The Case of C? Domains

Throughout this section, {2 is a bounded C? domain in R™ with a C? defining
function p, i.e.,

p<0in 2, p>0inR"\ 2, Vp#0ondR2={p=0} (4.1)

\Y%
In particular, v = P is the outward unit normal vector to 012. Define the

[Vl

Hessian matrix of p:
0°p 9%p
Hess (p) := e @er = ( , (4.2)
1<%c:<n OOy, 020y ) 1 kn
where (e;)1<j<n is the standard orthonormal basis for R™.

Theorem 4.1. Consider 2 and p as above and assume that w € W22 ((2).
Then, with o denoting the surface area on 012, v denoting the outward unit
normal, 0, the normal derivative and Viq, the tangential gradient on 02,
one has

/|Aw|2dw— Z /(axjaa:k)Q

+ / [Tr (Hess (p)) — (Hess (p)v, v)] (O, w)? do

o8

+ /(Hess (P)Vianw, Vignw) do
o2

—2H1/2(3_Q) <Vtanw7 Vian (8uw)>H71/2(39)a (4.3)
where g1/290\(f, 9) H-1/2(90) 5 the duality pairing between f € H'2(002)
and g € H=Y2(002) = (Hl/Q(af?))* with respect to the pivotal space L?(912).

Proof. This follows by specializing results from [18] where a similar formula
was established in a more general framework of differential forms. Below, we
employ relatively standard notation and terminology inherent to the language
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of differential forms in R"™. For example, d is the exterior derivative operator,
A stands for the exterior product of forms, and ¢ is its formal adjoint. Also,
V denotes the interior product of forms (which happens to be the adjoint of
“wedging”). Generally speaking, for a given differential form w in {2 we define
its normal and tangential components respectively by

Wnor ==V A (VV w), Wean ==V V (V Aw), (4.4)
where the outward unit normal v = (v1,...,v,) is identified with the 1-form
n
v= > vidz;.
j=1

Following [18], we also introduce the boundary versions of the operators
d, J:

dg:=—-vAdvV-:) and dg:=—-vVIWVA-). (4.5)

Then, according to Theorem 4.1 in [18], for each ¢ € {0,...,n} and any two

differential (-forms u = Y. wurdr!, v = 3 vrda! (where Y indicates
[1]=¢ |1]=¢ |1]=¢

that the sum is performed over increasing multiindices I of length ¢), with

coefficients in W12(£2), we have

/[(d% dv) + (du, 511}] dx

_ - 8U] (9’()]
B Z Z/ax Ox; / Z 8$J8xk (dzj N Unor, dTr A Upor) do
-

2

0
/ Z O ;xk (dxj V Uian, dzg V Vign) do
j

a0 Jk=1

—11/2(902) (V' V U 0aVtan) g-1/2(02) TH1/2(90) (VN U doVnor) H-1/2(502)-
(4.6)

We use (4.6) in a special case where u = v := dw € W12(2), regarded as
1-form. This allows us to make the natural identifications

(dw) = (dw)v, (dw), = Vinw. (4.7)

Also, it is straightforward to check that dg(dw),er = —v A d(9,w) so that
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12 00) (VA dw,do(dw)nor) -1/2(90)
= —m/200)(dw, v V (VA d(Oyw))) gr-1/2(00)
= —m1200)(VW, Vian (Ouw)) r-1/2(902)
= —m1/2(002)(VianW, Vian (0o w)) g-1/2(90)- (4.8)

Also, with Div denoting the surface divergence operator on 92 (i.e., the
formal adjoint of the tangential gradient introduced in (2.4)), we may write

H/2(880) <I/ V dw,éa (dw)tan>H—1/2(8_Q)
= THY2(00) (81,10, DiV(anw)>H71/2(a_Q)

= —H1/2(89)<Vm”w, Vtan(&,w)}H_l/z(aQ). (49)
Finally, using that d? = 0, §(dw) = div(Vw) = Aw, and the fact that w,e, =
VUnor = (Opw)v, identity (4.3) follows from (4.6) and the above identifications

in a straightforward fashion, once we note that

(dxj A Unor, ATk A Vpor) = (8,w)2<dxj Av, dzg AV)

= (Q,w)? (8 — vjvi) (4.10)

and
(dzj V Vignw, dzg V Vignw) = (Vianw); (Vianw)k (4.11)
for every j, k € {1,...,n}. O

Proposition 4.2. Assume that the domain 2 C R™ is given as the upper
graph of a C? function ¢ : R"~' — R, and satisfies an uniform exterior ball
condition. Then there exists p € C? defining function for 2 (in the sense
of (4.1)) such that Hess (p) is bounded from below by a negative constant.
More specifically, there exists Cy > 0, depending only on the Lipschitz and
UEBC constants of {2, such that

(Hess ()6, €) > ~Colé> Ve € R™. (1.12)
Proof. Define
p(x) =) —z,, x=(,2,) ER"IxR=R", (4.13)

so that
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2
TN 1<ik<n—1,
82p 8a?j8$k
Oz 0x1 (z) = 0, 1<j<n—1and k =n, (4.14)
0, j=k=n

Thus, based on (4.13) and (4.14), we have
(Hess (p) ()€, €) = ((Hess (p)(2')¢',0),€)
= (Hess (p) ()¢, &) = =Col¢'|* > =Col¢f*,  (4.15)

where the next-to-last inequality follows from Lemma 6.3 in [18]. O

Lemma 4.3. If H is an n xn symmetric matric which is bounded from below
by some possibly negative constant —Cy in the sense of (4.12), then

trH — (Hv,v) > —Cp(n — 1) (4.16)
for any unit vector v € R™.

Proof. Diagonalizing H, we obtain H = U~1DU, where D is an nxn diagonal
matrix with entries d;; := d;;d;, 4,5 € {1,...,n}, and U is a unitary matrix
(i.e., U1 = U*). Since, by assumption, H is bounded from below by —Cj,
it readily follows that

dj >—Coy Vje{l,...,n}. (4.17)

Let v be a unit vector in R™. Introducing ¢ := Uv, we have

WE

trH — (Hv,v) = dj — (D&, €)

<.
I
-

I
M:

di(1-&)>-Co> (1-&)=—-Co(n—1), (418)
7j=1

<.
Il
—

where the inequality above follows from (4.17) and the fact that for each
je{l,...,n} we have 1 — & >0 as |¢| = [Uv| = |v| = 1. The last equality
in (4.18) also uses the fact that || = 1. O

5 Approximation Scheme

In principle, the approximation scheme discussed in this section is known
(see, for example, [18, 19, 7] for the case of convex domains). Nonetheless,
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since this plays an important role in our analysis, for the benefit of the reader
we describe it here in some detail.

