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Main Topics

Sobolev’s discoveries of the 1930’s have a strong influence on de-
velopment of the theory of partial differential equations, analysis,
mathematical physics, differential geometry, and other fields of math-
ematics. The three-volume collection Sobolev Spaces in Mathematics
presents the latest results in the theory of Sobolev spaces and appli-
cations from leading experts in these areas.

I. Sobolev Type Inequalities
In 1938, exactly 70 years ago, the original Sobolev inequality (an embed-
ding theorem) was published in the celebrated paper by S.L. Sobolev “On
a theorem of functional analysis.” By now, the Sobolev inequality and its
numerous versions continue to attract attention of researchers because of
the central role played by such inequalities in the theory of partial differ-
ential equations, mathematical physics, and many various areas of analysis
and differential geometry. The volume presents the recent study of different
Sobolev type inequalities, in particular, inequalities on manifolds, Carnot–
Carathéodory spaces, and metric measure spaces, trace inequalities, inequal-
ities with weights, the sharpness of constants in inequalities, embedding theo-
rems in domains with irregular boundaries, the behavior of maximal functions
in Sobolev spaces, etc. Some unfamiliar settings of Sobolev type inequalities
(for example, on graphs) are also discussed. The volume opens with the survey
article “My Love Affair with the Sobolev Inequality” by David R. Adams.

II. Applications in Analysis and Partial Differential Equations
Sobolev spaces become the established language of the theory of partial dif-
ferential equations and analysis. Among a huge variety of problems where
Sobolev spaces are used, the following important topics are in the focus of this
volume: boundary value problems in domains with singularities, higher order
partial differential equations, nonlinear evolution equations, local polynomial
approximations, regularity for the Poisson equation in cones, harmonic func-
tions, inequalities in Sobolev–Lorentz spaces, properties of function spaces in
cellular domains, the spectrum of a Schrödinger operator with negative po-
tential, the spectrum of boundary value problems in domains with cylindrical
and quasicylindrical outlets to infinity, criteria for the complete integrability
of systems of differential equations with applications to differential geome-
try, some aspects of differential forms on Riemannian manifolds related to the
Sobolev inequality, a Brownian motion on a Cartan–Hadamard manifold, etc.
Two short biographical articles with unique archive photos of S.L. Sobolev
are also included.



viii Main Topics

III. Applications in Mathematical Physics
The mathematical works of S.L. Sobolev were strongly motivated by particu-
lar problems coming from applications. The approach and ideas of his famous
book “Applications of Functional Analysis in Mathematical Physics” of 1950
turned out to be very influential and are widely used in the study of various
problems of mathematical physics. The topics of this volume concern mathe-
matical problems, mainly from control theory and inverse problems, describ-
ing various processes in physics and mechanics, in particular, the stochastic
Ginzburg–Landau model with white noise simulating the phenomenon of su-
perconductivity in materials under low temperatures, spectral asymptotics
for the magnetic Schrödinger operator, the theory of boundary controllabil-
ity for models of Kirchhoff plate and the Euler–Bernoulli plate with various
physically meaningful boundary controls, asymptotics for boundary value
problems in perforated domains and bodies with different type defects, the
Finsler metric in connection with the study of wave propagation, the electric
impedance tomography problem, the dynamical Lamé system with residual
stress, etc.
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Linköping SE-58183
SWEDEN

e-mail: tasha@mai.liu.se

Winfried Sickel
Friedrich-Schiller-Universität Jena
Mathematisches Institut
Ernst–Abbe–Platz 2, D-07740 Jena
GERMANY

e-mail: sickel@minet.uni-jena.de

Michael Solomyak
The Weizmann Institute of Science
Rehovot, 76100
ISRAEL

e-mail: michail.solomyak@weizmann.ac.il

Michael Taylor
University of North Carolina
Chapel Hill, NC 27599
USA

e-mail: met@email.unc.edu

Kyril Tintarev
Uppsala University
P.O. Box 480, SE-751 06 Uppsala
SWEDEN

e-mail: kyril.tintarev@math.uu.se

Hans Triebel
Mathematisches Institut
Friedrich-Schiller-Universität Jena
D-07737 Jena
GERMANY

e-mail: triebel@minet.uni-jena.de

Roberto Triggiani
University of Virginia
Charlottesville, VA 22904
USA

e-mail: rt7u@virginia.edu

Marc Troyanov
Institute of Geometry, Algebra, and Topology
École Polytechnique Fédérale de Lausanne
1015 Lausanne
SWITZERLAND

e-mail: marc.troyanov@epfl.ch



Applications in Analysis and

Partial Differential Equations
Vladimir Maz’ya Ed.



Contents

On the Mathematical Works of S.L. Sobolev in the 1930s . . . . . 1
Vasilii Babich

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Sobolev in Siberia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Yuri Reshetnyak

Boundary Harnack Principle and the Quasihyperbolic
Boundary Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Hiroaki Aikawa

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2 Boundary Harnack Principle and Carleson Estimate in

Terms of the Green Function . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3 Proof of the Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Sobolev Spaces and their Relatives: Local Polynomial
Approximation Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Yuri Brudnyi

1 Topics in Local Polynomial Approximation Theory . . . . . . . . 32
2 Local Approximation Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.1 Λ-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.2 M-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.3 T -spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.4 V-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3 Selected Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.1 Embeddings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.3 Pointwise differentiability . . . . . . . . . . . . . . . . . . . . . . . 62
3.4 Nonlinear Approximation . . . . . . . . . . . . . . . . . . . . . . . 65

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

xxv



xxvi Contents

Spectral Stability of Higher Order Uniformly Elliptic
Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
Victor Burenkov and Pier Domenico Lamberti

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
2 Preliminaries and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3 Open Sets with Continuous Boundaries . . . . . . . . . . . . . . . . . . 77
4 The Case of Diffeomorphic Open Sets . . . . . . . . . . . . . . . . . . . . 79
5 Estimates for Dirichlet Eigenvalues via the Atlas Distance . . 82
6 Estimates for Neumann Eigenvalues via the Atlas Distance . 86
7 Estimates via the Lower Hausdorff–Pompeiu Deviation . . . . . 94
8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

8.1 On the atlas distance . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
8.2 Comparison of atlas distance, Hausdorff–Pompeiu

distance, and lower Hausdorff–Pompeiu deviation . . 100
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Conductor Inequalities and Criteria for Sobolev-Lorentz
Two-Weight Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
Serban Costea and Vladimir Maz’ya

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
3 Sobolev–Lorentz p, q-Capacitance . . . . . . . . . . . . . . . . . . . . . . . . 109
4 Conductor Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5 Necessary and Sufficient Conditions for Two-Weight

Embeddings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

Besov Regularity for the Poisson Equation in Smooth and
Polyhedral Cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
Stephan Dahlke and Winfried Sickel

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
2 Regularity Result for a Smooth Cone . . . . . . . . . . . . . . . . . . . . 126
3 Besov Regularity for the Neumann Problem . . . . . . . . . . . . . . 134
4 Appendix A. Regularity of Solutions of the Poisson

Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
5 Appendix B. Function Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.1 Besov spaces on domains . . . . . . . . . . . . . . . . . . . . . . . . 141
5.2 Sobolev spaces on domains . . . . . . . . . . . . . . . . . . . . . . 141
5.3 Besov spaces and wavelets . . . . . . . . . . . . . . . . . . . . . . 142

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Variational Approach to Complicated Similarity Solutions
of Higher Order Nonlinear Evolution Partial Differential
Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
Victor Galaktionov, Enzo Mitidieri, and Stanislav Pokhozhaev

1 Introduction. Higher-Order Models and Blow-up or
Compacton Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148



Contents xxvii

1.1 Three types of nonlinear PDEs under
consideration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

1.2 (I) Combustion type models: regional blow-up,
global stability, main goals, and first discussion . . . . 149

1.3 (II) Regional blow-up in quasilinear hyperbolic
equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

1.4 (III) Nonlinear dispersion equations and
compactons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

2 Blow-up Problem: General Blow-up Analysis of Parabolic
and Hyperbolic PDEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
2.1 Global existence and blow-up in higher order

parabolic equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
2.2 Blow-up data for higher order parabolic and

hyperbolic PDEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
2.3 Blow-up rescaled equation as a gradient system:

towards the generic blow-up behavior for parabolic
PDEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

3 Existence Problem: Variational Approach and Countable
Families of Solutions by Lusternik–Schnirelman Category
and Fibering Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
3.1 Variational setting and compactly supported

solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
3.2 The Lusternik–Schnirelman theory and direct

application of fibering method . . . . . . . . . . . . . . . . . . . 163
3.3 On a model with an explicit description of the

Lusternik–Schnirelman sequence . . . . . . . . . . . . . . . . . 165
3.4 Preliminary analysis of geometric shapes

of patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
4 Oscillation Problem: Local Oscillatory Structure of

Solutions Close to Interfaces and Periodic Connections
with Singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
4.1 Autonomous ODEs for oscillatory components . . . . . 174
4.2 Periodic oscillatory components . . . . . . . . . . . . . . . . . . 175
4.3 Numerical construction of periodic orbits; m = 2 . . . 176
4.4 Numerical construction of periodic orbits; m = 3 . . . 177

5 Numeric Problem: Numerical Construction and First
Classification of Basic Types of Localized Blow-up or
Compacton Patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
5.1 Fourth order equation: m = 2. . . . . . . . . . . . . . . . . . . . 182
5.2 Countable family of {F0, F0}-interactions . . . . . . . . . 185
5.3 Countable family of {−F0, F0}-interactions . . . . . . . . 188
5.4 Periodic solutions in R . . . . . . . . . . . . . . . . . . . . . . . . . . 189
5.5 Family {F+2k} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
5.6 More complicated patterns: towards chaotic

structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195



xxviii Contents

Lq,p-Cohomology of Riemannian Manifolds with Negative
Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
Vladimir Gol’dshtein and Marc Troyanov

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
1.1 Lq,p-cohomology and Sobolev inequalities . . . . . . . . . 199
1.2 Statement of the main result . . . . . . . . . . . . . . . . . . . . 201

2 Manifolds with Contraction onto the Closed Unit Ball . . . . . 203
3 Proof of the Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Volume Growth and Escape Rate of Brownian Motion on a
Cartan–Hadamard Manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
Alexander Grigor’yan and Elton Hsu

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
2 Heat Equation Solution Estimates . . . . . . . . . . . . . . . . . . . . . . . 213
3 Escape Rate of Brownian Motion . . . . . . . . . . . . . . . . . . . . . . . . 216
4 Escape Rate on Model Manifolds . . . . . . . . . . . . . . . . . . . . . . . . 220

4.1 Constant curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
4.2 General model manifolds . . . . . . . . . . . . . . . . . . . . . . . . 220

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

Sobolev Estimates for the Green Potential Associated with
the Robin–Laplacian in Lipschitz Domains Satisfying a
Uniform Exterior Ball Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
Tünde Jakab, Irina Mitrea, and Marius Mitrea

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
3 Smoothness Spaces on Lipschitz Boundaries and Lipschitz

Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234
4 The Case of C2 Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
5 Approximation Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246
6 Proof of Step I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
7 Proof of Step II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256
8 Proof of Step III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

Properties of Spectra of Boundary Value Problems in
Cylindrical and Quasicylindrical Domains . . . . . . . . . . . . . . . . . . . . . 261
Sergey Nazarov

1 Statement of Problems and Preliminary Description of
Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
1.2 Spectral boundary value problem . . . . . . . . . . . . . . . . 262
1.3 Polynomial property and the Korn inequality . . . . . . 265
1.4 Formulation of the problem in the operator form . . . 267
1.5 Contents of the paper . . . . . . . . . . . . . . . . . . . . . . . . . . 268



Contents xxix

2 The Model Problem and the Operator Pencil . . . . . . . . . . . . . 270
2.1 Model problem in the quasicylinder . . . . . . . . . . . . . . 270
2.2 The Fredholm property of the problem operator . . . 272
2.3 Exponential decay and finite dimension

of the kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276
2.4 Continuous spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . 279
2.5 On the positive threshold . . . . . . . . . . . . . . . . . . . . . . . 284

3 Specific Properties of Spectra in Particular Situations . . . . . . 285
3.1 The absence of the point spectrum . . . . . . . . . . . . . . . 285
3.2 Concentration of the discrete spectrum . . . . . . . . . . . 287
3.3 Comparison principles . . . . . . . . . . . . . . . . . . . . . . . . . . 290
3.4 Artificial boundary conditions . . . . . . . . . . . . . . . . . . . 291
3.5 Opening gaps in the continuous spectrum . . . . . . . . . 295
3.6 Variational methods for searching trapped modes

below the cut-off . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299
3.7 Remarks on cracks and edges . . . . . . . . . . . . . . . . . . . . 303
3.8 Piezoelectric bodies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 306

Estimates for Completely Integrable Systems of Differential
Operators and Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
Yuri Reshetnyak

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
2 Notation and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312
3 Remarks on Completely Integrable Linear Systems of

Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 314
4 Estimates for Operators Satisfying the Complete

Integrability Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 318
5 Stability of Solutions of Completely Linear Integrable

Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322
6 Applications to Differential Geometry . . . . . . . . . . . . . . . . . . . . 325
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327

Counting Schrödinger Boundstates: Semiclassics and Beyond . 329
Grigori Rozenblum and Michael Solomyak

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329
2 Operators on R

d, d � 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
2.1 The Rozenblum–Lieb–Cwikel estimate . . . . . . . . . . . . 332

3 The General Rozenblum–Lieb–Cwikel Inequality . . . . . . . . . . 333
3.1 The approach by Li and Yau . . . . . . . . . . . . . . . . . . . . 333
3.2 The approach by Lieb . . . . . . . . . . . . . . . . . . . . . . . . . . 334

4 Operators on R
d, d � 3: Non-Semiclassical Behavior of

N−(0; HαV ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 336
5 Operators on the Semi-Axis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338

5.1 Semiclassical behavior . . . . . . . . . . . . . . . . . . . . . . . . . . 338
5.2 Non-semiclassical behavior of N−(0; HαV ) . . . . . . . . . 340

6 Operators on R
2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341



xxx Contents

6.1 Semiclassical behavior . . . . . . . . . . . . . . . . . . . . . . . . . . 341
6.2 Non-semiclassical behavior . . . . . . . . . . . . . . . . . . . . . . 343

7 Schrödinger Operator on Manifolds . . . . . . . . . . . . . . . . . . . . . . 343
7.1 Preliminary remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 343
7.2 Hyperbolic Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . . . 345

8 Operators on Manifolds: Beyond Theorem 3.4 . . . . . . . . . . . . . 346
9 Schrödinger Operator on a Lattice . . . . . . . . . . . . . . . . . . . . . . . 349
10 Some Unsolved Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352

Function Spaces on Cellular Domains . . . . . . . . . . . . . . . . . . . . . . . . . 355
Hans Triebel

1 Introduction and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . 355
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355
1.2 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356
1.3 Wavelet systems and sequence spaces . . . . . . . . . . . . . 359
1.4 Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361
1.5 Some properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362
1.6 Frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365
1.7 Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367

2 A Model Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 368
2.1 Traces and extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 368
2.2 Approximation, density, decomposition . . . . . . . . . . . 372

3 Spaces on Cubes and Polyhedrons . . . . . . . . . . . . . . . . . . . . . . . 376
4 Wavelet Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380

4.1 Cubes and polyhedrons . . . . . . . . . . . . . . . . . . . . . . . . . 380
4.2 Cellular domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382
4.3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 384

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 387



On the Mathematical Works of
S.L. Sobolev in the 1930s

Vasilii Babich

Abstract A review of the works of S.L. Sobolev that have played a funda-
mental role in the development of the theory of partial differential equations
and mathematical analysis in the second part of the 20th century. Supplied
with a short biographical note.