Proposition 5.1. Given 2 C R"™ a Lipschitz domain satisfying a uniform
exterior ball condition, there exist smooth domains (2., € > 0, with Lipschitz
character bounded in £ such that £2. /" (2 and each (2. has a defining function

pe satisfying
Hess (pe) = —Co Inxn for Co >0 independent of e, (5.1)

where Lxp s the n X n identity matriz. In addition, for each § € C5°(R™)

/5d05—> /fda as € — 0, (5.2)
o0

092,

where do and do. stand for the surface measures on 0§2 and OS2, respectively.

Property (5.2) is typically not explicitly mentioned, but it follows from an
inspection of the specific way {2.’s are constructed. To shed more light on this,
below we briefly review the construction and check (5.2) in the technically
somewhat simpler case where (2 is a graph Lipschitz domain satisfying a
uniform exterior ball condition (the case of a bounded domain is handled
similarly by patching together local results). With this goal in mind, let 2
be a graph Lipschitz domain which satisfies a uniform exterior ball condition
in the sense of Definition 2.1. In particular

Q:={(",x,) ER": z, > p(a')}, (5.3)
where ¢ : R"! — R is a Lipschitz function.

Pick & € C°(R"1),0< & < 1, & =0 for [2/| > 1 and / ®(2')dz’ =1

Rn—1
and for each ¢ > 0 let &.(2') := e~ ("~ Vd(a' /¢). Going further, for each e > 0
we consider

o (z) == Ce + / D.(y)p(a' —y)dy', 2 e R"L, (5.4)
Rn—1

where C' is a sufficiently large constant, to be specified momentarily. Note
that ¢° € Coo(Rn—l) and HVSUEHLOO(Rnfl) < ||v(pHLoo(]Rn71) for all e > 0. A
direct calculation shows that if we take C' > [|Vl| oo (gn-1, then

d

e [p°(2)] >0  Va' e R"L (5.5)

Hence for each 2’ € R~ we have ¢°(z') \, ¢(2') as € \, 0. Setting

Q.= 20) 0 2 > 9 (2)}, (5.6)
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by Lemma 6.2 in [18], we conclude that 2. € C*° is Lipschitz uniformly in
e, satisfies a uniform exterior ball condition uniformly in e, and 2. " {2 as
e \\ 0. Note that p.(x) := ¢°(2') — z,, is the defining function for 2. in the
sense of (4.1). Denote by o, the surface measure on 0f2.

Lemma 5.2. With the notation introduced above, for each & € C§°(R™) we
have

/fdaa — /fda, as & — 0. (5.7)
00

092,

Proof. Indeed,

/ ¢do. = / £, 0" (@) V1 + [Vepe ()2 de’ (5.8)
a0 Rn—1

= / £(' @)1+ [Vep(a) 2 da’ = / ¢ do,
Rn—1 o

where the convergence above follows from invoking the Lebesgue dominated
convergence theorem (note that o — ¢, Vo — Vo pointwise almost ev-

erywhere, and [[£]| Lm(Rn)\/ 1+ |V<,0|2Loo (Rn—1)Xsupp € provides uniform domi-

nation). O

Finally, we present a corollary of Lemma 5.2 which will be useful in the
sequel.

Corollary 5.3. Let 2. / 2 as € \, 0 be as constructed above. Denote by
Tr. the trace operator corresponding to 9§2. and by do. the surface measure
on 052.. Then for all u € W12(02) and £ € C>(£2)

/Tre(u)§’89 do. — /Tr(u)gda as e — 0. (5.9)
082 : 082

Proof. Let u € W2(02) be arbitrary. Fix ¢ € C°(£2). We write Tr.(u) =
Tre(u — ) + Tre(¢0). Further,

/ Tra(u)g‘an do. = 1 + 11, (5.10)
09, ’

where
I:= / Trs(u—w)f)an do. (5.11)

092
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and
1= /Tra(zﬂ)f‘aﬂ do.. (5.12)
082

Next, H'/2(812.) — L?*(02.) with accompanying bounds for the inclusion
maps independent of €. Also, denoting by R, the restriction operator from 2
to {2., we find that

Tr. : Wh2(02.) — HY?(092.) and R.: W"2(2) — W2(12.) (5.13)

are bounded operators with bounds controlled uniformly in ¢ > 0. Thus,
there exists C' > 0 independent of ¢ such that

] < | Tre(u = )220 [Eloc 2 00.) < Cllu = Pllwiz@). (5.14)
Recall now that C°°(£2) is densely embedded into W12(£2) and note that
/Trw)f do — /Tr(u)f do as ¢ —u in WY3(02). (5.15)
o0 o0
As for IT in (5.12), we invoke Lemma 5.2 to conclude that
lirr(l) IT = /Tr(z/J)f do. (5.16)
E—
o0

Finally, the conclusion of the Corollary follows from (5.10), (5.14), and
(5.15) by letting v — u in W12(£2). 0

6 Proof of Step I

Let {2 be a bounded Lipschitz domain in R" satisfying an exterior ball con-
dition in the sense of Definition 2.1. Fix A > 0, f € L?(£2), and assume that
u solves

Au=feL*2) in £
Ou+Au=0 on 012, (6.1)
u € WhH2(0),

and satisfies

llullw22) < Cllfllz2(2), (6.2)
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for some C' > 0 which depends only on the Lipschitz character of {2 and A
(see Proposition 3.5). Next, for each € > 0 let 2. be the domain constructed
as in (5.6) with outward unit normal vector v, and surface measure do..
Also, we denote by Tr. the trace operator on df2.. By once again relying on
Proposition 3.5, we then solve

Aue. =0 in {2,
Oytte + A Treue = Oy u+ ANTrou € H™V/2(062.) on 02, (6.3)
ue € WH2(£2,).

From (3.62) we know that ||uc||y1.2(,) is controlled uniformly in e > 0. Since
the Robin data of u. in (6.3) is the Robin data of the function u € W22((2,)
(this, however, without control of the norm in ¢) and 92 is of class C*,

standard elliptic regularity results give that u. € W%2(2,) (without control
of the norm with respect to €). Consider

we = u|Q — Ue, e >0, (6.4)
where u,. is the same as in (6.3). Then

we € W22(§2.) (without control in €),
w. € WH2(82.) (with control in ¢),
Aw, = flo, in (2,

Op.we + ATrcw. =0 on 0f2.

(6.5)

Next, denoting by p. the defining function of {2, using (5.1) and Lemma 4.3,
we conclude that there exists Cy finite positive constant which is independent
of € and

tr(Hess (p:)) — (Hess (pe)v,v) = —Coy Ve > 0. (6.6)

Applying Theorem 4.1 to the domain (2., with defining function p., and to
the function we, using (4.3) and the boundary condition in (6.5), we find

0" w, ) ,
< .
Z / <8$j8$k) S / |A'w5| dx + C() / |V'[U5| dJE (6 7)

€ €

:/|f|2da:+00 / V. |? do..
[P 092,

On the other hand, Proposition 3.5 gives that
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/[|Vw6|2 + |we|*] da < c/ |f)? da (6.8)
2. 2
for some C' > 0 independent of ¢ > 0. Combining (6.7) and (6.8), we may
then conclude that
fwelfyesion <€ [P +C [ [Vunp do (6.9)
QE 895

for some C' > 0 independent of € > 0.

At this point, we bring in the following boundary trace inequality. For
each 6 > 0 there exists Cy depending on 6 (and the Lipschitz character of {2,
which is controlled uniformly in € > 0) such that

/ |Vwe|? doe < Ollwe[[fy22(0,) + Collwellfyzq.)- (6.10)
892,

To prove (6.10), we fix j € {1,...,n} and set v := d;w. € WH2(§2,). Also, fix
h € [C§°(R™)]™, a transversal vector field to 02, uniformly in ¢, i.e., there
exists » > 0 such that

h-ve > a.e on 0f2 Ve > 0. (6.11)
Then for a given € > 0 the divergence theorem yields

/ v do. < >t /<v2h, v.)do. = fl/div (v?h) dx
082, o

Q2. Q2.
=t /[vz(div h) 4+ 2v(Vv - h)] dx
02

From this, (6.10) readily follows. Thus, making use of (6.5) and (3.58), we
obtain

/ (Ve 2 dow < Ollwe|Zyap, + Coll {1250 (6.13)
[oXp R

Employing (6.13) for, say 6 = 210, together with (6.9), allows us to obtain

[wellwz2(2.) < CllfllL2(@) (6.14)

where C' > 0 is independent of € > 0. Consequently,
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Jw e L? (2) suchthat for every a € NJ with |of <2 (6.15)
0w, — 0%w as ¢ — 0 L% weakly on compact sets of 2. )

Moving on, let K C {2 be an arbitrary fixed compact set. Using (6.15), we
further infer that for some finite C' > 0 independent of K

/|80‘w|2dm Slirnsup/|8°‘w5|2 dx < C’/|f|2 dx. (6.16)
K 0k o)

This follows from the general simple fact to the effect that if (X, - ||x) is a

Banach space and X* is its dual, then v. € X* converges weekly to v € X*

implies ||v||x+ < limsup ||ve||x+. Indeed, let = € X with ||z||x = 1. Then
e—0

|x+ (v, z) x| = lim | x+ (v, ) x| < limsup ||ve || x+
e—0 e—0

which implies the desired conclusion.
Now, using (6.16), we let K 2 and conclude that w € W??2(§2) and

lwliez oy = > /|8°‘w|2dx < C/|f|2d;v. (6.17)
2

la|<2 )

Our goal is to show that w = w which, in light of the above estimate,
completes the proof of Step 1. To this end, thanks to (6.4), it suffices to show
that

uc — 0 as & — 0 L2-weakly on compact subsets of 2.  (6.18)

Since [|uc|[w1.2(q.) is controlled independently in e > 0 it follows that there
exists w € WH2(£2) such that for each compact subset K of 2 we have

0%u. — 0°w weakly in L?(K) VaeNj, |of <1 (6.19)
Note that
Aw=0 in £ (6.20)

in the sense of distributions. Indeed, let ¢ € C§°(£2). Select a compact subset
K of 2 such that supp ¢ is a subset of the interior of K. Using (6.19), we are
then able to write

<W,A<P>L2(Q) = (w, A<P>L2(K) = Ehf(l) <U57A<P>L2(K)
= lim (Au., p)r2(x) = 0. (6.21)
e—0

If we show that
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dyw+ATrw=0 in H Y?80), (6.22)

then, by Proposition 3.5, we have w = 0 in (2. Then the claim (6.18) follows
from (6.19).

At this point, we are left with showing that (6.22) holds and start by
considering a function ¢ € H'/2(9£2) along with some & € W12(£2) such
that Tr® = ¢. From (3.56) we have

(H1/2(92))* (O, ©) 1172 (90) = /(Vw,V@) dx = HH(I) (Vw, V&) dx. (6.23)
£—
Q Qg

Fix for the moment § > 0. Let K5 be a compact subset of (2 for which
V| 22\ k;) < 0. Using (6.23), we obtain

(HY2(90))* (Oyw, <P>H1/2(arz)

:nm[ /<w,v¢>da:+/<w,v¢>da: = lm[I+ 1. (624)

e—0
NN\Ks Ks

Due to the choice of K,
1ims(l)1p | < IVl 2wy IVwllz2(0) < 6 Vwllz2(0)- (6.25)
£E—

Also, using (6.19), we may write

I = 1ir% (Vue, VO) dx

Ks
= 1im{ /<vu€,v¢> dz — / (Vue, VE) dx
-Qe -QE\KJ
= lim [I11— IV]. (6.26)

Since ||uc||w1.2(e) is controlled uniformly in € > 0, we conclude that there
exists a constant C' > 0 independent of € such that

hmstl)lp V] < [[Vuell L2 ) [Vl 220\ k5) < C6. (6.27)
E—
Thus, using (6.23)-(6.27), we obtain (employing the usual “big O” notation)

(i /2(0)- (000, 0) 2 o) = lim / (Vue, V) dz + O(6).  (6.28)
£

Thus, by letting § — 0, we conclude
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(H1/2(3_Q))* <8l,w, SD>H1/2(8Q) = g% /<VU5, V@> dx. (629)
'QE

Going further, we use the integration by parts formula (3.56) in order to
write

/<VU5, V¢> dr = (H/2(092.))* <8V€U,5, Tr5¢>H1/2(895)
-Qs

=A / (Tre w — Tre ue) Tr. @ do.
082
+(H1/2(8QE))* <8l,€u,Trs ¢>H1/2(895)a (630)

where the last equality follows from the boundary condition in (6.3). We
claim next that

/ Tr. u. Tr. @do. — /Trwgoda as € — 0, (6.31)
992, an
/ Tr.uTr. ?do, — /Truwda as € — 0, (6.32)
992, on

and

(H'/2(082.))* <8V€U,, TI‘E ¢>H1/2(895) — (H'/2(082))* <8yu, <)0>H1/2(8Q) (633)

ase — 0.