Birth and Education

Sergey Sobolev was born on 6 October
1908 in Petersburg (Leningrad, Petro-
grad). His parents, Lev Aleksandrovich
and Natalia Georgievna, met in the provin-
cial town of Saratov where both were sent
into exile for their revolutionary activities
in the 1900’s. His father originated from
the Siberian Cossacks. Unfortunately, he
passed away when Sergey was only 14
years old. His mother graduated with a
gold medal from the prestigious Bestuzhev
courses of higher education for women and
later she graduated from the medical in-
stitute. Sergey inherited the shining talents S.L. Sobolev, 1939.

of his parents. In his childhood, he was interested in the French language,
music, poetry, chess, and photography, among other things. But his mission
was mathematics. At the age of 12, he was already familiar with elementary
algebra, geometry, and trigonometry.

Vasili Babich
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2 V. Babich

In 1925, S. Sobolev entered the Physics and Mathematics Faculty of
Leningrad State University.

As a student, his bright talent was spotted by Professors V.I. Smirnov and
N.M. Gyunter, prominent specialists in mathematical physics. Sergey pub-
lished his first scientific paper [1] when he was a final year student. In 1929,
four people graduated from the Faculty: S.L. Sobolev, S.A. Khristianovich,
S.G. Mikhlin, and V.N. Zamyatina (married name Faddeva). Each of them
has left a deep impact on science.

At the Seismological Institute and
Steklov Mathematical Institute

After their university education, Solomon Mikhlin and Sergey Sobolev were
invited by Professor Smirnov, who always supported talented young mathe-
maticians, to work at the Theoretical Department of the Seismological Insti-
tute of the USSR Academy of Sciences (Leningrad).

S. Sobolev (right) and his student at
the Leningrad Electrotechnic Institute
(1930-31).

The period of working at the Seismological Institute and then at the Steklov
Institute of Physics and Mathematics was extremely fruitful for Sobolev.
In one decade, the young mathematician not only solved several difficult
problems of mathematical physics but also introduced and developed new
theories and constructions. In particular, we associate the name of Sobolev
with outstanding advantages in the study of the well-posedness of the Cauchy
problem and boundary value problems for elliptic operators, construction of
functional-invariant solutions for the wave equation (in collaboration with V.
Smirnov), theory of distributions (generalized functions), weak solutions of
problems of mathematical physics, Sobolev spaces, and embedding theorems
or Sobolev inequalities.

Sobolev was elected a corresponding member (1933) and then a full mem-
ber (1939) of the USSR Academy of Sciences. He was the youngest member
of the Academy (in 1933, he was only 25 years old!).
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In 1939, the Steklov Mathematical Institute moved from Leningrad to
Moscow, and Sergey Sobolev moved with it. In 1941, at the beginning of
World War II, Sobolev was appointed as Director of the Institute. Under
his leadership, the Institute was evacuated from Moscow to Kazan’, where it
continued to work despite extreme wartime conditions. In 1943, the Institute
came back to Moscow. In the same year, Sobolev was involved (together with
other prominent Soviet scientists) in the realization of the nuclear project
and was appointed as a deputy director of the Institute for Atomic Energy.
A new chapter of his life had begun.

S. Sobolev with his children.

Hyperbolic Equations of Second Order
[2, 3, 5, 9, 14, 15, 19, 23, 25, 27, 28, 29]

The first scientific works of Sobolev were devoted to the Cauchy problem for
a linear hyperbolic equation with smooth coefficients. The well-posedness of
this problem had been established by J. Hadamard by the method based on
smooth asymptotics of the so-called elementary solution (the fundamental so-
lution in the modern terminology). Having constructed such asymptotics, it is
simple to derive an integral equation similar to the Volterra integral equation
which can be solved by successive approximations. This method leads to the
well-posedness of the Cauchy problem and also provides information about
the analytic structure of the solution. However, this method works only if the
number of spatial variables is even. Therefore, in the odd-dimensional case,
Hadamard used an elegant, but rather artificial trick, the so-called descent
method.

Sobolev developed a new method, covering the case of odd dimensions,
for reducing the Cauchy problem to an integral equation and proved the
well-posedness of the Cauchy problem for the model wave equation with
variable velocity [2, 3, 5, 9, 14] and then for general hyperbolic equations
[15, 19, 23, 25, 27, 28, 29]. Moreover, his method yields a solution to the
classical wave equation in an explicit form. Sobolev’s method was based on
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the analysis of certain relations on characteristic conoids satisfied by the
solution to a hyperbolic equation.

The remarkable results of the young mathematician were highly regarded
by J. Hadamard and A.N. Krylov.

Three Russian academicians.

Left to right: S.A. Chaplygin, S.L. Sobolev, A.N. Krylov.

The theory of distributions easily explains why Hadamard’s method “did
not work” in odd dimensions. The issue is that, in the physical language,
Hadamard’s elementary solution is a solution to the problem about a point
source of oscillations of impulse type. Singularities of such a solution are
described by distributions

γλ+
Γ (λ + 1)

, γ = γ(t, x), x = (x1, x2, . . . , xm), gradγ
∣
∣
γ=0

�= 0,

where γ = 0 is the equation of the wavefront (γ < 0 in front of the wave), Γ
is the Γ -function, λ = −(m− 1)/2, and m is the number of spatial variables.

If m � 3 is odd, then
γλ+

Γ (λ + 1)
goes to δ( m−3

2 )(γ), where δ is the delta-

function. In other words, constructing the elementary solution by Hadamard’s
method, one necessarily arrives at a formula containing δ-functions. But, in
the early 1930s, very little was known about distributions! Moreover, while
physicists freely manipulated with the δ-function introduced by P. Dirac for
the needs of quantum mechanics, mathematicians did not regard the Dirac
function as a mathematical object at all. S. Mikhlin told me that once Sobolev
had attempted to introduce expressions like δ(l)(γ) at his lecture, but his
innovation had not been accepted by mathematical attendance.
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Functional-Invariant Solutions
[4, 6, 7, 8, 10, 11, 12, 13, 16, 18, 21, 22]

V. Smirnov and S. Sobolev constructed and described an important class of
the so-called functional-invariant solutions to the wave equation

1
a2

∂2U

∂t2
− ∂2U

∂x2
− ∂2U

∂y2
= 0. (1)

To explain the notion of a functional-invariant solution, let us consider
smooth functions �(τ), m(τ), n(τ), and p(τ) of variable τ and define

δ := �(τ)τ + m(τ)x + n(τ)y + p(τ).

Under the conditions

∂δ

∂τ
�= 0 and �2 ≡ a2(m2 + n2),

the function τ = τ(x, y) determined from the equation

δ ≡ � + mx + ny + p = 0

turns out to be a solution to Eq. (1). Furthermore, any function of the form
F(τ(t, x, y)), where F(τ) is a smooth function, is also a solution to Eq. (1),
which expresses the functional-invariant property. If �, m, n, p, F are smooth
functions of complex variable τ , we obtain complex functional-invariant solu-
tions. In the case p ≡ 0, the functional-invariant solutions form the important
class of homogeneous solutions of zero degree. Smirnov and Sobolev solved
(in many cases, explicitly) a number of important problems of mathematical
physics (in particular, a remarkable example of the solution to the problem
of diffraction of a plane wave on a semi-infinite plane screen was included by
Smirnov in his “A Course of Higher Mathematics,” Vol. III, Part 21).

Weak Solutions [18, 20, 29]

The necessity to generalize the notion of a classical (smooth) solution was
dictated by the physical nature of mathematical problems. Of course, at-
tempts to extend too restricted frameworks of smooth solutions were taken
far before Sobolev’s definition [18, 20, 29] and can be traced in the literature.
For example, Leonhard Euler considered the solution to the vibrating string
equation utt − a2uxx = 0 in the form of a curve arbitrarily drawn by hand

1 English transl.: Smirnov, V.I.: A Course of HIgher Mathematics. Vol. III. Part two.
Complex Variables. Special Functions. Pergamon Press, Oxford-Edinburg et al. (1964).
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and moving without deformation with velocity a along the x-axis. A natural
question arises: Whether such a curve can serve as a solution if it is not twice
differentiable? Similar questions arise in the consideration of the plane waves

u = f(−at + αjxj),
m∑

j=1

α2
j = 1,

where f ∈ C2, satisfying the wave equation

�u ≡
m∑

j=1

∂2u

∂x2
j

− 1
a2

∂2u

∂t2
= 0 (2)

and the spherically symmetric solution of (2) with m = 3:

u =
1
r
f
(

t− r

a

)

, r =

√
√
√
√

3∑

j=1

x2
j .

The triumph of Sobolev’s notion of a weak solution (which is in common
use today) is explained by its ability to be adapted to numerous problems of
mathematical physics and various fields of mathematics. Another important
reason is that Sobolev’s notion essentially weakens the smoothness require-
ments on solutions, so that a large class of discontinuous functions, including
the Dirac function and many other outsiders of the classical approach had
been involved and become allowable in mathematics.

To be complete, let us recall Sobolev’s definition of a weak solution. Let
D ⊂ R

3 be a domain with boundary admitting integration by parts. A func-
tion u ∈ L1(D) is called a weak solution to Eq. (2) in D if for any function
v ∈ C2(D) vanishing, together with its normal derivative, on ∂D the following
integral equality holds: ∫

D

u �v dD = 0.

It is evident how to extend the definition to unbounded domains, more general
operators, etc.etc.

Distributions [17, 19, 23]

In 1935/36, Sobolev introduced [17, 19] the notion of a distribution (Sobolev
called it a solution in functionals ; the term “distribution” appeared much
later). A more detailed description of fundamentals of the theory of dis-
tributions is contained in his celebrated paper [23] of 1936 (see also [29]).
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In particular, Sobolev proposed to understand a (generalized) function as a
functional on the space of compactly supported functions of class Ck and
introduced differential operators on the space of generalized functions.

The theory of distributions was further developed by efforts of many out-
standing mathematicians (I.M. Gel’fand, L. Schwartz, and many others). As
is known, the theory of distributions, originated from the theory of partial
differential equations, turned out to be closely linked with harmonic analy-
sis, linear group representations, integral geometry, and many other fields of
mathematics.

Commenting on the paper [23] by S.L. Sobolev in the review (see [29]) of
the theory of distributions, V.P. Palamodov wrote that the theory of distri-
butions become one of the main events in the development of Analysis of the
20th century. We completely joint to his viewpoint.

Sobolev Spaces and
Sobolev Inequalities [24, 26, 29]

A feature of the mathematical physics of the 20th century is that there are
a lot of researches devoted to the proof of the well-posedness of different
boundary value problems and initial-boundary value problems. The proof
of the well-posedness is usually based on a priori estimates for solutions in
various norms. At present, mathematicians dealing with questions of well-
posedness follow the rule to choose spaces that are natural for the problem
under consideration.

One of the most important problems of mathematical physics was the
problem (coming from the 19th century) of proving the well-posedness of the
Dirichlet and Neumann problems for the Laplace equation and more general
elliptic equations of second order, so that the proof must be based on the fact
that the solutions to these problems are minimizer of the Dirichlet integral.
This problem attracted the attention of outstanding scientists of that time:
D. Hilbert, K.O. Friedrichs, R. Courant, G. Weyl. S. Sobolev overcame the
central difficulty in this problem: he found adequate function spaces, known
now as Sobolev spaces W �

p (Ω), where p > 1, � = 0, 1, 2, · · · , Ω is a domain in
R
n. The Sobolev space W �

p (Ω) is defined as the space of functions in L1(Ω)
whose distributional derivatives of order up to � exist and belong to Lp(Ω).

In his celebrated paper [26] of 1938, Sobolev also proved the first embed-
ding theorems (or Sobolev inequalities) which established relations between
W �
p (Ω) and the spaces Lp(Ω), Cm(Ω).
Sobolev spaces and Sobolev inequalities have played a fundamental role in

the further development of the theory of partial differential equations, math-
ematical physics, differential geometry, and various fields of mathematical
analysis.
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Conclusion

Sobolev’s advantages in the 1930’s are very impressed. He dealt with par-
ticular problems of mathematical physics. But general methods and tools he
introduced and developed for solving these problems are applicable to many
other different situations. Owing to this fact, the discoveries of Sobolev (weak
statements of problems, Sobolev spaces, embeddings, etc.) are very attractive
for researchers and are generalized in different settings.

Acknowledgement. I thank Professors M.Sh. Birman and G.A. Chechkin
(the grandson of S.L. Sobolev) for our helpful discussions on the subject. I
used the book Dinastiya, Piligrim. Moscow (2002) written by A.D. Sobol-
eva and the bibliography of S.L. Sobolev published by “Nauka,” Novosibirsk
(1969). Pictures, kindly presented by Grigori Chechkin, were compiled and
prepared for printing by Tamara Rozhkovskaya and are reproduced here by
permission.
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23. Sobolev, S.L.: Méthode nouvelle à résoudre le problème de Cauchy pour les équations
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On my 20th birthday, as a birthday present, my friends gave me a book en-
titled “Mathematics in the USSR in 30 years.” It was in this book that I
read a review of particular interest on partial differential equations written
by S.L. Sobolev. The paper contained a definition of objects, now called dis-
tributions, and formulations of theorems, now known as Sobolev inequalities
or embedding theorems. I must confess that I did not realize the significance
of this discovery at that time.

From 1948, I attended the seminar on geometry at the Leningrad State
University. The seminar was supervised by Professor A.D. Aleksandrov, an
outstanding expert in geometry. One of the principles Aleksandrov asserted
was that the main notions of geometry must be formulated by purely ge-
ometric means, without any intervention of Analysis. Personally, I believed
that Analysis may be useful for the greater understanding of geometric ideas,
and at the seminar, I initiated to review some studies in order to familiarize
myself with the latest ideas taking place in Analysis.

In 1950, in the book-shop of the Leningrad State University, I noted
the recently published book “Some Applications of Functional Analysis in
Mathematical Physics” by S.L. Sobolev. I looked through the book, and my
initial feeling was that Sobolev’s theory was exactly what we needed. Then
we reviewed Sobolev’s book at Aleksandrov’s seminar.

S.L. Sobolev at the foundation of the Institute of Mathematics.

The ideas of Sobolev’s book strongly influenced my research, in particu-
lar, my main result that concerns isothermic coordinates in two-dimensional
manifolds of bounded curvature (for which I was later awarded with the
Lobachevski Prize of the Russian Academy of Sciences). In Novosibirsk, I
obtained results on different aspects of the theory of Sobolev spaces. My last
challenge is the definition of the spaces W 1,p of mappings with the values in
general metric spaces.
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But let us return to events of the 1950’s. When, in the spring of 1957,
I heard that S.L. Sobolev was appointed the Director of the Institute of
Mathematics (in a new scientific center at Novosibirsk), my decision to follow
him to Siberia was instant. My wife supported my choice, and my whole
family including two babies moved from Leningrad to Siberia. We arrived at
Novosibirsk at the end of November 1957, and on the 1st December 1957, I
was appointed to the Institute of Mathematics where I have now worked for
more than 50 years.

In 1957, the Institute consisted
of 5 persons (including the di-
rector) and occupied one small
room of a building in the center
of Novosibirsk. The construction
of Akademgorodok started in 1958
and continued very rapidly. Soon
we moved to Akademgorodok, a
very nice place in the forest near
the artificial Ob’ Sea.