Turning our attention to proving (6.31), for each ¢ > 0 we consider the
extension operator (i.e., a right-inverse for the restriction operator mapping
distributions in {2 to distributions in (2.)

EWH2(0,) — Wh2(02). (6.34)

Matters can be arranged so that the operator norm of (6.34) is bounded
uniformly in € > 0 (see [22]). Relying on this and the fact that [|u.||y1.2(g) is
controlled uniformly in € > 0, we may deduce that the sequence {E uc }eso is
bounded in W12(£2). Thus, by the Rellich selection lemma, we may further
conclude that there exists a function v € W12(£2) with the property that for
each r € (1/2,1)

Eu. — v as € — 0 with convergencein W' "2(£2).  (6.35)

Now, from (6.35) and (6.19) we deduce that v = w. Next, for each function
& € O() we write
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/ Tr. ue Edoe = / Tre(Ecue) Edo, (6.36)

082, 002

= /Tre(é'eue—w)fdae—l—/Trawfdae.

092 082

Analogously to the argument leading to (5.14) in Corollary 5.3, we infer that

/ Tro(Ecue —w)doe| < C || Tre(Ecue — w)2200.) (6.37)
£

< C¢||Ecue —w|wi-r2e) — 0 as e—0.

For the second term in the second line of (6.36) we employ Corollary 5.3
in order to conclude that

/Trawgdoe — /Trwfda. (6.38)
o9

82,

With this in hand, (6.31) follows from (6.36)-(6.38) and a simple density
argument (involving approximating ® € W12(2) with functions £ € C>(£2)
in W12(£2)). Furthermore, (6.32) follows from Corollary 5.3 and the same
type of density argument as above. Finally, as regards (6.33), we write

(H12(002.))* (Ove s Tre @) 1290y = Vu-V@dx—i—/f@dx

Q 05

ﬂ/Vu-V@dx+/f¢dx
(9] (P

= (H1/2(39))*<8uu,<p>H1/2(69). (639)

At this stage, using (6.31)-(6.33) and (6.30) as passing to the limit in
(6.29), we conclude that

(H1/2(39))*<&,w,ga)Hl/g(aQ) = A /TI"U,QDdO'—)\ /Trwcpda
o8 82

+H1/2(00)) (Ovts ) 12 (02

=-) /Trwapda (6.40)
o
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since d,u + ATru = 0 on 2. Hence (6.22) immediately follows. As already
remarked, this finishes the proof of Step I. Here, we only wish to point out
that, as a corollary,

Gy : L*(0) — W?3() (6.41)

is well defined and bounded.

7 Proof of Step II

For this segment in our analysis we assume that 2 C R™ is a bounded
Lipschitz domain. We seek a solution for the inhomogeneous Robin boundary
value problem

Au=f in 2,
(7.1)
dyu+ Au=0 on 92,
in the form u = ITf — w, where IT is as in (2.11) and w solves
Aw =0 in 2,
(7.2)
Opw~+ A w =0, I f+ ANTr I f on 012.
Formally, a solution for (7.2) is given by
wi=8(= 1+ K* +\S) " 9,11 f + N Tx (I f)). (7.3)

Our goal is to show that if f € h5($2) := F&’OQ(Q) for1—e<p<1
(for some small ¢ = £(£2) > 0), then w above is well defined and satisfies
V2w € hP(§2) plus a natural estimate. To this end, we first claim that

—3I+ K*+\S is one-to-one on L?(012). (7.4)

In order to show (7.4), let g € L*(042) be such that (— 5 + K* + AS)g = 0,
and let v := Sg in 2. Then from the standard Calderén—Zygmund theory we
have

Av =0 in £,
M(Vv) € L*(0£2), (7.5)
d,v+ Av =0 on 912,

where the nontangential maximal operator M was introduced in (2.2). As

a consequence of this and Green’s formula (which holds in this degree of
generality), we find
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0</|Vv|2dx: /Bl,v-vda: —)\/|v|2d0<0. (7.6)
Q o0 00

This forces v = ¢ in 2 and v|s = 0, which further implies that v = 0 in 2.
Thus, Sg = 0 in 2 and, consequently, Sg = 0 on 94?2 in view of (2.8). With
this in hand, a reference to (3.54) then yields g = 0, finishing the proof of
(7.4).

Taking into account that — 3 /+K* is Fredholm with index zero on L*(92)
and S is compact on L?(942), we may conclude that the operator —J I+ K* +
AS is Fredholm with index zero on L?(942). In concert with (7.4), this further
implies that

—ol + K*+ XS : L*(082) — L?*(82) is an isomorphism. (7.7)

Recalling (3.53) and observing that S : BY", (062) — B (012) is compact
for any p € ("', 00) and s € (0,1), we conclude that

—3I + K*+ XS is Fredholm with index zero on B, (042)

7.8
for all pairs of indices s,p as in the statement of Theorem 3.4. (7.8)

With (7.8) in hand, the global stability result presented in Theorem 2.10
of [11], together with (7.7), gives

—3I+K*+AS is invertible on B, (042)

7.9
for s, p as in the statement of Theorem 3.4. (7.9)

In order to proceed from here, we recall from [14] that the Newtonian poten-
tial has the property that its normal derivative
o I1 : Fff; 7270((2) — BPP (002) (7.10)
is a bounded operator whenever "' < p < oo, (n—1)(1/p—1)4 < s < 1 and
0 < g < o00. Based on this, Theorem 3.1, and the fact that the Newtonian
potential is smoothing of order two on the Triebel-Lizorkin scale, we then
conclude that, whenever s and p are the same as in Theorem 3.4 and f €
Fspfl/pfl()(g)’ the function
h:=0,If +\Tr (IIf) € B2 (012) (7.11)

is meaningfully defined and satisfies a natural estimate. Consequently, when-
ever s and p are the same as in Theorem 3.4, from (7.9) it follows that
g:= (=3I +K*+AS)"'h € B (812) is meaningfully defined and satisfies a
natural estimate. If we now recall the mapping properties of the single layer
potential operator from Theorem 3.3, we may conclude that



258 T. Jakab et al.

w:=8g € Ej’f; (2) (7.12)

satisfies a natural estimate.

When f € hij(£2) = F&’OQ(Q), the above considerations hold if 1—e < p < 1

since for such p’s the pair s, p with s := 2 — 217

Theorem 3.4. Thus, in this particular scenario,

satisfies the conditions in

w e hPP(2) = FP*(2) and [[w][p2e0) < Cllflnpe)- (7.13)
Since we also have
11§ € 127(2) and [T fllwesa) < Cllfllugion (7.14)
we may finally conclude that u = ITf —w € h?P(£2) and
[ullpze2) < Clfllne o) (7.15)

whenever u solves (7.1) with f € hf(£2) for some 1 —e < p < 1 (where ¢ >0
is as in Theorem 3.4). Hence, as a corollary, the Green operator

Gy : FP3(0) — FP2(0) (7.16)

is well defined and bounded whenever 1 — ¢ < p < 1. This completes the
proof of Step II. O

8 Proof of Step III

Granted (6.41) and (7.16), the interpolation results in the last part of Theo-
rem 3.2 imply that

Gy : FU3(02) — FY?(02) is well defined and bounded if 1 —e <p<2.(8.1)

In light of the identifications in (3.6)-(3.12), when further restricted to the
range 1 < p < 2, this shows that the Green operator G in (1.12) is well
defined and bounded. Granted this, a routine argument shows that the inho-
mogeneous Robin boundary value problem (1.10) is solvable, for a solution
which satisfies (1.11).

Thus, at this point, it remains to establish the uniqueness part for the
boundary value problem (1.10). To this end, we find it useful to recall the
following general regularity result from [20].

Theorem 8.1. Let {2 be a bounded Lipschitz domain in R™, n > 2. Assume
that L is a homogeneous, constant (real) coefficient, symmetric, strongly el-

liptic differential operator of order 2m, m € N. Then if w € F:"L’LH/Z)(Q)
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for some ";1 <p<20<qg<oo, and Lw = 0 in 2, it follows that
M (V™ tw) € LP(012) and a natural estimate holds.

Based on this theorem (applied with w = Vu, ¢ =2, 1 <p <2, m =1,

and L = A; note that WHP(02) — Flp/i(())), we may then deduce that if u

is a null-solution of (1.10) for some 1 < p < 2, then M (Vu) € LP(942). With
this in hand, the results in [5] then give that, necessarily,

u=3S8g in 2 for some g € LP(012). (8.2)
Hence, on the boundary,
0=0,u+Au=(—2I+K*"+\9)g. (8.3)

Thus, we may conclude that ¢ = 0 and, further, v = 0, as soon as we show
that

—ol + K* + \S : LP(082) — LP(9£2) is an isomorphism, if 1 < p < 2( |
8.4

This, however, follows by observing that (8.4) holds when A = 0 (see [5]) and
then proceeding as in the case of (7.7).
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Properties of Spectra of Boundary
Value Problems in Cylindrical and
Quasicylindrical Domains

Sergey Nazarov

To the memory of S.L. Sobolev

Abstract General formally self-adjoint boundary value problems with spec-
tral parameter are investigated in domains with cylindrical and quasicylin-
drical (periodic) outlets to infinity. The structure of the spectra is studied for
operators generated by the corresponding sesquilinear forms. In addition to
general results, approaches and methods are discussed to get a piece of infor-
mation on continuous, point, and discrete spectra, in particular, for specific
problems in the mathematical physics.

1 Statement of Problems and Preliminary Description
of Results

1.1 Introduction

We consider one particular question in the theory of waves; namely, cylindri-
cal and periodic (quasicylindrical) waveguides, acoustic, elastic, and piezo-
electric. The formulation of the corresponding problems in the mathematical
physics usually, but not always (see Subsect. 3.8 below) leads to a formally
self-adjoint boundary value problem for a system of partial differential equa-
tions with spectral parameter A\ proportional to the squared oscillation fre-
quency. The subject of the investigation becomes a structure of the spectrum
of the operator of the boundary value problem since a wave can propagate
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only in the case where the point A belongs to the continuous spectrum. We
also pay attention to particular features of the spectra such as the point spec-
trum and opening gaps in the continuous spectrum which have clear physical
interpretation.

There are two methods for investigating boundary value problems in cylin-
drical and quasicylindrical domains. The first one was formed within the
framework of the theory of elliptic boundary value problems in domains with
piecewise smooth boundaries (see the key works [25, 36, 37, 44]), and the sec-
ond one (see reviews [29, 31]) is related with the operator theory in Hilbert
spaces. These methods usually provide results of equal strength. However,
certain specific questions may become prerogative for one in the couple. For
example, the lost of the Fredholm property by the problem operator in a
proper Sobolev space is equivalent to the fact that the point A belongs to
the essential spectrum of a self-adjoint unbounded operator in the Lebesgue
space, but asymptotic expansions of solutions at infinity ought to be con-
cluded by means of the first method and the segmental structure of the
spectrum by means of the second one.

In the paper, we employ both methods and also many of both, widely used
and little known approaches providing an additional information on spectra.

1.2 Spectral boundary value problem

Let n > 2, and let X be a domain in the Fuclidian space R™ included into
the layer {z = (2/,2,) € R" : z,, € (0,1)}. We introduce the periodic set II
(the quasicylinder, see Fig. 1) as the interior of the union of the closures of
periodicity cells

U =

jEL
Here, Z = {0,%1,...} and X; = {x: (2/,z, — j) € X}. We assume that IT
is a domain with Lipschitz boundary 0I1, in particular, IT is a connected set.
Let also {2 be a subdomain of R™ with Lipschitz boundary 9{2 which, outside
the ball B%, = {z : |z| < R°} of a large radius R® > 1, coincides with the
half-cylinder IT, = {xz € IT : z, > 0} (see Fig. 2).

We introduce an (N x k)-matrix D(V,) of homogeneous differential first
order operators with constant, in general complex, coefficients where N, k €
N := {1,2,...} and N > k. We assume that this matrix is algebraically
complete [54], i.e., there exists a number 7p € N such that, for any 7 > mp
and any row P(&) = (Py(£), ..., P(£)) of homogeneous polynomials of degree
7, one may find a polynomial string Q(§) = (Q1(§), ..., Qn(&)) satisfying the
relation

P&) =QE)D(E), &= (&,--,8n) €R™ (L.1)
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Let A and B be Hermitian matrix-valued functions of size N x N and k x k
respectively. They have measurable entries and satisfy the following positivity
and “stabilization” conditions:

calal? <a" A@)a < Calal®, eplb? <b' B(z)b < Cplb|?
fora € CV,b e CFanda.a.z € 02,

(1.2)

[Aji(x) — AJy ()] + [Bpg () — Byy ()] < co exp(—down)

(1.3)
fora.a.z € 2\ Bp.