There were three founders
of the Siberian Branch of the
USSR Academy of Sciences: M.A.
Lavrent’ev, S.A. Khristianovich,
and S.L. Sobolev. The idea was to
create a new center for fundamental
research in mathematics, physics,
chemistry, etc. The center was
planned to be in Siberia (which was
not rich with scientists the time).
So, initially, it was proposed that
the scientific staff should consist
of specialists from Moscow and
Leningrad. Now we can see that
this ambitious project was success-
fully achieved.

Sobolev organized the Insti-
tute of Mathematics with great
enthusiasm. He personally re-
cruited researchers for the Institute.
A.I. Mal’tsev, I.N. Vekua, A.V. Bit-
sadze, L.V. Kantorovich, and
other prominent mathematicians

S.L. Sobolev during his lecture.

S.L. Sobolev and I.N. Vekua. 1965.

S.L. Sobolev during his lecture.

accepted Sobolev’s invitation. In 1959, the Novosibirsk State University in
Akademgorodok opened the doors to students. The first Rector of the Uni-
versity was I.N. Vekua. The first lecture was given by S.L. Sobolev.
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International Meetings at Akademgorodok

⇐ Soviet-American Conference in Partial Differential Equations.
1963 Front row (left to right): J. Moser, A. Zygmund, L. Ahlfors, N. Brunswick,
S.L. Sobolev, C.B. Morrey, C. Loewner, R. Courant, M.A. Lavrent’ev, I.N. Vekua,
S. Bergman, A.N. Tikhonov, G.I. Marchuk, D. Spencer, A. Dynin; Second row:
T.I. Zelenyak, M.G. Krein, O.A. Oleinik, H. Weinberger, H. Grad, M. Schechter,
J. Douglas, F. Browder, M.H. Protter, A.D. Myshkis, Yu.M. Berezanskii, V.A. Il’in,
A.P. Calderón, P.D. Lax, E.B. Dynkin; Third row: A.Ya. Povzner, B.L. Rozhdestven-
skii, P.E. Sobolevskii, –, V.G. Maz’ya, B.V. Shabat, L.D. Kudryavtsev, –, T.I. Ama-
nov, P.P. Belinskii, S.G. Krein, I.D. Safronov, R. Richtmeyer, A.A. Lyapunov,
S.K. Godunov, L.I. Kamynin; Fourth row: Abalashvilli, M.S. Salakhatdinov, R. Finn,
–, –, L. Nirenberg, –, D.K. Fage, B.P. Vainberg, L.V. Ovsyannikov, –, I.I. Dani-
lyuk, M.I. Vishik, S.M. Nikol’skii, V.N. Maslennikova, Yu.V. Egorov; Fifth row:
M.S. Agranovich, –, N.D. Vedenskaya, L.R. Volevich, T.D. Ventsel’, A.M. Il’in,
A.F. Sidorov, Ya.A. Roitberg, T.G. Golenopol’skii, I.A. Shishmarev, Ya.S. Bugrov,
–, –, A.V. Sychev, V.S. Ryaben’kii, O.V. Besov, S.V. Uspenskii, V.N. Dulov,
–, V.K. Ivanov, S.N. Kruzhkov; Sixth row: V.A. Solonnikov, M.M. Lavrent’ev,
A.K. Gerasimov, –, –, A. Dzhuraev, –, P.I. Lizorkin, –, T. Dzhuraev, –, G. Sa-
likhov, V.M. Babich, L.D. Faddeev, A.I. Koshelev, M.Sh. Birman, S.I. Pokhozhaev,
–, –, A.I. Prilepko, –, A.M. Molchanov, –, –, –, Yu.I. Gil’derman, –. L.G. Mikhailov,
Yu.V. Sidorov

S.L. Sobolev and J. Leray (1978). S.L. Sobolev (1983).

Left to right: R. Finn, O.A. Oleinik, –, Yu.G. Reshetnyak,
N.N. Uraltseva, T.N. Rozhkovskaya (1983).
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In 1960, the Institute launched the Siberian Mathematical Journal. From
1966 the journal was translated into English and published in the USA by
Plenum Publishing Corporation (now known as Springer). The journal made
the latest research of Siberian mathematicians available to the international
mathematical community.

By 1962, the organizational structure of the Institute of Mathematics was
complete: the departments were comprised of algebra and mathematical logic,

S.L. Sobolev and A.A. Trofimuk.

analysis, the theory of partial differen-
tial equations, the theory of functions
of a complex variable, geometry and
topology, mathematical economics,
cybernetics, theoretical physics and
computational center.

S.L. Sobolev was Director of the
Institute of Mathematics from the day
of foundation until 1981. Under his
leadership, the Institute became a world
renowned center for mathematics. The
international scientific authority of
Sergey L’vovich Sobolev played a key
role.

There were many remarkable events
in the history of the Institute. I recall a
Soviet–American Conference in Partial
Differential Equations held in August
1963. It was a great event! It seemed

as though all the best experts from both countries gathered at this meeting.
The American contingent was represented by R. Cournat, A. Zygmund, A.P.
Calderón, L. Nirenberg, P.D. Lax and others. Even the number of foreign
participants was extraordinary for a meeting in the Soviet Union at that time!
It was a unique opportunity to discuss recent studies with foreign colleagues
personally. At this meeting, I lectured about aspects of the theory of spatial
quasiconformal mappings and then had useful discussions with C.B. Morrey
and A. Zigmund.

The life of S.L. Sobolev can be distinctly divided into three periods.
The first period covers the youth of Sergey Sobolev. All the major results
which established his name in the mathematical community were obtained
by S.L. Sobolev in the 1930’s. Note that the idea to generalize the notion of
derivatives of solutions to problems in mathematical physics was actual in
the 1920-1930’s. In particular, N.M. Gyunter, the supervisor of S. Sobolev
at the Leningrad State University, tried to realize this idea by applying set
functions to equations of mathematical physics. Other researchers used the
classes ACTp of functions absolutely continuous in the sense of Tonelli. The
definition was based on the behavior of functions on almost all lines parallel
to the coordinate axes. However, the definition of a distribution that we use
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today was first proposed by S.L. Sobolev who also introduced function classes,
known as Sobolev spaces, and established relationships (embeddings) between
these spaces. The Sobolev approach is very elegant and simple. Moreover,
Sobolev showed how to use weakly differentiable functions in applications.
Owing to S.L. Sobolev, the common viewpoint on a solution had been re-
vised and new possibilities have now been discovered in the theory of PDEs
and mathematical physics. The ideas of S.L. Sobolev became very attractive
and were developed by many mathematicians in different ways.

The second period could be dated from 1941 to 1957. At the beginning of
the World War II, the main task of the Director of the Steklov Mathematical
Institute, S.L. Sobolev, was to evacuate the Institute from Moscow to Kazan’
and to organize conditions for work. In 1943, S.L. Sobolev was appointed
as the deputy director of the Institute for Atomic Energy. The best Soviet
mathematicians were gathered under the roof of this institute to work on the
nuclear project. S.L. Sobolev worked there for more than 14 years, however
not much is known about these years.

The third period of Sobolev’s life was devoted to Akademgorodok. S.L. So-
bolev was the Director of the Institute of Mathematics for 25 years and then
returned to Moscow. Sergey L’vovich Sobolev passed away on 3 January 1989.
Now the Institute of Mathematics in Novosibirsk bears his name.
Acknowledgement. Pictures of the press-photographers Rashid Akhmerov
and Vladimir Novikov were compiled and prepared for printing by Tamara
Rozhkovskaya and are reproduced here by kind permission.

Sergey L’vovich and Ariadna Dmitrievna Sobolev. Autumn in Akademgorodok.



Boundary Harnack Principle and the
Quasihyperbolic Boundary Condition

Hiroaki Aikawa

Abstract We discuss the global boundary Harnack principle for domains in
R
n (n � 2) satisfying some conditions related to the quasihyperbolic metric.

For this purpose, we reformulate the global boundary Harnack principle and
the global Carleson estimate in terms of the Green function. Based on our
other result asserting the equivalence between the global boundary Harnack
principle and the global Carleson estimate, we obtain four equivalent con-
ditions. Using the box argument for the estimate of the harmonic measure,
we obtain the global Carleson estimate in terms of the Green function (and
thus the global boundary Harnack principle) for a domain satisfying a con-
dition on the quasihyperbolic metric and the capacity density condition, as
well as for a Hölder domain whose boundary is locally given by the graph of
a Hölder continuous function in R

n−1. Our argument is purely analytic and
elementary, unlike the probabilistic approach of Bass–Burdzy–Bañuelos.

1 Introduction

One of the most important partial differential equations is the Laplace equa-
tion: Δu = 0. A solution to this equation is called a harmonic function. When
we impose further the boundary condition, say u = f , the problem is said to
be the Dirichlet problem. The notions of weak derivatives and Sobolev spaces
play a crucial role in the variational method for solving the Dirichlet problem.
Harmonic functions and Sobolev spaces are inextricably related.

In this paper, we deal with positive harmonic functions. Our purpose is
to show the global boundary Harnack principle for domains satisfying some
conditions related to the quasihyperbolic metric. Throughout the paper, D
is a bounded domain in R

n with n � 2 and δD(x) = dist(x, ∂D). We write

Hiroaki Aikawa
Hokkaido University, Sapporo 060-0810, Japan, e-mail: aik@math.sci.hokudai.ac.jp
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B(x, r) and S(x, r) for the open ball and the sphere of center at x and radius r
respectively. We denote by the symbol A an absolute positive constant whose
value is unimportant and may change from one occurrence to the next. If
necessary, we use A0, A1, . . . , to specify them. If two positive quantities f
and g satisfies A−1 � f/g � A with some constant A � 1, then we say that
f and g are comparable and write f ≈ g.

We consider a pair (V,K) of a bounded open set V ⊂ R
n and a compact

set K ⊂ R
n such that

K ⊂ V , K ∩D �= ∅, and K ∩ ∂D �= ∅. (1.1)

Definition 1.1. We say that a domain D enjoys the global boundary Har-
nack principle if for each pair (V,K) with (1.1) there exists a constant A0

depending only on D, V and K with the following property: If u and v are
positive superharmonic functions on D such that

(i) u and v are bounded, positive, and harmonic in V ∩D,
(ii) u and v vanish on V ∩ ∂D except for a polar set,

then
u(x)/u(y)
v(x)/v(y)

� A0 for x, y ∈ K ∩D. (1.2)

Remark 1.1. Since K ∩ D may be disconnected, the superharmonicity of u
and v over the whole D is needed. Usually, the harmonicity and positivity
of u and v over the whole D are assumed for the global boundary Harnack
principle. Our boundary Harnack principle is slightly stronger.

For a Lipschitz domain the global boundary Harnack principle was proved
by Ancona [3], Dahlberg [11] and Wu [16] independently. Caffarelli–Fabes–
Mortola–Salsa [10] and Jerison–Kenig [13] gave significant extensions. From
the probabilistic point of view, Bass–Burdzy–Bañuelos [8, 7] proved the global
boundary Harnack principle for a Hölder domain, a domain whose boundary
is locally given by the graph of a Hölder continuous function in R

n−1.
The term “Hölder domain” was used for a different type domainin [14, 15].

We define the quasihyperbolic metric kD(x, y) by

kD(x, y) = inf
γ

∫

γ

ds(z)
δD(z)

,

where the infimum is taken over all rectifiable curves γ connecting x to y in
D and ds(z) stands for the line element on γ. In [14, 15], a domain D is called
a Hölder domain if

kD(x, x0) � A log
δD(x0)
δD(x)

+ A′ for all x ∈ D (1.3)
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with some positive constants A and A′. In [6], such a domain is called a
Hölder domain of order 0. To avoid the confusion, in this paper, we say that
D satisfies the quasihyperbolic boundary condition (of order 0 ) if (1.3) holds.

Extending (1.3), we consider the following condition:

kD(x, x0) � A
(δD(x0)

δD(x)

)α

+ A′ for all x ∈ D (1.4)

with some positive constants A and A′. We say that D satisfies the quasi-
hyperbolic boundary condition of order α if (1.4) holds. The above condition
and (1.3) are interior conditions. Let us consider an exterior condition.

Definition 1.2. By Cap we denote the logarithmic capacity if n = 2 and
the Newtonian capacity if n � 3. We say that the capacity density condition
holds if there exist constants A > 1 and r0 > 0 such that

Cap(B(ξ, r) \D) �
{

A−1r if n = 2,
A−1rn−2 if n � 3,

whenever ξ ∈ ∂D and 0 < r < r0 (see [5, p. 150] for the logarithmic capacity,
which illustrates the inhomogeneity between the cases n = 2 and n � 3).

In [6], a domain D is called a uniformly Hölder domain of order α if
(1.4) and the capacity density condition hold. It seems that the capacity
density condition is needed for α > 0 because of the lack of the exponential
integrability of the quasihyperbolic metric which was proved in [15] for a
domain with the quasihyperbolic boundary condition.

While the main interest in [6] was the intrinsic ultra-contractivity for a
domain satisfying the quasihyperbolic boundary condition of order α and the
capacity density condition, Bass–Burdzy–Bañuelos [8, 7] proved the boundary
Harnack principle for a Hölder domain. The main tool was the so-called box
argument. They also claimed that the boundary Harnack principle may hold
for a domain satisfying the quasihyperbolic boundary condition of order α,
0 < α < 1, and the capacity density condition. However, no proof has not
been provided so far.

Though the arguments of [8, 7] were very probabilistic, the author [1]
managed to understand analytically the box argument and applied it to the
proof of the local (or scale-invariant) boundary Harnack principle for a uni-
form domain. In [2], the author showed a completely different approach to the
boundary Harnack principle: the Domar method and the equivalence between
the boundary Harnack principle and the Carleson estimate.

Definition 1.3. We say that a domain D enjoys the global Carleson estimate
if for each pair (V,K) with (1.1) and a point x0 ∈ K∩D there exists a constant
A1 depending only on D, V , K and x0 with the following property: If u is a
positive superharmonic function on D such that

(i) u is bounded, positive and harmonic in V ∩D,
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(ii) u vanishes on V ∩ ∂D except for a polar set,

then
u(x) � A1u(x0) for x ∈ K ∩D. (1.5)

Theorem 1.1 ([2]). The global boundary Harnack principle and the global
Carleson estimate are equivalent.

As a consequence, we obtain the following assertion.

Theorem 1.2 ([2]). The global boundary Harnack principle holds for a do-
main satisfying the quasihyperbolic boundary condition (of order 0).

The purpose of this paper is to prove analytically the boundary Harnack
principle for a domain satisfying the quasihyperbolic boundary condition of
order 0 < α < 1, and the capacity density condition. The proof will clarify
the role of the capacity density condition.

Theorem 1.3. Let D be a bounded domain satisfying the capacity density
condition and (1.4) for 0 < α < 1. Then the global boundary Harnack prin-
ciple holds for D.

Let 0 < β � 1. We say that D is a β–John domain if there is a point
x0 ∈ D and every point x ∈ D can be connected to x0 by a rectifiable curve
γ with

δD(y)β � A�(γ(x, y)) for all y ∈ γ,

where �(γ(x, y)) is the arc length of the subcurve γ(x, y) connecting x and
y along γ (see [4, 9.2]). If β = 1, then a β-John domain is a classical John
domain and the quasihyperbolic boundary condition of order 0 is satisfied. In
general, a β-John domain satisfies the quasihyperbolic boundary condition of
order 1− β. Hence we obtain the following assertion.

Corollary 1.1. Let 0 < β � 1. Then a β-John domain with the capacity
density condition enjoys the global boundary Harnack principle.

Remark 1.2. In view of Theorem 1.2, the capacity density condition is super-
fluous in case β = 1.

A typical example of a β-John domain is a β-Hölder domain, whose bound-
ary is given locally by the graph of a β-Hölder continuous function in R

n−1.
A 1-Hölder domain is a Lipschitz domain, so that the boundary Harnack
principle is classically established. A β-John domain need not to satisfy the
capacity density condition if 0 < β < 1. However, Bass–Burdzy–Bañuelos [8]
showed that the global boundary Harnack principle holds for a β-Hölder do-
main without the capacity density condition. Their proof is very probabilistic.
We give an elementary analytic proof.

Theorem 1.4. Let 0 < β < 1. A β-Hölder domain enjoys the global boundary
Harnack principle.
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In the next section, we restate the boundary Harnack principle and the
Carleson estimate by using the Green function. Several equivalent conditions
will be given in Theorem 2.3. We prove that one of them holds for a domain
in Theorems 1.3 and 1.4. Our argument will rely on the capacitary width,
estimates of harmonic measures, and the box argument. It will be purely
analytic.

2 Boundary Harnack Principle and Carleson Estimate
in Terms of the Green Function

Let us recall the definition of the global Carleson estimate (Definition 1.3).
The Riesz decomposition theorem says that, in D ∩ V , u can be represented
as the Green potential Gμ of a measure μ on D∩∂V . Therefore, we can easily
see that the global Carleson estimate can be restated in terms of the Green
function. One more geometrical observation is relevant. Let B be a closed
ball including D. Then F = B \ V is a compact set and D \ V = D ∩ F and
K ∩ F = ∅. Thus, instead of a pair of a bounded open set V and a compact
set K, we can consider a pair of disjoint compact sets K and F with

K ∩ ∂D �= ∅, K ∩D �= ∅, F ∩ ∂D �= ∅, and F ∩D �= ∅. (2.1)

Definition 2.1. We say that a domain D enjoys the global Carleson estimate
in terms of the Green function if for each pair of disjoint compact sets K and
F with (2.1) and a point x0 ∈ K ∩D, there exists a constant A1 depending
only on D, K, F and x0 such that

G(x, y) � A1G(x0, y) for x ∈ K ∩D and y ∈ F ∩D (2.2)

(see Fig. 1(a)).

x0
x

y

K

F
D x

yx

y

K

F
D

(a) (b)

Fig. 1 (a) Carleson estimate in terms of the Green function. (b) Boundary Harnack prin-
ciple in terms of the Green function.
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Theorem 2.1. The global Carleson estimate and the global Carleson esti-
mate in terms of the Green function are equivalent.

Using the Riesz decomposition theorem, we similarly obtain a counterpart
of the boundary Harnack principle.

Definition 2.2. We say that a domain D enjoys the global boundary Harnack
principle in terms of the Green function if for each pair of disjoint compact
sets K and F with (2.1) there exists a constant A0 depending only on D, K,
and F such that

G(x, y)/G(x′, y)
G(x, y′)/G(x′, y′)

� A0 for x, x′ ∈ K ∩D and y, y′ ∈ F ∩D (2.3)

(see Fig. 1(b)).

Theorem 2.2. The global boundary Harnack principle and the global bound-
ary Harnack principle in terms of the Green function are equivalent.

Remark 2.1. This boundary Harnack principle in terms of the Green function
resembles the parabolic boundary Harnack principle due to Bass–Burdzy [9,
Theorem 1.2]. Nevertheless, there is a significant difference. In the elliptic
case, the positions of points are limited whereas they are free for the parabolic
case. In other words, positive harmonic functions vanishing on some portion
of the boundary are treated in the elliptic case, whereas positive solutions
to the heat equation vanishing on the whole lateral boundary are treated in
the parabolic case. It seems that the background of these phenomena is a
backward Harnack inequality [12].

Just for the convenience sake, we combine Theorems 1.1, 2.1, and 2.2 to
obtain the following assertion.

Theorem 2.3. Let D be a bounded domain in R
n. Then the following state-

ments are equivalent:

(i) D enjoys the global boundary Harnack principle.
(ii) D enjoys the global boundary Harnack principle in terms of the Green

function.
(iii) D enjoys the global Carleson estimate.
(iv) D enjoys the global Carleson estimate in terms of the Green function.

3 Proof of the Main Result

Lemmas

We write ω(E,U) for the harmonic measure over an open set U of E ⊂ ∂U ,
i.e., ω(E,U) is the Dirichlet solution in U of the boundary function χE (see,
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for example, [5, Chapt. 6]). Let 0 < η < 1. For an open set U ⊂ R
n we define

the capacitary width wη(U) by

wη(U) = inf
{

r > 0 :
Cap(B(x, r) \ U)

Cap(B(x, r))
� η for all x ∈ U

}

.

Under the capacity density condition, the capacitary width of certain sets
can be estimated in a straightforward fashion.

Lemma 3.1. If the capacity density condition holds, then wη({x ∈ D :
δD(x) < r}) � 2r for some η > 0.

The capacitary width is useful for the estimate of harmonic measure (see
[1, Lemma 1]).

Lemma 3.2. There is a positive constant A2 > 0 depending only on η and
n with the following property: if x ∈ U and R > 0, then

ωx(U ∩ S(x,R);U ∩B(x,R)) � exp
(

2−A2
R

wη(U)

)

.

We say that x, y ∈ D are connected by a Harnack chain {B(xj ,
1
2δD(xj))}kj=1 if

x ∈ B(x1,
1
2
δD(x1)), y ∈ B(yk,

1
2
δD(yk))

and
B(xj ,

1
2
δD(xj)) ∩B(xj+1,

1
2
δD(xj+1)) �= ∅

for j = 1, . . . , k− 1. The number k is called the length of the Harnack chain.
We observe that the shortest length of the Harnack chain connecting x and y
in D is comparable to kD(x, y). Therefore, the Harnack inequality yields the
following assertion.

Lemma 3.3. There is a constant A3 > 1 depending only on the dimension
n (even independent of D) such that

exp(−A3(kD(x, y) + 1)) � h(x)
h(y)

� exp(A3(kD(x, y) + 1)) (3.1)

for every positive harmonic function h on D.

Proof of Theorem 1.3

In view of Theorem 2.3, it suffices to show the global Carleson estimate in
terms of the Green function. Let D be as in Theorem 1.3. Let K and F be a
pair of disjoint compact sets with (2.1), and let x0 ∈ K ∩D. For simplicity,
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we put U(r) = {x ∈ R
n : dist(x, F ) < r} for r > 0. Let 2R = dist(K,F ).

We put U = U(R). It is obvious that U is an open set including F and yet
its closure is apart from K. Let ω0 = ω(D ∩ ∂U,D ∩ U) be the harmonic
measure of D ∩ ∂U in D ∩ U . First, wes compare ω0 and G(x0, ·).

Lemma 3.4. Let ω0 be as above. Then

ω0(y) � AG(x0, y) for y ∈ F ∩D.

Proof. We employ the box argument. Let R0 = R, and let

Rj =
(

1− 3
π2

j
∑

k=1

1
k2

)

R for j � 1.

Then it is easy to see that Rj−1 −Rj = (3R)/(π2j2), so that

∞∑

j=1

Rj =
R

2
. (3.2)

It is obvious that G(x0, ·) is bounded on U ∩D. Hence, by a suitable choice
of A > 1, we may assume that u = G(x0, ·)/A is bounded by 1 on U ∩ D.
Now let

Uj = {y ∈ U(Rj) ∩D : 0 < u(y) < exp(−2j)},
Dj = {y ∈ U(Rj) ∩D : exp(−2j+1) � u(y) < exp(−2j)}

for j � 1. Let qj = supDj
ω0/u if Dj �= ∅ and qj = 0 if Dj = ∅. It is clear

that qj is finite. Since 0 < u < 1 on U ∩D, from (3.2) it follows that F ∩∂D is

included in the closure of
∞⋃

j=1

Dj . Hence, by the Harnack principle, it suffices

to show that qj is bounded.
By (1.4) and (3.1), we have

exp(−2j) > u(y) � exp(−A3(kD(y, x0)+1)) � A exp
(

− A

δD(y)α
)

for y ∈ Uj .

In other words, δD(y) � A2−j/α for y ∈ Uj . Hence Lemma 3.1 implies that
wη(Uj) � A2−j/α. Observe that dist(D ∩ ∂U j−1, Uj) � Rj−1 −Rj . Applying
the maximum principle on Uj−1, we obtain

ω0 � ω(D ∩ ∂U j−1 \Dj−1, Uj−1) + qj−1u on Uj−1

(see Fig. 2).
We divide both sides by u and take the supremum over Dj. Then Lemma

3.2 yields
qj � A exp

(

2j+1 −ARj−22j/α
)

+ qj−1.
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ω0 0

∂U j 1

∂U j 1

Uj 1

Dj 1

Dj

Fig. 2 Box argument

Since 0 < α < 1, it follows that
∞∑

j=1

exp(2j+1 − ARj−22j/α) < ∞, so that qj

is bounded. 
�

Proof of Theorem 1.3. In view of Theorem 2.3, it suffices to obtain the global
Carleson estimate in terms of the Green function. Let K and F be disjoint
compact sets with (2.1). Let U and ω0 be the same as in Lemma 3.4. Since
there is a distance between K and U , it is obvious that G(x, y) � A uniformly
for x ∈ K ∩D and y ∈ U ∩D. For a while we fix x ∈ K ∩D. The maximum
principle implies that

G(x, y) � Aω0(y) for y ∈ U ∩D.

Combining with Lemma 3.4, we obtain

G(x, y) � AG(x0, y) for y ∈ F ∩D.

Thus, the Carleson estimate in terms of the Green function holds. 
�

Proof of Theorem 1.4

Let 0 < β < 1. Because of the local nature of the boundary Harnack principle,
we may assume that D is above the graph of a β-Hölder continuous function
ϕ in R

n−1. We may assume that ‖ϕ‖∞ � 1 and ϕ(x) = 0 for |x| � 1. For a
point x ∈ D we define d(x) = xn − ϕ(x′), where x = (x′, xn). Let x0 be high
above from the boundary. Suppose x is just below x0 and 0 < d(x) < 1. In
general, δD(x) ≈ d(x) does not hold. We can assert only that δD(x)β � Ad(x).
Considering the line segment connecting x and x0, we obtain the following
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estimate of the quasihyperbolic metric:

kD(x, x0) � A

d(x0)∫

d(x)

dt

t1/β
� Ad(x)1−1/β + A (3.3)

(see Fig. 3). The same estimate holds if x ∈ D is close to 0, say |x| < 1. Now

δD x
d x

x0

x

Fig. 3 Quasihyperbolic metric in a Hölder domain

we easily obtain a counterpart of Lemma 3.1.

Lemma 3.5. Let D be as above. If 0 < r < 1, then wη({x ∈ D : d(x) <
r}) � Arβ for some η > 0.

In view of Theorem 2.3, it suffices to obtain the global Carleson estimate in
terms of the Green function. Let K and F be a pair of disjoint compact sets
with (2.1). We may assume that F is included in the ball of radius 1 and center
at the origin. As above, we put U(r) = {x ∈ R

n : dist(x, F ) < r} for r > 0.
Let 2R = dist(K,F ). We put U = U(R). It is obvious that U is an open set
including F and yet its closure is apart from K. Let ω0 = ω(D ∩ ∂U,D ∩U)
be the harmonic measure of D ∩ ∂U in D ∩ U . First, we compare ω0 and
G(x0, ·).
Lemma 3.6. Let ω0 be as above. Then

ω0(y) � AG(x0, y) for y ∈ F ∩D.

Proof. We employ the box argument again. Let R0 = R, and let

Rj =
(

1− 3
π2

j
∑

k=1

1
k2

)

R for j � 1.

Then it is easy to see that Rj−1 − Rj = (3R)/(π2j2), so that (3.2) holds. It
is obvious that G(x0, ·) is bounded on U ∩D. Hence, by a suitable choice of
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A > 1, we may assume that u = G(x0, ·)/A is bounded by 1 on U ∩D. Now
let

Uj = {y ∈ U(Rj) ∩D : 0 < u(y) < exp(−2j)},
Dj = {y ∈ U(Rj) ∩D : exp(−2j+1) � u(y) < exp(−2j)}

for j � 1. Let qj = supDj
ω0/u if Dj �= ∅ and qj = 0 if Dj = ∅. It is clear

that qj is finite. Since 0 < u < 1 on U ∩D, from (3.2) it follows that F ∩∂D is

included in the closure of
∞⋃

j=1

Dj . Hence, by the Harnack principle, it suffices

to show that qj is bounded.
By (3.3) and (3.1), we have

exp(−2j) > u(y) � exp(−A3(kD(y, x0) + 1)) � A exp
(

−Ad(y)1−1/β
)

for y ∈ Uj . In other words, d(y) � A2−j/(1/β−1) for y ∈ Uj. Hence Lemma
3.5 implies that wη(Uj) � A2−j/(1−β). Applying the maximum principle on
Uj−1, we obtain

ω0 � ω(D ∩ ∂U j−1 \Dj−1, Uj−1) + qj−1u on Uj−1.

We divide both sides by u and take the supremum over Dj . Then Lemma 3.2
yields

qj � A exp
(

2j+1 −ARj−22j/(1−β)
)

+ qj−1.

Since 0 < 1 − β < 1, it follows that
∞∑

j=1

exp(2j+1 −ARj−22j/(1−β)) < ∞, so

that qj is bounded. 
�

Proof of Theorem 1.4. In view of Theorem 2.3 , it suffices to show the global
Carleson estimate in terms of the Green function. Let K and F be disjoint
compact sets with (2.1). Let U and ω0 be as in Lemma 3.6. Since there is
a distance between K and U , it is obvious that G(x, y) � A uniformly for
x ∈ K ∩ D and y ∈ U ∩ D. For a while we fix x ∈ K ∩ D. The maximum
principle implies that

G(x, y) � Aω0(y) for y ∈ U ∩D.

Combining Lemma 3.6, we obtain

G(x, y) � AG(x0, y) for y ∈ F ∩D.

Thus the Carleson estimate in terms of the Green function holds. 
�



30 H. Aikawa

Acknowledgement. This work was partially supported by Grant-in-Aid for
Exploratory Research (No. 19654023) Japan Society for the Promotion of
Science.

References

1. Aikawa, H.: Boundary Harnack principle and Martin boundary for a uniform domain.
J. Math. Soc. Japan 53, no. 1, 119–145 (2001)

2. Aikawa, H.: Equivalence between the boundary Harnack principle and the Carleson
estimate, Math. Scad. [To appear]
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Sobolev Spaces and their Relatives:
Local Polynomial Approximation
Approach

Yuri Brudnyi

Dedicated to the memory of Sergey L’vovich Sobolev

Abstract The paper presents a survey of the theory of local polynomial
approximation and its applications to the study of the classical spaces of
smooth functions. The study includes such topics as embeddings and exten-
sions, pointwise differentiability and Luzin type theorems, nonlinear approx-
imation by piecewise polynomials and splines, and the real interpolation.