Here, T stands for transposition and the bar for complex conjugation; fur-
thermore, c4, C 4, cg, Ci and cg, dg are positive constants. The matrix-valued
functions A° = (A}) and B° = (B},) are Hermitian, measurable, bounded,
and positive definite as well. Moreover, they are periodic! in z,, and the in-
equalities (1.2) are valid with positive constants ¢ 40, C 40 and cgo, Cgo. We
determine the following (k X k)-matrix £ of second order differential operators

L(2,V,) = D(V,)* A(x)D(V,), (1.4)

where D(V,)* = D(—Vgc)—r is the formal adjoint differential matrix oper-
ator for D(V;). By the requirements made on the matrices D and A, the
operator (1.4) is formally positive [54] and possesses the polynomial property
[41, 44], hence it is elliptic and formally self-adjoint. We emphasize that the
radius vector x and the gradient operator V, are interpreted as the columns
(z1,...,2,)" and (0/0x1,...,0/0z,) " respectively.

~— N
7 N

Fig. 1 Quasicylinder.

In the domain 2, we consider the spectral problem
L(xz,Vy)u(z) = A\B(z)u(z), =z € 2, (1.5)

T(x,Vy)u(z) =0, x€df. (1.6)

Here, A € C is the spectral parameter and 7 is a matrix operator of
the boundary conditions. The classical formulation of the problem expects
smooth data and in the sequel we give its variational formulation. We now

I The period is equal to one if another period is not announced in advance.
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Fig. 2 Periodic waveguide.

describe a procedure [35] to construct the matrix operator 7, which provides
a symmetric operator of the boundary value problem in the Sobolev space
HY(2)*. Let S be a unitary matrix-valued function with measurable entries
on the boundary 92 while

S(z) = S%(x) for a.a. x € 912\ Bp, (1.7)

and SY depends periodically on z,,. We determine the rows Ty and Q4 of
the matrices 7 and Q by one of the following couples of formulas:
T
Tig)(x, V) = S(g)(x), Qg)(2,Va) = =Sy (2)D(v(z)) A(x)D(V.)
or (1.8)

T (2, V) = S(o (2)D(v(x)) A@)D(Vs),  Qgp(, Vi) = Sy ()-

Here, v stands for the unit vector (column) of the outer normal on the bound-
ary of the domain {2 which is properly defined for almost all z € 0f2. Again,
under additional smoothness of the data, the symmetric Green formula

(Lu,v) o+ (Tu, Qu)an(u, Lv)o + (Qu, Tv)an (1.9)

is valid, where (, )z is the natural inner product in the Lebesgue space La(5),
either scalar or vector, and the test functions u and v belong to the linear
space C°(£2)* i.e., they are smooth and have compact support. Furthermore,
the problem (1.5), (1.6) can be reformulated as the integral identity [33]

a(u,v; 2) := (AD(V,)u, D(V,)v) o = AM(Bu,v) o, v e H(), (1.10)

where H(£2) is the subspace of vector-valued functions v = (vy,...,v;)" €
H(2)* satisfying the stable boundary conditions (see [35] for terminology),
ie., T (z)v(r) = Sgy(x)v(z) = 0,2 € 912, for ¢ = 1,..., k such that the first
couple in the definition (1.8) is chosen. We emphasize that vector functions
u € H?(2) and v € H'(02)* satisfy the following “halved” variant of the
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Green formula:
(Lu,v) 0 + (Nu,v)analu,v; 2). (1.11)

By N(z,V.) we understand the operator D(y(x))TA(a:)D(Vm) of the Neu-
mann boundary conditions. If the inclusions u, v € H({2) are valid in addition,
then

k
(Nu, V)ogn = Zl (S(q)./\[(q)u,S(q)’U)aQ =0 (1.12)
a=
since for all ¢ = 1,...,k and any choice of operators in (1.8) one of the

multipliers in each inner product vanishes. Formulas (1.11) and (1.12) provide
the variational formulation (1.10) of the problem.

Apart from the spectral problem (1.10), the corresponding inhomogeneous
problem with the fixed parameter A

a(u,v; 2) — A(Bu,v)o = f(v), veH(?) (1.13)

is of further use as well. Here, f € H(£2)* is a linear functional in the space

H(RQ).

Remark 1.1. 1t is allowed to set different couples of boundary conditions in
(1.8) on disjoint parts of the boundary 0f2. However, outside the ball with a
certain large radius, the collision surfaces for different boundary conditions
must follow the periodic structure of the quasicylinder 0I1. To simplify the
notation, the possible simple generalization is ignored in Sects. 1 and 2; how-
ever, in Sect. 3, we employ it in the simplest situation; namely, the Dirichlet
or Neumann conditions at the end of a straight cylinder are accompanied
with boundary conditions of other type on the lateral side. Moreover, in Sub-
sects. 3.5 and 3.6, we permit a cylindrical collision submanifold of dimension
n—2. ([

Remark 1.2. Further results keep the validity in the case where the set 2\ B go
is an exponentially decaying perturbation of the set IT; \ Bro. The same is
true for the matrix S (the condition (1.7) can be weakened) and the collision
surfaces mentioned in Remark 1.1. To simplify the presentation, we do not
pay attention to this possible generalization. O

1.3 Polynomial property and the Korn inequality

We formulate the above-mentioned polynomial property [41, 44]. It means
that for any domain = C R™ the assertion

a(u,u; 2) =0,u € CX(E) < ueP (1.14)
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is valid, where P is a finite dimensional subspace of vector polynomials p(z) =
(p1(x),...,pr(z))". It is clear that

P ={p: D(Vo)p(x) = 0} (1.15)

due to the algebraic completeness of the matrix D and the positive definite-
ness of the matrix A. Furthermore, according to (1.1), the degree of a scalar
polynomial p; in the column p € P cannot exceed 7p (see [41] and [44] for
details). The subspace P figures in the description of attributes and main
properties of an operator of an elliptic problem {£, 7} in either bounded do-
mains with smooth or piecewise smooth boundaries or unbounded domains
with conical, cylindrical or periodic outlets to infinity (see [44, 53]).
The following proposition based on the condition (1.1) is proved in [54].

Proposition 1.1. For any domain = C R™ with a Lipschitz boundary and a
compact closure the Korn inequality

[Vau; Lo(E)[| < C(Z) (ID(Va)u; La(Z)] + [Ju; L2(E)]), (1.16)

is valid while the factor C(Z) does not depend on the vector-valued function
u€ HYE)".

The review [44] contains plenty of examples of specific problems in the
mathematical physics which fulfills the above requirements, but in the intro-
duction we mention only two simplest ones. In Subsect. 3.8, we also discuss
the piezoelectricity model in mechanics of continuous media.

Example 1.1. Let k = 1 and N = n. Then D(V,) = V, and L(z,V,) =
—V.] A(x)V, is a scalar second order differential operator in the divergence
form. The linear space (1.15) consists of constants. If A is the unit matrix
and B = const, then the system (1.5) turns into the Helmgoltz equation. [

Ezample 1.2. The operator L of the three-dimensional elasticity system, de-
scribing deformation of an anisotropic and inhomogeneous solid with the
stiffness matrix A(z) gets the numbers k = 3, N = 6 and the matrix

600 0 27V 2Y2
DET=|0&027Y2% 0 27V |. (1.17)
0 0¢&27Y2627Y2¢4 0

It is straightforward to verify the algebraic completeness (1.1) with 7p = 2
of the (6 x 3)-matrix D. By the factors 27'/2, the strain column

D(Vy)u = (sll(u), £22(u), e33(w), 21/ 203 (u), 21/ 2e31 (u), 21/2512(u))T
(1.18)
(see monographs [34, 45]) has the same natural norm as the strain tensor
(€jk (u))jkzl with the Cartesian components
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1 [(Ou;  Ouy
sjk(u) N 2 <8xk + 8IEJ>
and, therefore, any orthogonal transform of the Cartesian coordinates leads

to an orthogonal transform of column (1.18) (see [45]).
Similarly to (1.18), the column

AD(V)u = (011(u), 022 (w), 033 (1), 212095 (u), 21/ 2031 (u), 21/2012(u))—r

(1.19)
contains components of the strain tensor so that the rule (1.8) provides all
physically meaningful boundary conditions. The inequality (1.16) implies the
Korn inequality [27] which plays an important role in elasticity problems
(see, for example, [54, 26, 7, 45]). Finally, the linear space P in formula
(1.15) consists but of rigid motions a + = x b and gets dimension six; here, a
and b are columns in R? and the cross stands for the vector product in R3.
The term a gives rise to a translation while = x b is a rotation. O

1.4 Formulation of the problem in the operator form

Applying the inequality (1.16) on the cells X}, j = jo,jo + 1,..., and the
set 2 N Bgo, which all together cover the domain (2, yields the following
assertion.

Lemma 1.1. For any vector-valued functionu € H*(£2)* the Korn inequality
(1.16) is valid in the infinite domain = = 2 whilst C(2) = max{C(£2 N
IBRg)v C(E)}

Taking Lemma 1.1 and the inequality (1.2) into account, we endow the
Hilbert space H({2) with the specific inner product

(u,v) = a(u,v; 2) + b(u, v; 2). (1.20)

We also introduce a positive, continuous and symmetric, therefore self-adjoint
operator IC by the formula

(Ku,v) = b(u,v; 2) := (Bu,v)n, u,ve H(2). (1.21)

The operator K cannot be compact and its spectrum cannot consist of the
only point p = 0 because the set {2 is not bounded.
The variational formulation (1.10) is equivalent to the abstract spectral
equation
Ku = pu (1.22)

with the new spectral parameter

p=(1+XN"" (1.23)
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By the definitions (1.20) and (1.21), the norm of the operator K does not
exceed one, i.e., C\ {u: Impu = 0,Repn € [0,1]} is certainly belongs to the
resolvent field of the operator. Owing to the relation (1.23) the A-spectrum
of the problem (1.10) (or the problem (1.5), (1.6) if the data are smooth)
inherits all the properties of the p-spectrum of the operator K, except for
those attributed to the point 1 = 0. Thus, in the sequel, we mainly study the
spectrum of the operator IC on the segment (0, 1] of the real axis and only
reformulate the obtained results for the problem (1.10) itself.

1.5 Contents of the paper

In many situations, the process of wave propagation in cylindrical and qua-
sicylindrical (periodic) waveguides admits a stationary formulation which re-
quires to investigate the spectrum of a formally self-adjoint boundary value
problem for an elliptic system of partial differential equations. Since the ge-
ometrical domain is unbounded, the boundary value problem gets a continu-
ous spectrum whose points give rise to propagating waves which drive energy
to/from infinity. The discrete and point spectra bring about exponentially
decaying waves, i.e., the so-called trapped modes. At bottom of fact, the iden-
tification of the above-mentioned spectra becomes the subject of investigation
in many applicable disciplines.

One may allot the following two approaches to study solutions of ellip-
tic boundary value problems in domains with cylindrical and quasicylin-
drical outlets to infinity. Within the framework of elliptic boundary value
problems, in domains with piecewise smooth boundaries (see the key works
(25, 36, 37, 44] and, for example, monographs [53, 28]), the first approach
delivers results on the Fredholm property of the problem operator in stan-
dard and weighted Sobolev spaces, asymptotic expansions for solutions at
infinity, and a correct formulation of problems with asymptotic conditions at
infinity in function spaces with detached asymptotics. Moreover, the model
problem (2.8) in the periodicity cell X is interpreted as the polynomial pencil
7 — A(n; A) in the dual variable arising from either the Gel’fand transform
(2.1) or the Fourier transform (2.37) while the parameter A has to be fixed.
Usually, the theory under discussion deals with boundary value problems in
the classical formulation (see the differential expressions (1.5), (1.6)), i.e.,
their data, the boundary and coefficients of differential operators, are sup-
posed smooth. However, to employ the variational formulation of the prob-
lems (see the integral identities (1.10) and (1.13)) does not causes a serious
impediment due to the Parseval theorem for both transforms (see formula
(2.3) for the Gel’fand transform). At the same time, the author does not know
a publication where variational problems are consistently studied within this
framework, and in Sect. 2 we shortly present necessary calculations and argu-
ments following the standard scheme (see again [25, 36, 37, 44] and [53, 28]).
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The second approach appeals to the theory of operators in Hilbert space.
This approach is expounded, for example, in [29, 59, 30] and requires to
fix the dual variable  and to take A\ as a spectral parameter. The model
problem (2.8) in the periodicity cell X' gives rise to an unbounded self-adjoint
operator in the space Lo(X)* generated by the Hermitian form (2.6) and the
discrete spectrum of this operator provides an inference on the structure of
the spectrum in problem (2 with an outlet to infinity.