Introduction

The first part of the paper surveys topics in the theory of Local Polynomial
Approximation developed in my work during the 1960–1969’s. The results
were announced on several occasions; the detailed account was then presented
in two long paged manuscripts, of which only the second one was published
[9]. The first one was, however, never published for reasons irrelevant to its
content (see, for example, the letter of the leading American mathemati-
cians [1] on the situation in Soviet Mathematics at that time). Some results
and their generalizations of this manuscript have appeared in the subsequent
publications of the author and his students and collaborators.

In this survey, I attempt to present the theory systematically restricting
myself, however, to topics that can be described without a lot of technical
details.

The remaining part of the paper is devoted to applications of the theory
to the study of different properties of functions belonging to Sobolev spaces
and other commonly used spaces of smooth functions (BV, Besov, Triebel–
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Ligorkin, etc). The key point of this approach is the possibility to represent
all of these spaces via behavior of local approximation of their members. Us-
ing such representations, we rather easily derive from the results of Local
Polynomial Approximation theory extensive information on properties of the
spaces. In particular, we discuss such topics as embeddings, pointwise differ-
entiability and Luzin type “correction” theorems, extensions and traces, the
real interpolation and nonlinear approximation by piecewise polynomials and
wavelets. Some of these results are refined versions of those presented in [9],
others are rather new and their proofs will appear elsewhere.

The relation of the present paper to Sobolev’s scientific heritage is clear
to the reader well acquainted with the theory of smooth spaces. But I have a
personal motivation for publishing the paper in Sobolev’s volume. By a lucky
chance, I had a possibility to recognize Sobolev’s attitude to an early version
of the theory presented here. His support strongly influenced my scientific
career.

Throughout the text, we freely use standard facts of smooth space theory.
The reader can find required information in one of numerous books on the
subject (see, in particular, [33, 47] for comprehensive study of Sobolev and
BV space and the encyclopedic two-volume treatise [44, 45] containing, for
example, the theory of Besov and Lizorkin–Triebel spaces).

1 Topics in Local Polynomial Approximation Theory

Local polynomial approximation of continuously differentiable functions is
one of the cornerstones of classical analysis. Modern analysis deals with func-
tions of much more complicated structure, such as functions of Sobolev and
Lipschitz classes, fractal functions, etc. In this case, the main tool of the
classical approach, Taylor approximation, cannot be used since Taylor poly-
nomials may not exist or be unstable.

It would be natural to replace Taylor polynomials by those of local best
approximation. The area investigating approximation of this kind may be
conventionally called local approximation theory. However, it cannot be seen
as a field of Approximation Theory for reasons indicated below. To this end,
we introduce several basic notions of local approximation theory.

Definition 1.1. Let f ∈ Lloc
p (Rn), 0 < p � ∞. Local approximation of f of

order k ∈ Z+ is a set-function given for a measurable set S ⊂ R
n by

Ek(S ; f ; Lp) := inf
m
‖f −m‖Lp(S), (1.1)

where m runs over the space Pk−1(Rn) of polynomials of degree k − 1.

Note that order of approximation differs from degree of approximating
polynomials by one. In particular,
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E0(S ; f ; Lp) = ‖f‖Lp(S)

We denote by Pk(S ; f ; Lp) an optimal for (1.1) polynomial called a poly-
nomial of best approximation. If p /∈ (1,∞), such a polynomial is not unique
and we choose one of them arbitrarily.

Hence, unlike Approximation Theory where approximation is done on a
fixed domain by polynomials of increasing degree, we do it on a variable set
by polynomial of fixed (maybe small) degree and study the behavior of best
approximation and relative approximating polynomials as a function of the
position and size of the variable set. This simple change of the point leads,
however, to the essential transformation of the subject and methods of the
theory.

The following example [5], a local version of the Markov–Bernstein in-
equality, demonstrates the interaction of the basic concepts of Approximation
Theory and geometric measure theory.

Let V be a convex body in R
n, and let S be its subset whose Hausdorff

�-measure satisfies

H�(S) � λ|V | �
n (1.2)

for some λ ∈ (0, 1). Hereafter, |Ω| stands for the Lebesgue n-measure of a set
Ω ⊂ R

n.

Theorem 1.2. Assume that (1.2) holds with n−1 < � � n. Given 0 < p, q �
∞, k ∈ N, and α ∈ Z

n
+, there exists a constant 1 c = c(k, n, p, q, λ) > 1 such

that for every polynomial m ∈ Pk(Rn)
{

1
|V |

∫

V

|Dαm|pdx
} 1

p

� c(diamV )−|α| ·
{

1
H�(S)

∫

S

|m|qdH�
} 1

q

. (1.3)

Remark 1.3. (a) The result is clearly untrue for � � n− 1.
(b) The constant c is increasing in 1

λ .

The sharp asymptotic of c as λ → 0 and k, n →∞ is known for � = n; in
particular, c(λ) ≈ λ−k in this case (see [16, 23]).

The basic properties of local approximation regarded as a set-function is
described by the following assertions.

Theorem 1.4. (Continuity) Assume that a sequence {Sj} of measurable
subsets in a fixed n-cube converges in measure. Then for 0 < p < ∞

limEk(Sj ; f ; Lp) = Ek(limSj ; f ; Lp).

1 The notation c = c(x, y . . . ) throughout the paper means that the constant c depends
only on the parameters in the brackets.



34 Y. Brudnyi

For p = ∞ the same is true for every nondecreasing sequence of measurable
subsets of the cube.

(Partial subadditivity) Assume that subsets S1, S2 ⊂ R
n satisfy for some

λ ∈ (0, 1)
|S1 ∩ S2|

|conv (S1 ∪ S2)|
� λ.

Then there exists a constant c = c(n, k, p∗), where hereafter p∗ := min(1, p),
such that

Ek
(

S1 ∪ S2 ; f ; Lp
)

� cλ−k+1
∑

i=1,2

Ek(Si ; f ; Lp).

(Pointwise convergence) Let S ⊂ R
n be measurable and 0 < p < ∞. Then

for almost all x0 ∈ S

lim
Q→x0

Pk(Q ∩ S ; f ; Lp) = f(x0).

(Linearization) Let S ⊂ R
n be a bounded measurable subset of pos-

itive n-measure, and let 1 � p � ∞. Then there exists a projection
Tk(S ; Lp) from Lp(S) onto the subspace Pk−1(Rn)

∣
∣
S

with a norm bounded
by
√

dimPk−1(Rn). In particular,
∥
∥f − Tk(S ; f ; Lp)

∥
∥
Lp(S)

� c(k, n)Ek(S ; f ; Lp). (1.4)

Remark 1.5. (a) All but the last assertions are direct consequences of the
inequality (1.3) (see, for example, [7]). The last assertion follows from the
Kadets–Snobar theorem [31].

(b) Using the inequality (1.3), one can show that the orthogonal pro-
jection T̂k(S) : L1(S) → Pk−1(Rn)

∣
∣
S

satisfies for every 1 � p � ∞ the

inequality (1.4) with the constant c(k, n)
(

|conv (S)|
|S|

)k−1

.

(c) Clearly, there is no such linear projections if 0 < p < 1. Using the
Brown–Lucier theorem [4], one can find a homogeneous nonlinear projection
from Lp(S) onto Pk−1(Rn)

∣
∣
S

which is independent of p and satisfies (1.4)

with the constant c(k, n, p)
(

|conv (S)|
|S|

)k−1+ 1
p

.

For the effective applications of geometric analysis methods and results
the set-functions S �→ Ek(S ; f ; Lp) should be restricted to a subclass of
geometrically better organized measurable subsets (cubes, Ahlfors regular
sets, etc.). In the sequel, we confine ourselves to the class K(Rn) of cubes
homothetic to the unit cube Q0 := [0, 1]n. Then we denote by Qr(x) a closed
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cube from K(Rn) of center x and side length 2r (or of radius r if we regard
Qr(x) as an �n∞-ball).

In the case of functions over a measurable subset S ⊂ R
n, we deal with

a subclass K(S) of K(Rn) consisting of all cubes centered at S that do not
contain S. Hence, K(S) consists of quasicubes Q ∩ S instead of cubes.

The following theorem, a variant of an extension result proved in [8] in
a special case and generalized by Shvartsman [39], allows us to work in the
sequel only with cubes.

Theorem 1.6. Assume that a measurable subset S ⊂ R
n satisfies the condi-

tion

|Q ∩ S|
/

|Q| � λ (1.5)

for all Q ∈ K(S) and some λ ∈ (0, 1). There exists an extension operator
T : Lloc

p (S) → Lp(Rn), linear if 1 � p � ∞ and homogeneous otherwise, such
that for some constants c = c(n, k, p∗) and γ = γ(n) ∈

(

0, 1
2

)

and every cube
Q ∈ K(S)

Ek(γQ ; Tf ; Lp) � c(k, n, p∗)λ−k+1Ek(S ∩Q ; f ; Lp).

Hereafter, γQ is the γ-homothety of Q with respect to its center (so |γQ| =
γn|Q|).

This result allows us to restrict our consideration to the case of functions
over R

n and to use K(Rn) as a class of supports. To simplify the notation,
we fix numbers p ∈ (0,+∞] and k ∈ N and write for f ∈ Lloc

p (Rn) and
Q ∈ K(Rn)

E(Q ; f) := Ek(Q ; f ; Lp), P (Q ; f) := Pk(Q ; f ; Lp).

In the subsequent text, it is also convenient to use a normed local approxi-
mation defined by

Ek(S ; f ; Lp) := |S|− 1
p Ek(S ; f ; Lp).

As above, we shorten this notation for f ∈ Lloc
p (Rn) and Q ∈ K(Rn) by

writing
E(Q ; f) := E(Q ; f ; Lp).

It is the matter of definition to check that for p � q and k � �,

E(Q ; f ) := Ek(Q ; f ; Lp) � E(Q ; f ; Lq). (1.6)

Our following results give a partial conversion of this inequality.
We begin with a conversion in k which may be seen as a local version of

the so-called Marchaud inequality (see, for example, [43, Chapt. 2]).
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Theorem 1.7. Given f ∈ Lloc
p (Rn), Q = Qr(x) and an integer � ∈ [0, k),

there exists a constant c = c(k, n, p∗) such that

E�(r, x ; f) � cr�
{ ∞∫

r

(
Ek(t ;x ; f)

t�

)p∗
dt

t

} 1
p∗

,

where we set for brevity

Ek(r ;x ; f) := Ek(Qr(x) ; f ;Lp).

Clearly, there is not direct conversions of (1.6) in p, but the results of
this kind do exist for some regularizations of normed local approximation.
The first of them, q-average (q � p) of local approximation, is a function
E〈q〉 : R+ ×K(Rn)× Lloc

p (Rn) → R+ given by

E〈q〉(t ; Q ; f) := sup
π

{
∑

K∈π
E(K ; f)q

} 1
q

, (1.7)

where π runs over all disjoint families of congruent subcubes K ⊂ Q of volume
min{(2t)n, |Q|}.

Hence E〈q〉 is nondecreasing in the first two arguments and is a norm
(quasinorm for p < 1) in f on Lp(Q)/Pk−1(Rn). Using the Besicovich covering
lemma (see, for example, [28, Theorem 1.1]) and partial subadditivity of local
approximation, one can show that E〈q〉 also satisfies the Δ2-condition 2 in t.

The same argument leads to equivalence of E〈q〉 to an integral q-average
of local approximation, a function Ê〈q〉 of the same arguments as E〈q〉 given
by

Ê〈q〉(t ; Q ; f) :=
{∫

Q

E
(

Qt(x); f
)q

dx

} 1
q

.

Actually, the following is true:

Proposition 1.8. There exist constants c1, c2 > 0 depending only on k, n,
p∗ such that, for all arguments of E〈q〉,

c1E
〈q〉
( r

2
; Q ; f

)

� Ê〈q〉(r ; Q ; f) � c2E
〈q〉(r ; Q ; f).

The desired conversion of the inequality (1.6) in p can be derived from
an estimate for the nonincreased rearrangement of the restriction

(

f −
P (Q ; f)

)∣
∣
Q

. Denoting this rearrangement by f∗
Q, we then have the following

result [13, Appendix II].

2 recall that ϕ : R+ → R+ satisfies this condition if sup
t>0

ϕ(2t)
ϕ(t)

< ∞.
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Theorem 1.9. There exists a constant c = c(k, n, p∗) such that for 0 < t �
|Q| 1n

f∗
Q(tn) � c

|Q|
1
n

∫

t

E〈p〉(s ; Q ; f)
s

n
p

ds

s
. (1.8)

In turn, E〈q〉 computed in the Lp and Lq norms with p < q � ∞ satisfies
for 0 < t < |Q| 1n

E〈q〉(t ; Q ; f ;Lq) � c

{ t∫

0

[
E〈q〉(s ;Q ; f)

sσ

]p∗
ds

s

} 1
p∗

,

where c = c(k, n, p∗, q) and

σ := n

(
1
p
− 1

q

)

.

As a consequence, we obtain a partial conversion of the inequality (1.6)
given by

Corollary 1.10. There exists a constant c = c(k, n, p∗, q) such that for p <
q � ∞ and for every cube Q := Qr(x)

E(Q ; f ; Lq) � c

{ r∫

0

(
E〈p〉(s ; Q ; f)

sσ

)q
ds

s

} 1
q

.

Remark 1.11. Apparently, the inequality (1.8) holds for E〈q〉 with q > p
substituted for E〈p〉. Note, however, that for q = ∞ this result would im-
ply the John–Nirenberg exponential estimate [30] for BMO-functions defined
over Lp with p < 1. The latter is true, but requires a much more elaborate
argument than that applied in the aforementioned paper, see [42].

Another kind of regularization for local approximation, weighted q-
variation, is defined as follows.

Let ω : R+ → R+ be a k-majorant, i.e., a nondecreasing function such
that t �→ ω(t)

/

tk, t > 0, is nonincreasing (in particular, ω may be constant).
Then the (q, ω)-variation (q � p) of local approximation is a function E〈q,ω〉 :
K(Rn)× Lloc

p (Rn) → R+ given by

E〈q,ω〉(Q ; f) := sup
π

{
∑

K∈π
|K|
(
E(K ; f)
ω(|K| 1n )

)q} 1
q

, (1.9)

where π runs over all disjoint families of subcubes in Q.
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Clearly, (q, ω)-variation relates to q-average by the inequality

E〈q〉(r ; Q ; f) � ω(r)E〈q,ω〉(Q ; f).

An upper bound for (q, ω)-variation may be obtained using a kind of the
weighted Hardy–Littlewood maximal operator given for Q ∈ K(Rn), f ∈
Lloc
p (Rn), and x ∈ Q by

E#,ω(x ; Q ; f) := sup
Q⊃K
x

E(K ; f)
ω(|K| 1n )

. (1.10)

In the case ω(r) = rλ, 0 � λ < 1, this notion was introduced and studied by
Calderón and Scott [20]; the case of arbitrary λ ∈ [0, k] was then investigated
in [26].

It is the matter of definition to check that

E〈q,ω〉(Q ; f) �
∥
∥E#,ω(· ; Q ; f)

∥
∥
Lq(Q)

.

Now, we present the second partial inversion of the inequality (1.6). To
this end, we use the following analog of the rearrangement inequality of The-
orem 1.9, see [9, Sect. 2, Theorem 2].

Theorem 1.12. Assume that 1 � p � q � ∞. There exists a constant
c = c(k, n) such that for 0 < t � |Q| 1n

f∗
Q(tn) � c

( |Q|
1
n

∫

t

ω(s)
s

n
q

ds

s

)

E〈q,ω〉(Q ; f).