In the present paper, it is convenient to employ both approaches. Since the
right-hand side of the system (1.5) includes the variable matrix B(z), we are
forced to deal with the specific inner product (1.20) in the Hilbert space H({2)
and the self-adjoint, positive and continuous operator K : H(2) — H(£2).
The continuity of the operator does not bring any profit, but encumbers the
application of the maxmin principle (see, for example, [1, Theorem 10.2.2])
which becomes one of the main tools in Sect. 3. We stress that the above-
mentioned innovation is accepted with the only purpose; namely, to consider
bodies and media with inhomogeneous and anisotropic densities B(z) which
are quite often in applications, for example, in mechanics of composite ma-
terials.

In addition to the main theorem (Theorem 2.1) on the Fredholm property
of the operator of the problem (1.13) and the essential spectrum of the opera-
tor /C, in Sect. 2 we establish the exponential decay for vector eigenfunctions
(Corollary 2.1) and the finite dimension of the kernel in the problem (1.13)
which occurs independently of the spectrum of the problem in the periodic-
ity cell (Proposition 2.3). The latter fact, in particular, shows that all points
w € (0,1] in the essential spectrum of the operator K actually lie in the
continuous spectrum. Finally, in Proposition 2.4 (see also Remark 2.2), we
discuss the particular case of the straight cylinder

I =wxR, (1.24)

the cross-section w of which is a domain in the space R"~! with Lipschitz
boundary dw and compact closure w = w U dw. We prove that the essential
spectrum of the operator K coincides with the segment [0, xf] and, thus,
cannot have a gap. The cut-off uf belongs to the segment (0, 1].

In Sect. 3, we describe certain approaches and tricks which give a piece
of information about the spectrum structure of the problem (1.5), (1.6) in
sufficiently general, however still particular situations. Let us list these ap-
proaches and tricks while indicating the corresponding primary source and
the section of the paper where it is described.

i. The absence of the point spectrum ([56] and Subsect. 3.3).

ii. The comparison principles ([18] and Subsect. 3.3).

iii. Artificial boundary conditions and the point spectrum in the con-
tinuous spectrum ([8] and Subsect. 3.4).

iv. Concentration of the discrete and point spectra ([48] and Sub-
sects. 3.2 and 3.4).
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v. The variational approach for searching eigenvalues below the cut-off
([20, 21] and Subsect. 3.5).

vi. Opening gaps in the continuous spectrum ([50] and Subsect. 3.6).

If an approach or a trick works in the general situation, we treat the
boundary value problem (1.5), (1.6). However, in the impediment case, we
turn to particular problems in the mathematical physics in Examples 1.1
and 1.2. In the last two subsections, we consider two issues in mechanics of
continuous media; namely, cracks and piezoelectricity.

2 The Model Problem and the Operator Pencil

2.1 Model problem in the quasicylinder

The Gel'fand transform (a discrete Fourier transform; see [12] and, for exam-
ple, [29, 53, 30]) is defined by the formula

o(@) = B, 2,m) = (2m) V2 3 exp(—in(i+ e j+2), (g1
JEZL

where z € IT and (2/,z) € X, n € [0,27) and ¢ is the imaginary unit. This
transform establishes the isometric isomorphism

LQ(H) = LQ(O, 27‘(’; LQ(E))

Here, Lo(0,27;B) is a space of abstract functions with the norm

2 1/2
03 La(0, 273 )] = ( / ||v(77);58|2d77> .
0

and B is a Banach space. The inverse transform is given by the formula

27

(@', z,m) > v(a!, z2) = (2m) /2 / exp(inz)v(a’, z — [2],m) dn, (2.2)
0

where [z] = max{q € Z : ¢ < z} is the integral part of a number z € R. Since
v(2',0,n) =0v(2,1,n) for v e C(IT) and

-

P(Vr)v(x/) 2, 7]) = P(Vfﬂ') 8Z =+ Zn)a(x/) 2, 7])7 82 = 8/8Z7
the transform (2.1) gives rise to the isomorphism

H'(IT) ~ Ly(0,2m; H},, (X)),

per
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where H)_,(X) is the subspace of functions in the Sobolev space which are

periodic in the variable z on the cell X.
The Parseval formula

27
(u,0) 1 = / (@(- 1), 50, m) 5 dn (2.3)
0

is valid and, thus, the Gel’fand transform establishes the isomorphism for
spaces of functionals

HY(IT)* ~ Ly(0,2m; HY, (2)*).

per

We “freeze” coefficients of the differential operators £ and 7 at infinity,
i.e., perform the changes A — A°, B — BY and S — S°. According to
the stabilization conditions (1.3) and (1.7), from (1.13) we derive the model
problem in the quasicylinder

a®(0,u,v; IT) — AP (u,v; IT) = f(v), v € H(II). (2.4)

Applying the transform (2.1) and formula (2.3), we obtain the family of model
problems in the periodicity cell

a®(n, U, V; D) =X (U, V; 2)=F(n; V), V € Hper(X), for a.a. n € (0,2m).

(2.5)
Here, H(II) is the subspace of vector-valued functions in H'(IT)* which are
subject to the condition S?q)v = 0 on the surface 9II for g = 1,..., k such that

the first couple is chosen in (1.8). In addition to the condition S?q)V =0 on
OXNOI, elements in the subspace Hye, (X) C H(X)* satisfy the periodicity
conditions on the bases 90X N IT of the cell. Finally, f and F' = f are linear

functionals on the above-mentioned subspaces and the forms on the left-hand
side of the integral identities are defined as follows:

a®(n,U,V; ) = (A"D(Vyr, 0, +in)U, D(Vy, 0, +in)V) s, (2.6)

b0 (u,v; IT) = (B, v) 7. (2.7)
The parameter A is fixed, and the complex conjugate n will be used below.

In the case F = 0, from (2.5) we obtain the spectral problem

a®(n, U, V; ) = X°(U,V; X) =0, V € Hper(X), foraa.ne (0,27),
(2.8)
which involves the squared spectral parameter 7. According to the Riesz
representation theorem, the problem (2.8) generates the quadratic pencil

Con—=AmA) : Hper () = Hper (X). (2.9)
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The operator A(n1; A) — A(n2; A) is compact in the space Hpe,r(X) for any
n1,m2 € C because the difference a®(ny,U,V; %) — a®(ne, U, V; X) gets rid
of first order derivatives of entries in the vector functions U and V' while
the embedding H'(Y) C L2(X) is compact. Hence, in view of the general
results in [13, Theorem 1.5.1], the eigenvalues of 