Exploiting this result for ω := ωλ defined by ωλ(t) := rλ, we obtain the
following conversion of the inequality (1.6).

Corollary 1.13. Assume that λ ∈ (0, k] and 1 � p < q � +∞ satisfy the
inequality

λ

n
>

1
p
− 1

q
.

There exists a constant c = c(k, n, p, q) such that for any Q ∈ K(Rn) and
f ∈ Lloc

p (Rn),

E(Q ; f ; Lq) � c|Q| λ
n sup
K⊂Q

E(K ; f)

|K| λ
n

. (1.11)
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Remark 1.14. In the case of q ∈ (p,+∞) satisfying λn = 1
p −

1
q , the inequal-

ity (1.11) holds if the Lq-norm is replaced by the Marcinkiewicz–Lorentz
norm Lq∞.

In the remaining case of λn = 1
p , i.e., q = ∞, the inequality holds with the

BMO norm substituted for that of L∞.

Now, we discuss local analogs of the classical Jackson and Bernstein theo-
rems that relate the degree of approximation of functions to their smoothness
properties (see, for example, [43]). Smoothness in these results is measured by
the number of derivatives and behavior of moduli of continuity for the higher
derivatives. The latter concept is recalled to be introduced for a p-integrable
function of f over a domain 3 G ⊂ R

n and for 0 < t < diamG
k by

ωk(t ; f)Lp(G) := sup
|h|�t

‖Δkhf‖Lp(Gkh); (1.12)

here |h| stands for the standard Euclidean norm of h ∈ R
n, and for y ∈ R

n,

Gy :=
{

x ∈ G ; [x, x + y] ⊂ G
}

.

A local analog of this notion, (k, p)-oscillation, is a function over K(Rn)
given by

osc k(Q ; f ; Lp) := sup
h
‖Δkhf‖Lp(Qkh), (1.13)

where h runs over all vectors of norm at most diamQ
k .

In some applications, the following generalization of this notion is of use.
Let μ be a Borel measure on [0, 1] whose support consists of a finite number
of points and such that

∫

tjdμ =

{

0, 0 � j � k − 1,
�= 0, j = k.

Then we define a μ-difference (or order k) acting on functions f over R
n by

μhf(x) :=
∫

f(x + sh)dμ(s).

If, for example, we take μ =
k∑

j=0

(−1)k−j
(
k
j

)

δ j
k
, then μh coincides with the

standard k-difference Δkh
k

.
Now, μ-oscillation is defined similarly to that in (1.13):

3 i.e., an open connected subset
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osc μ(Q ; f ; Lp) := sup
|h|�diamQ

‖μhf‖Lp(Qh). (1.14)

The following result relats this characteristic to local approximation.

Theorem 1.15. There exist constants c1, c2 > 0 depending only on k, n, p∗

such that for all Q ∈ K(Rn) and f ∈ Lloc
p (Rn), 1 � p � ∞,

c1Ek(Q ; f ; Lp) � osc μ(Q ; f ; Lp) � c2Ek(Q ; f ; Lp). (1.15)

For univariate functions in C[0, 1] and μ = Δk1
k

the left inequality was
due to Whitney [46]. The general result was proed by the author [6, 7]. A
nonconstructive proof for p � 1 is presented in [13, Appendix I].

As a consequence, we obtain a generalization of the classical Poincaré–
Sobolev inequality.

Corollary 1.16. Let f belong to the Sobolev space W �
p (Q), 0 � � < k.

Assume that 1 � p < q � ∞ and these exponents and � satisfy

σ :=
�

n
− 1

p
+

1
q

� 0

for all q except q = ∞. In the latter case, assume that σ > 0. There exists a
constant c = c(k, n, p, q) such that

Ek(Q ; f ; Lq) � c|Q| �
n sup

|α|=�
Ek−�(Q ; Dαf ; Lp). (1.16)

Using the q-average of local approximation (see (1.7)), we obtain a partial
conversion of (1.16).

Theorem 1.17. Let f ∈ Lp(Q), 1 � p � ∞, and an integer � ∈ [1, k) and
exponent q ∈ [p,+∞] be given. Assume that

I(t ; f) :=

t∫

0

E〈q〉(s ;Q ; f ;Lp)
s�+1

< ∞

for some t > 0. Then f belongs to the Sobolev space W �
p (Q) and its higher

derivatives satisfy for some constant c = c(k, n, p, q)

max
|α|=�

Ek−�(Q ; Dαf ; Lq) � cI
(

|Q| 1n ; f
)

.

Remark 1.18. The last two results are true for a wider class of domains
than cubes. In particular, they hold for uniform domains, also known as
(ε, δ)-domains (see, for example, [29] for the definition).
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Further, we present a global version of Theorem 1.15 proved in [9] for p � 1
and in [13, Appendix I] for 0 < p < 1.

Theorem 1.19. There are constants c1, c2 > 0 depending only on k, n, p∗

such that for all Q ∈ K(Rn), f ∈ Lloc
p (Q), and 0 < t � diamQ

c1ωk(t ; f)Lp(Q) � E〈p〉(t ;Q ; f Lp) � c2ωk(t ; f)Lp(Q).

As above, Q can be replaced by a bounded uniform domain. Moreover, k-
modulus of continuity can be replaced by its analog ωμ defined as in (1.12),
but with μ-difference of order k substituted for Δkh.

Finally, we discuss relations between Taylor’s and best local approxima-
tions. To this end, we recall the definition of the Taylor classes introduced,
in essence, by Calderón and Zygmund [21].

Definition 1.20. (a) Let λ be a positive nonintegral number. A function
f ∈ Lloc

p (Rn) belongs to a Taylor space T λp (x) if there exists a polynomial mx
of degree strictly less than λ such that for some constant c and all 0 < r � 1

{
1
rn

∫

|y|�r

∣
∣f(x + y)−mx(y)

∣
∣
p
dy

} 1
p

� crλ. (1.17)

The infimum of c in this inequality is called a (quasi)norm of f in T λp (x).
(b) Let λ be a natural number. The Taylor space T λp (x) is defined as a

real interpolation space given for some ε ∈ (0, 1) by

T λp (x) :=
(

T λ−εp (x), T λ+ε(x)
)

1
2 ,∞

It can be shown that up to equivalence of norms the definition of T λp (x)
with λ ∈ N is independent of ε.

Remark 1.21. (a) For λ ∈ N our definition of T λp (x) deviates from that in
[21]. In fact, the latter exploits the inequality (1.17) for any λ to define such
a space. The Calderón–Zygmund space with λ ∈ N is denoted by T̂ λp (x).

Definition 1.22. A function f ∈ Lloc
p (Rn) belongs to the Taylor space tλp (x)

if there exists a polynomial mx of degree less or equal to λ such that (1.17)
holds with o(rλ) as r → 0 substituted for crλ.

It can be shown that tλp(x) is a separable subspace of T λp (x) (or T̂ λp (x)).
The following two results describe relations between the Taylor and best

local approximations (see [6, 10] and Appendix III in [13]).

Theorem 1.23. (a) If 0 < λ < k, then a function f ∈ Lloc
p (Rn) belongs to

T λp (x) if and only if
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Ek(Q ; f ;Lp) = O
(

|Q| λ
n

)

as Q → x. (1.18)

(b) If λ = k, the condition (1.18) is necessary and sufficient for f to belong
to T̂ kp (x).

(c) If λ is an integer and 0 < λ < k, then f belongs to T̂ λp (x) if and only
if (1.18) holds and, moreover,

lim
Q→x

max
|α|=λ

∣
∣DαPk(Q ; f ;Lp)

∣
∣ < ∞.

A variant of this result for the separable Taylor subspaces is as follows.

Theorem 1.24. (a) If 0 < λ < k and λ is nonintegral, then a function
f ∈ Lloc

p (Rn) belongs to the space tλp(x) if and only if

E(Q ; f ;Lp) = o
(

|Q| λ
n

)

as Q → x. (1.19)

(b) If 0 < λ � k and λ is an integer, then f ∈ tλp (x) if and only if (1.19)
holds and, moreover, the limits

lim
Q→x

DαPk(Q ; f Lp)

exist for all α with |α| = λ.

In the case λ = k, the criterion of Theorem 1.24 (b) may be simplified
if we are interested in the case for f belonging to tkp(x) almost everywhere.
Actually, the following is true.

Theorem 1.25. A function f ∈ Lloc
p (Rn) belongs to the space tnp (x) for

almost all x ∈ R
n if and only if for almost all x

lim
Q→x

Ek(Q ; f Lp)

|Q| k
n

< ∞.

Using the above presented criteria, we give a one-point version of Theo-
rem 1.17. To this end, we define Peano derivatives for a function f ∈ Lloc

p (Rn).
Let f belong to the Taylor space tkp(x0), and let mx0 be a polynomial of

degree k satisfying Definition 1.22, i.e.,

‖f −mx0‖Lp(Q) = o
(

|Q| k
n

)

as Q → x0.

This polynomial is, clearly, unique. It is called a Taylor polynomial and is
written in the form

T kx0f(x) :=
∑

|α|�k

fα(x0)
α!

(x− x0)α.
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Then the number fα(x0) is said to be the Peano mixed derivative for f of
order α at the point x0 denoted by Dαf(x0).

The notation is motivated by the following fact (see, for example, [21]).
If f ∈ Lloc

p (Rn) belongs to tkp(x) for almost all points of a domain and
p � 1, then Peano derivatives for f of order at most k coincide with the
corresponding weak Lp-derivatives almost everywhere in the domain.

Using this concept, we introduce Sobolev spaces over Lp with p < 1.

Definition 1.26. A function f ∈ Lloc
p (G), where G ⊂ R

n is a domain and
0 < p � ∞, belongs to a homogeneous Sobolev space Ẇ k

p (G) if f ∈ tkp(x) for
almost all x ∈ G and its Peano derivatives of order k satisfy

|f |Wk
p (G) := max

|α|=k
‖Dαf‖Lp(G) <∞.

According to the formulated fact, the space subject to this definition co-
incides with the classical space for 1 � p � ∞.

The notion introduced allows us to extend Theorem 1.17 to the case of
0 < p < 1 as follows.

Theorem 1.27. Let f ∈ Lp(Q), where 0 < p < 1 and an integer � ∈ [1, k)
and exponent q ∈ [p,+∞], be given. Assume that

I(t ; f) :=
{ t∫

0

[
E〈q〉(s ;Q ; f ;Lp)

s�+1

]p
ds

s

} 1
p

< ∞

for some t > 0. Then f belongs to Ẇ �
p (Q) and its higher Peano derivatives

satisfy for some constant c = c(k, n, p, q)

max
|α|=�

Ek−�(Q ;Dαf ;Lq) � cI
(

|Q| 1n ; f
)

.

2 Local Approximation Spaces

We introduce a class of functional spaces defined by the behavior of local
approximation of their members. For this purpose, we need the following
definition.

Definition 2.1. Let μ be a Borel measure on K(Rn). A functional parameter
is a quasi-Banach lattice of μ-measurable (classes of) functions of K(Rn)
satisfying the Faton property. That is to say, a functional parameter ϕ meets
the following conditions:

(FP1) If f ∈ ϕ and |g| � |f | μ-almost everywhere, then g ∈ ϕ and
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|g|ϕ � ‖f‖ϕ.

(FP2 For some constant c = c(ϕ) � 1 and all f, g ∈ ϕ,

‖f + g‖ϕ � c
{

‖f‖ϕ + ‖f‖ϕ
}

.

(FP3) ϕ is complete.
(FP4) Every bounded in ϕ sequence {fj} converging in measure to a func-

tion f satisfies the Faton inequality

‖f‖ϕ � lim
j→∞

‖fj‖ϕ.

The following classes of function parameter will be used below.

Example 2.2. Identifying K(Rn) with the open half-space R
n+1
+ := {(r, x);

r > 0, x ∈ R
n} by the bijection Qr(x) �→ (r, x), we introduce a Borel measure

on K(Rn), denoted by dQ, by setting

dQ := dx⊗ r−1dr.

Then a functional parameter Lλq (Lp), where 0 < p, q � ∞, λ ∈ R, is defined
by the quasinorm

‖f‖Lλ
q (Lp) :=

{∫

R+

(∫

Rn

∣
∣
∣
∣

f(r, x)
rλ

∣
∣
∣
∣

p

dx

) q
p dr

r

} 1
q

. (2.1)

Example 2.3. Changing the order of integration in (2.1), we define the
functional parameter Lp(Lλq ):

‖f‖Lp(Lλ
q ) :=

{∫

Rn

(∫

R+

∣
∣
∣
∣

f(r, x)
rλ

∣
∣
∣
∣

q
dr

r

) p
q

dx

} 1
p

. (2.2)

Example 2.4. We fix a point x0 ∈ R
n and define a Borel measure K(Rn)

to be δx0 ⊗ r−1dr. A (functional) parameter Lλp(x0) is then defined by the
quasinorm

‖f‖Lσ
p(x0) :=

{∫

R+

∣
∣
∣
∣

f(r, x0)
rσ

∣
∣
∣
∣

p
dr

r

} 1
p

. (2.3)

For p = ∞ we use a separable subspace of Lσ∞(x0) denoted by �σ∞(x0)
defined by the condition
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lim
r→0

f(r, x0)
rσ

= 0. (2.4)

Example 2.5. Let μ be the counting measure on K(Rn). A parameter V σp
is defined by the quasinorm

‖f‖V σ
p

:= sup
π

{
∑

Q∈π
|Q|
∣
∣
∣
∣

f(Q)
|Q| σ

n

∣
∣
∣
∣

p} 1
p

, (2.5)

where π runs over all disjoint families of cubes from K(Rn).
Replacing in (2.5) |Q| σ

n by ω
(

|Q| 1n
)

, where ω : R+ → R+ is a k-majorant,
we define the parameter V

(ω)
p .

We also use a separable subspace of the space V σp denoted by vσp that is
defined by the condition

uniformly in Q ∈ K(Rn),

lim
|Q|→0

sup
K∈π

{
∑

K∈π
|K|
∣
∣
∣
∣

f(K)
|K| σ

n

∣
∣
∣
∣

p} 1
p

= 0;

here π runs over all disjoint families of cubes in Q.

In the sequel, we extend Definition 2.1 by exploiting functional parameters
over the set

K(G) :=
{

Qr(x) ∈ K(Rn) ;x ∈ G and 2r < diamG
}

. (2.6)

In some situations, one can also use a subset of K(G) defined by

Kint (G) :=
{

Q ∈ K(G) ;Q ⊂ G
}

. (2.7)

In the latter case, G is assumed to be the closure of a domain G ⊂ R
n.

It can be easily seen that all the spaces introduced are functional param-
eters, i.e., satisfy axioms (PF1)–(PF3).

Now, we introduce the main object of this section, the local approximation
space.

Let ϕ be a parameter over K(Rn), and let 0 < p � ∞ and k ∈ N be fixed.

Definition 2.6. A homogeneous local approximation space Ȧkϕ(Lp) consists
of functions f ∈ Lloc

p (Rn) such that the seminorm

|f |Ak
ϕ(Lp) :=

∥
∥Ek(· ; f ;Lp)

∥
∥
ϕ

is finite.
A (nonhomogeneous) local approximation space Akϕ(Lp) is then defined

by the quasinorm
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‖f‖Ak
ϕ(Lp) := |f |Ak

ϕ(Lp) + ‖f‖Lp(Q0),

where Q0 := [0, 1]n.

In the sequel, we encounter also spaces Ȧkϕ(X) obtained by replacing
Lloc
p (Rn) by other functional spaces of locally integrable functions on R

n,
for example, X may be the Lorentz space Lloc

pq (Rn), BMO(Rn), or C loc(Rn)
(the space of locally bounded continuous functions on R

n).
We also exploit local approximation spaces over measurable subsets G ⊂

R
n. For their definition we use the trace space 4 ϕ|G of a functional parameter

ϕ and modify normed local approximation by setting for Q ∈ K(G),

Ek(Q ; f ;Lp) := |Q|−
1
p Ek(Q ∩G ; f ;Lp)

i.e., replacing, for an evident reason, the factor |Q ∩ G|−
1
p of the previous

definition.
Then the local approximation space Ȧkϕ(Lp, G) is defined by the seminorm

|f |Ȧk
ϕ(Lp,G) :=

∥
∥Ek(· ; f ;Lp)

∥
∥
ϕ|G .

If G is a domain we also introduce a subspace Ȧkϕ(Lp ;G)int replacing K(G)
by the subset Kint (G).

Finally, we introduce subspaces of local approximation spaces whose mem-
bers possess Peano derivatives. In fact, given a parameter ϕ and an integer
� ∈ N, a space W �Ȧkϕ(Lp) consists of functions f ∈ Lloc

p (Rn) whose Peano
derivatives Dαf with |α| � � exist almost everywhere and satisfy

|f |WkAk
ϕ(Lp) := max

|α|=�

∥
∥Ek(· ;Dαf ;Lp)

∥
∥
ϕ
< ∞.

Theorem 2.7. (a) The spaces Ȧkϕ(Lp)
/

Pk−1(Rn) and Akϕ(Lp) are quasi-
Banach (Banach, if ϕ and Lp are).

(b) Let parameters ϕ, ψ over
(

K(Rn), μ
)

satisfy ϕ ↪→ ψ (continuous em-
bedding), and � � k, p � q. Then the following holds:

Ȧkϕ(Lp) ↪→ Ȧ�ψ(Lq)
/

Pk−1(Rn). (2.8)

(c) Let (ϕ0, ϕ1) be a quasi-Banach couple of parameters over
(

K(Rn), μ
)

.
Then for the real interpolation space of the corresponding local approximation
spaces we have

(

Ȧkϕ0
(Lp0), Ȧkϕ1

(Lp1)
)

θq
↪→ Ȧkϕ(Lpθq), (2.9)

4 Recall that the trace of a normed functional space X over R
n to a subset G is equipped

by the canonical trace norm given for f ∈ X|G by ‖f‖X|G := inf
{
‖ϕ‖X ; ϕ|G = f

}
.
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where ϕ := (ϕ0, ϕ1)θq and

1
pθ

:=
1− θ

p0
+

θ

p1
.

(d) If the local approximation spaces on the left-hand side of (2.9) are
Banach spaces, then for the complex interpolation of this couple we have

[

Ȧkϕ0
(Lp0), Ȧkϕ1

(Lp1)
]

θ
↪→ Ȧkϕ(Lpθ

), (2.10)

where ϕ := ϕ1−θ
0 ϕθ1 (the Calderón construction).

We refer the reader to the books [2, 17] for information on the real- and
complex interpolation and the Calderón construction.

One more result of this type is true for the variants of local approximation
spaces introduced above.

Proposition 2.8. (a) Let G ⊂ R
n be a set of positive measure. Then

Ȧkϕ(Lp)/G ↪→ Ȧkϕ(Lp ;G).

If, in addition, G is a domain, then the space on the right-hand side can
be replaced by its subspace Ȧkϕ(Lp ;G)int .

(b) If 1 � p � ∞, then

W �Ȧkϕ(Lp) ↪→ Ȧk+�
ϕ� (Lp),

where ϕ� is a weighted space given by the quasinorm

‖f‖ϕ� :=
∥
∥
∥
∥

f(Q)

|Q| �
n

∥
∥
∥
∥
ϕ

.

The basic problems of the theory of local approximation spaces concern the
conversions of the above formulated assertions. In important special cases,
such conversions hold under mild restrictions on parameters. Proofs of these
results are easily derived from the corresponding properties of local approxi-
mation presented in Sect. 1. The results obtained in this way can be, in turn,
applied to the study of the “classical” function spaces of smooth functions.
The success of this approach is provided by the description of every “clas-
sical” space via the local approximation behavior of its members. This, in
particular, gives a representation for such a space as a local approximation
space determined by one of the functional parameters from Examples 2.2–2.5.
In turn, properties of local approximation spaces derived from the results of
Sect. 1 can be transferred to those of the spaces of smooth functions.

In accordance with the choice of parameters we divide all local approxi-
mation spaces being used into several families.
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2.1 Λ-spaces

These spaces are determined by parameters of Example 2.2. Most of them
coincide with Lipschitz spaces of different kind; this fact explains the choice
of the name.

To introduce spaces of this series, we fix an integer k � 1, real number σ
and exponents 0 < p � q � ∞ and 0 < r � ∞. Then a homogeneous Λ-space
with these parameters is given by

Λ̇σrq (Lp) := Ȧkϕ(Lq) where ϕ := Lλr (Lq).

In particular,

|f |Λσ∞∞ (Lp) = sup
Q

Ek(Q ; f ;Lp)
|Q| σ

n

for 0 < σ � k defines the space of functions satisfying the Lipschitz–Zygmund
condition

∣
∣Δkhf(x)

∣
∣ = O

(

|h|σ
)

(see [22] for nonintegral σ and [6] for the general case).
The following result explains the lack of index k in the notation.

Proposition 2.9. If r < ∞ and σ /∈ (0, k) or r = ∞ and σ > k, then

Λ̇σrq (Lp) = Pk−1(Rn).

Remark 2.10. In the remaining case of r = ∞ and σ � 0, this space,
up to factorization by Pk−1(Rn) and equivalence of (quasi)norms, coincides
with the Morrey space M− 1

p−σ
n (Rn) if −np < σ < 0 and with the weighted

Lp-space Lp
(

|x|−σ− n
p ; Rn

)

if σ � −np .
Let us recall that the Morrey space Mλ

p (Rn) is defined by the (quasi)norm

‖f‖Mλ
p(Rn) := sup

Q
|Q|λ

{∫

Q

|f |pdx
} �

p

.

The following result describes the main properties of Λ-spaces.

Theorem 2.11. (a) If 0 � σ < � < k, then, up to equivalence of
(quasi)norms,

Λ̇σrq (Lp) = Ȧ�ϕ(Lp)
/

Pk−1(Rn),

where ϕ := Lσr (Lq).

(b) If 1 � � < σ � k, then
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Λ̇σrq (Lp) ↪→ W �Λ̇σ−�q (Lp).

If p � 1, the converse continuous embedding is also true.

(c) If 0 < σ < k and for some p ∈ (0,+∞] the parameters satisfy one of
the conditions:

(i)
∣
∣ 1
p −

1
q

∣
∣ < σ

n and 0 < r � ∞;

(ii)
∣
∣ 1
p −

1
q

∣
∣ = σ

n and r � max{p, q},

then, up to equivalence of (quasi)norms,

Λ̇σrq (Lp) = Λ̇σrq (Lq).

(d) Under the conditions of assertion (c), the Λ-space on the left-hand
side coincides, up to equivalence of (quasi)norm, with the homogeneous Besov
space Ḃσrq (Rn).

Here, the Besov space is defined by the seminorm

|f |Bσr
q (Rn) :=

{∫

R+

(
ωk(t ; f ;Lp

tσ

)r
dt

t

} 1
r

. (2.11)

This definition is known to be equivalent, for q � 1, to the standard definition
of the Besov space (see, for example, [45]). However, the (Peetre) definition
of this space for q < 1 [35] differs from that given by k-modulus of continuity.
Denoting the Peetre space by B̂σrq (Rn) we have the following embedding:

B̂σq (Rn) ↪→ Bσrq (Rn)

which is proper only if σn < 1
q − 1.

The family of Λ-spaces may be extended to negative values of σ for p � 1.
To introduce the extension we need the notion of atoms,

A measurable function a : R
n → R is recalled to be a (k, σ, p)-atom if for

some cube Q

(i) supp a ⊂ Q;

(ii)
{

1
|Q|

∫

Q

|a|pdx
} 1

p

� |Q|− σ
n ;

(iii) for all indices |α| < k

∫

xαa(x)dx = 0.
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Further, we say that a function m : R
n → R is a (k, σ, p)-molecule of size

t > 0 if m is the linear combination

m =
∑

Q∈π
cQaQ, (2.12)

where aQ are a (k, σ, p)-atom supported by a cube Q of volume tn.
Given presentation (2.12), for the molecule m we set

[m]q :=
{
∑

Q∈π
|cQ|q

} 1
q

and then define a space Λ̇−σr
q (Lp) for 0 < σ < k, 1 � p � ∞ and 0 < q, r �

∞ by the seminorm

|f |Λ−σr
q (Lp) := inf

{
∑

j∈Z

(

2jσ[mj ]q
)r
} 1

r

,

where the infimum is taken over all decompositions

f =
∑

j∈Z

mj (convergence in the space S′ of distributions)

into the sum of (k, σ, p)-molecules mj of size 2j, j ∈ Z.
The construction of the space introduced allows us to check easily the

duality result presented below. In its formulation, given 0 < s < ∞, the
conjugate exponent s′ is defined by 1

s + 1
s′ = 1 if s � 1 and s′ = +∞ if s < 1.

Theorem 2.12. Assume that 1 � p < ∞, 0 < q, r < ∞, and 0 < σ < k.
Then, up to equivalence of seminorms,

Λ̇−σr
q (Lp)∗ = Λσr

′
q′ (Lp′).

Finally, we formulate problems concerning stability of the Λ-family under
the real or complex interpolation.

Problem 2.13. What conditions on parameters does the equality
(

Λ̇σ0,r0q0 (Lp0), Λ̇σ1,r1q1 (Lp1)
)

θq
= Λ̇σrq (Lpq) (2.13)

provide? Here σ := (1− θ)σ0 + θσ1,
1
q := 1−θ

q0
+ θ
q1

and 1
r := 1−θ

r0
+ θ
r1

.

Problem 2.14. The same question arises for the complex interpolation of
parameter θ for the Banach couple in (2.13) (i.e., p, q, r � 1 in this case).
The answer is assumed to be the space Λ̇σrq (Lp) where σ, r, q are defined as
above and 1

p := 1−θ
p0

+ θ
p1

.
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In several cases, the conjectures are valid. In particular, they hold if the
spaces in (2.13) are isomorphic to Besov spaces (see assertions (c) and (d) of
Theorem 2.11). Another interesting case of validity of (2.13) is the couple of
the BMO space (σ = 0, p � 1 and q = r = ∞) and a Λ-space isomorphic to
a Besov space (see [36]). On the other hand, (2.13) is not true if one of the
spaces is a Morrey space (when σ < 0) (see Remark 2.10).

Finally, we present an extension theorem for Λ-spaces. In its formulation, S
is an n-set, i.e., a measurable subset of R

n satisfying for some λ = λS ∈ (0, 1),
condition (1.5) of extension Theorem 1.6.

Theorem 2.15 ([39]). Assume that θ < p, q � ∞, and −n
p � σ < k or

0 < p � ∞, q = ∞, and σ = k. Then, up to equivalence of (quasi)norms,

Λ̇σrq (Lp)
∣
∣
S
= Λ̇σrq (Lp ;S), (2.14)

where the space on the right-hand side is defined as in Proposition 2.8 (a) .
If, in addition, p � 1, there exists a linear operator extending functions of
the trace space to the function from Λ̇σrq (Lp) whose norm depends only on λS
and k.

Due to yet unpublished Shvartsman’s theorem [40], the right-hand side
in (2.14) can be replaced by its proper subspace Λ̇σrq (Lp ;S)int for S being a
uniform domain.

2.2 M-spaces

These spaces are determined by parameters of Example 2.3. The family in-
cludes spaces defined as the Calderón maximal function (see (1.10)); this
explains the choice of the notation.

As above, we fix an integer k � 1, a real number σ, and exponents
0 < p, q � ∞ and 0 < r < ∞. Then a homogeneous M-space with these
parameters is defined by

Ṁσr
q (Lp) := Ȧkϕ(Lp) where ϕ := Lq(Lσr ).

In particular,
|f |Mσ∞

q (Lp) =
∥
∥E#,ω
k (· ; f ;Lp)

∥
∥
Lq(Rn)

,

where ω(t) := tσ and the Calderón maximal function E#,ω
k is defined

by (1.10). The space Ṁσ∞
q (L1) was introduced and studied in detail by De-

vore and Sharpley (see [26], where this space was denoted by Ċσq ).
Most results forM-spaces are similar to those formulated for their “twins,”

Λ-spaces. Therefore, we only present an analog of assertion (d) for Theo-
rem 2.11 relating M-spaces to the family of Triebel–Lizorkin spaces Ḟ σrq (Rn)
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(see [45, Chapt. 2] for several equivalent definitions). Since functions fromM-
spaces may be nonintegrable (for p < 1), we use the Marcinkiewicz–Strichartz
definition of F -spaces which may be naturally extended to p < 1.

This definition exploits the notion of spherical k-modulus of continuity
given for f ∈ Lloc

p (Rn), t > 0, and x ∈ R
n by

ω̂k(t, x ; f ;Lp) :=
{∫

B

∣
∣Δktyf(x)

∣
∣
p
dy

} 1
p

,

where B := {y ∈ R
n ; |y| � 1}. Then we define a homogeneous space Ḟ σrq (Lp)

by the seminorm,

|f |Fσr
q (Lp) :=

∥
∥
∥
∥

{∫

R+

(
ω̂k(t ; f ;Lp)

tσ

)r
dt

t

} 1
r
∥
∥
∥
∥
Lq(Rn)

.

The relation between this space and the homogeneous Triebel–Lizorkin
space Ḟ σrq (Rn) is given by the following result (see [45, Sect. 2.63] and [18]).

Theorem 2.16. Assume that 0 < σ < k and one of the following conditions
holds:

(i) 0 < q < ∞, 0 < r � ∞ and
(

1
min{q, r} −

σ

n

)

+

< min
(

1,
1
q

)

;

(ii) 0 < q < ∞, r = ∞ and

1
q

<
σ

n
.

Then, up to equivalence of seminorms,

Ḟ σrq (Lq) = Ḟ σrq (Rn).

The relation between spaces Ḟ σrq (Lq) and M-spaces is given by the fol-
lowing results due to Shvartsman and the author [18].

Theorem 2.17. Assume that 0 < σ < k, 0 < p � ∞, and one of the
following conditions holds:

(i) 0 < q < ∞, 0 < r � ∞ and
(

1
min{q, r} −

σ

n

)

+

<
1
p

;
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(ii) p = ∞ and
σ

n
>

1
min{q, r} .

Then, up to equivalence of seminorms,

Ḟ σrq (Lp) = Ṁσr
q (Lp).

As a consequence of the previous two results, we obtain the following fact
due to Dorronsoro [27] in another way for the special case 1 � p � ∞,
1 < q < ∞, and 0 < r � ∞.

Corollary 2.18. Assume that 0 < σ < k and one of the conditions below
holds:

(i) 0 < q < ∞ and
(

1
min{q,r} −

σ
n

)

+
< min

{

1, 1
p

}

;

(ii) 0 < q < ∞, p = ∞, 0 < r � ∞ and 1
q < σ

n .

Then, up to equivalence of seminorms,

Ṁσr
q (Lp) = Ḟ σrq (Rn).

The paper [18] also contains an analog of Theorem 2.16 on extensions
from n-sets S ⊂ R

n. Since its conditions are slightly different from those in
Theorem 2.16, we present it now.

Theorem 2.19. Assume that 0 < p, q, r � ∞ and 0 < σ < k. Then, up to
equivalence of (quasi)norms,

Ṁσr
q (Lp)

∣
∣
S
= Ṁσr

q (Lp ;S).

If, in addition, p � 1, there exists a linear operator from the trace space to
the space Ṁσr

q (Lp) whose norm is bounded by a constant depending only on
λS and k.

2.3 T -spaces

These spaces are determined by parameters of Example 2.4. The family con-
tains Taylor spaces (see Definition 1.20). This explains the choice of the
notation.

Let, as above, k ∈ N, σ ∈ R+ and 0 < p, q � ∞. Then a homogeneous
space Ṫ σqp (x0), x0 ∈ R

n, is defined by the (quasi)norm

|f |T σq
p (x0) := Ȧkϕ(Lp) where ϕ := Lσq (x0).
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For q = ∞ we also introduce a separable subspace of T σ∞p (x0) denoted by
ṫσ∞p (x0) using the parameter lσ∞(x0). Hence f belongs to the subspace if

lim
r→0

Ek
(

Qr(x0) ; f ;Lp
)

rσ
= 0.

An analog of Theorem 2.11 for T -spaces is as follows.

Theorem 2.20. (a) If integers �, k satisfy 0 � σ < � < k, then

Ṫ σqp (x0) = Ȧ�ϕ(Lp),

where ϕ := Lσq (x0).

(b) If 0 < σ < k, then

T σ∞p (x0) = T σp (x0).

Moreover, for 0 < σ � k
tσ∞p (x0) = tσp (x0).

All these equalities hold up to equivalence of (quasi)norms.

Recall that the Taylor spaces T σp (x0) and tσp (x0) are introduced by Defi-
nitions 1.20 and 1.22.

Theorem 2.21. If 0 < σi < k, 0 < qi � ∞, i = 0, 1, then
(

T σ0,q0p (x), T σ1,q1p (x)
)

θr
= T σrp (x),

where σ := (1− θ)σ0 + θσ1.

The reader is referred to [14] for more information on this family.

2.4 V-spaces

Parameters which determine these spaces are spaces of set-functions of
bounded variation introduced in Example 2.5. Hence, given k ∈ Z+, σ ∈ [0, k],
and 0 < p, q � ∞, a homogeneous V-space with these parameters is given by

V̇σq (Lp) := Ȧkϕ(Lp) where ϕ := V σq .

Replacing the parameter V σp by its subspace vσq , we then define the homoge-
neous space vσq (Lp).

The properties of V-spaces are surveyed by the author in [15]. Therefore,
we present here only few results. The first of them explains the absence of
index k in the notation.
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Theorem 2.22. (a) Assume that σ = 0 and 1 � q <∞. Then

Lloc
p (Rn)

/

Pk−1(Rn) ↪→ V̇σq (Lp) ↪→ Lloc
p∞(Rn)

/

Pk−1(Rn),

provided that p < q.
If, moreover, p = q, then

V̇σq (Lp) = Lloc
p (Rn)

/

Pk−1(Rn).

(b) If σ > k, then for q � p

Vσq (Lp) = Pk−1(Rn),

and for p < q this space is infinite dimensional, but

V̇σq (Lp) ∩ Ck(Rn) = Pk−1(Rn)

Remark 2.23. (a) Apparently,

Ȧkϕ(Lp) �= Ȧ�ϕ(Lp)

for ϕ = V σq and 0 � σ < � < k, cf. Theorem 2.11 (a).

(b) Some examples suggest that the space Ck in the second assertion might
be replaced by Ck−1.

In the following result, we use V-spaces over a space of locally integrable
functions X different from Lloc

p , such as Marcienkiewicz–Lopentz space Lloc
p∞

or BMO. In this case, we use the notation V̇σq (X).
Further, we set 1

q∗ := 1
q −

σ
n (note that −∞ < q∗ � ∞) and

Xq∗ :=

⎧

⎪⎪⎨

⎪⎪⎩

Lloc
q∗∞(Rn) if 0 < q∗ < ∞,

BMO(Rn) if q∗ = ∞,

Cloc(Rn) if q∗ < 0.

Theorem 2.24. (a) Assume that

1 � p < q∗ if q∗ > 1 and 1 � p � ∞ if q∗ < 0.

Then, up to equivalence of norms,

V̇σq (Lp) = V̇σq (Xq∗).

(b) Assume that integers � and k satisfy

1 � � < σ � k.
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Then
V̇σq (Lp) ↪→ W �V̇σ−�q (Lp)

and the converse is also true if p � 1.

(c) The following continuous embeddings hold:

Ṁσ∞
q (Lp) ↪→ V̇σq (Lp) ↪→ Λ̇σ∞q (Lp).

As a consequence of this and previous structure theorems for Λ- and M-
spaces, we derive a result relating V-spaces to the classical spaces of smooth
functions.

Theorem 2.25. Let exponents 0 < p � ∞, 0 < q < ∞, and a number σ be
given. Then the following is true.

(a) V̇σq (Lp) ↪→ Ḃσ∞q (Rn) provided that k > σ >
(
n
p −

n
q

)

+
;

(b) Ḃσq (Rn) ↪→ V̇σq (Lp) provided that k > σ >
(
n
q −

n
p

)

+
and p < ∞ or

p = ∞ and q � 1.

In the case p = ∞ and 1 < q < ∞, the left-hand side should be replaced
by Ḃσ1q (Rn).

Remark 2.26. (a) The embeddings are sharp in the sense that the Besov
spaces here cannot be replaced by Ḃσrq with r < ∞ for (a) and with r >
max{q, 1} for (b).

(b) The formulation of this result in [15, Theorem 3.5] is spoilt by several
misprints.

Finally, we present a result relating V-spaces with the extreme value σ = k
to Sobolev spaces.

Theorem 2.27. Assume that 1 � q < p � ∞ and

k

n
� 1

q
− 1

p
if p <∞ and >

1
q

if p = ∞.

Then, up to equivalence of seminorms,

Ẇ k
q (Rn) = v̇kq (Lp).

Moreover,
v̇kq (Lp) = V̇kq (Lp) for q > 1

and
v̇k1 (Lp) �= V̇k1 (Lp) = W k−1BV (Rn).

The last space consists of functions from Lloc
1 (Rn) whose weak L1-

derivatives of order k − 1 belong to the (homogeneous) space BV (Rn).
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3 Selected Applications

3.1 Embeddings

Most classical trace, embedding, and compactness theorems for Sobolev,
Besov and Triebel–Lizorkin spaces may be derived from the results of the
previous sections. For instance, the classical trace theorem

Ẇ k
p (Rn)

∣
∣
Rn−1= Ḃ

k− 1
p

p (Rn−1)

is a direct consequence of the representation Ḃσp (Rn) = Λ̇σpp (Lp) and equiv-
alence of norms on a finite-dimensional space (Pk(Rn) in this case). It is
also possible to derive the results of this kind for smooth spaces defined over
Lorentz, BMO and Morrey spaces with similar objects as target spaces.

We present only one result of this kind for the embedding of Besov spaces
in the case of limiting exponent (as above, these spaces are defined via k-
modulus of continuity (see the text after Theorem 2.11)). To formulate the
result, we introduce a family of spaces BMOq(Rn), 0 < q � ∞, containing
for q = 1 the classical John–Nirenberg space BMO.

Let fQ denote the integral mean of f ∈ Lloc(Rn) over a cube Q. Further,
f∗
Q stands for the nonincreasing rearrangement of the trace (f − fQ)

∣
∣
Q

. Then
the space BMOq(Rn) with q < ∞ is defined by the seminorm

|f |BMOq(Rn) := sup
Q∈K(Rn)

{ |Q|∫

0

(
f∗
Q(t)

log 2|Q|
t

)q
dt

t

} 1
q

.

The space BMO∞(Rn) consists, by definition, of all continuous functions f
with the finite seminorm

|f |BMO∞(Rn) := sup
Q∈K(Rn)

max
Q

|f − fQ|.

The John–Nirenberg exponential estimate for BMO-functions [30] immedi-
ately implies BMO1 = BMO.

Theorem 3.1. Assume that the parameters p, q, σ, and k satisfy

0 < p, q � ∞, 0 < σ < k, and
σ

n
=

1
p
.

Then for every 1 � m � n

Ḃσqp (Rn)
∣
∣
Rm ↪→ BMOq(Rm)

/

Pk−1(Rm).



58 Y. Brudnyi

As a consequence, we obtain an exponential estimate for the functions
from Ḃσqp with σ

n = 1
p . For its formulation we denote by Eq(Q), 1 � q < ∞,

an Orlicz space LN(Q) determined by the convex function

N(t) := exp(tq)− 1, t ∈ R+.

Recall that the norm of this space is defined by

‖f‖LN(Q) := inf
{

λ > 0 ;
∫

Q

N(λ|f |)dx � 1
}

.

Corollary 3.2. Let Qm be an m-dimensional face of a cube Q ∈ K(Rn),
1 � m � n. Under the assumptions of Theorem 3.1,

∥
∥f − Pk(Qm ; f)

∥
∥
Eq′ (Qm)

� c|f |Bσq
p (Qm)

provided that 1 < q � ∞.
In the case q = 1, the function f ∈ C(Rn) and

max
Qm

∣
∣f − Pk(Qm ; f)

∣
∣ � c|f |Bσ1

p (Qm).

Here, c = c(n, k, p, q), 1
q + 1

q′ = 1, and Pk(Qm ; f) is a polynomial of best
approximation for f |Qm of degree k − 1 in L1(Qm).

Embeddings results of another kind follow directly from the representation
theorems of Sect. 2. To formulate these theorems, denote by X one of the
smooth spaces Ẇ k

q (Rn), Ḃσrq (Rn), or Ḟ σrq (Rn) and assume that p ∈ (0,+∞] is
such that X ↪→ Lloc

p (Rn). Then the image of X , denoted by [X ]p and regarded
as a subspace of Lloc

p (Rn), can be characterized in local approximation terms
as follows.

Theorem 3.3. The following equalities hold up to equivalence of seminorms:

[Ḃσrq (Rn)]p = Λ̇σrq (Lp);

[Ḟ σrq (Rn)]p = Ṁσr
q (Lp);

[Ẇ k
q (Rn)]p = V̇kq (Lp) = Ṁk∞

q (Lp) if 1 < q � ∞.

Here, the local approximation spaces are defined by local polynomial approxi-
mation of order k and 0 < σ < k.

The first result of this kind is the classical F. Riesz lemma (see, for example,
[38]) asserting that

[Ẇ 1
q (R)]∞ = V̇1

q (L∞) for 1 � q < ∞.
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The last equality of Theorem 3.3 relating Sobolev and M-spaces is a slight
reformulation of the Calderón theorem [19] (see also [26, Theorem 6.2]).

To explain the important feature of these embeddings, we consider the
space Ḃσrq (Rn). Functions of this space have smoothness σ in Lq, but essen-
tially lose their smoothness in Lp if p > q. Actually, the set

{

f ∈ Ḃσrq (Rn) ; ωk(t ; f ;Lp) = O(tσ̃)
}

,

where σ̃ > σ −
(
n
q −

n
p

)

is thin (of first category) in Ḃσrq (Rn).
Nevertheless, due to Theorem 3.3, functions of the image [Ḃσrq (Rn)]p have

a kind of “hidden” smoothness in Lp measured by the same number σ. The
approximation, extension, and differentiability results for the classical smooth
spaces presented below are remote consequences of this phenomenon.

3.2 Extensions

The extension operator of Theorem 1.6 is universal in the sense that it works
for a wide class of smoothness spaces. For instance, a generalized version
of Theorem 1.6 due to Shvartsman [40] implies simultaneously the P. Jones
extension theorem for W k

p (G). where G ⊂ R
n is a uniform domain (see [29])

and similar results for Besov, BMO, and Morrey spaces and their anisotropic
analogs. We present two new extension results exploiting the aforementioned
operator, but first describe its construction.

Let S ⊂ R
n be a closed subset of positive measure, and let W be a col-

lection of cubes forming the Whitney decomposition of R
n\S. We associate

to every Q ∈ W a cube Q̂ centered at a point of S closest to Q and of vol-
ume c|Q|, where c > 1 is a constant depending only on S. Further, given
f ∈ Lloc

p (S), 0 < p � ∞, and Q ∈ W , we denote by PQ the projector (linear
if p � 1 and quasilinear if p < 1) from Lp(Q̂ ∩ S) onto Pk−1(Rn) (see Theo-
rem 1.4 and Remark 1.5 (c) for its definition). Finally, {ϕQ}Q∈W is a smooth
partition of unity subordinate to the cover W . Then the extension operator,
denoted by ExSk , is given for f ∈ Lloc

p (S) by

ExSk f :=
∑

Q∈W
(PQf)ϕQ.

Though the operator is defined for subsets of positive measure, it can be
applied for extension problems from subsets of measure zero. The first appli-
cation of this kind is due to [5, Theorem 2.11], where a Morrey–Companato
space over an �-set of R

n with n−1 < � � n is described as the trace space of
a Lipschitz space to the �-set (see its definition below). We present a version
of this result recalling before the notions involved.
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Let S ⊂ R
n be a measurable subset of positive Hausdorfff �-measure,

0 < � � n. By Lq(S), 1 � q � ∞ we denote the space of H�-measurable
functions over S equipped with the norm

‖f‖q :=
{∫

S

|f |q dH�
} 1

q

.

Similarly to the case � = n, we define normed local approximation for f ∈
Lq(S) by

Ek
(

Q ; f ;Lq(S)
)

:= inf
{

1
H�(Q ∩ S)

∫

Q∩S

|f −m|q dH�
} 1

ε

,

where m runs over all polynomials of degree k − 1.Extending the notion
of Ȧkϕ(Lq ;S) to subsets of positive Hausdorff �-measure (see Sect. 2), we
introduce the space Λ̇σrq (Lp ;S) by the seminorm

|f |Λ̇σr
q (Lp;S) :=

{ ∞∫

0

(
Ek(Qt(x) ; f ;Lq(S)

tσ

)r
dt

t

} 1
r

.

The following result connects this object to the trace space Ḃσrq (Rn)
∣
∣
S

for
�-sets S with n− 1 < � � n. Let us recall that S ⊂ R

n is said to be an �-set
if for some constants c1, c2 > 0 and all cubes Q ∈ K(S)

c1|Q|
�
n � H�(Q) � c2|Q|

�
n .

The class of �-sets, in particular, contains compact Lipschitz �-manifolds (with
� ∈ N), Cantor type sets and other self-similar fractals (with arbitrary � ∈
(0, n]).

Theorem 3.4. Let S ⊂ R
n be an �-set where n− 1 < � � n. Assume that

Ḃσrq (Rn) ↪→ Lloc
∞ (Rn).

Then, up to equivalence of seminorms,

Ḃσrq (Rn)
∣
∣
S
= Λ̇σrq (L∞ ;S).

Moreover, there exists a continuous extension operator (linear if q � 1) from
the trace space to Ḃσrq (Rn).

The method developed in [5] also admits a similar extension for the em-
bedding pairs Ḟ σrq ⊂ Lloc

∞ and Ẇ k
q ⊂ Lloc

∞ giving local approximation rep-
resentations of the corresponding trace spaces of Ḟ σrq

∣
∣
S

and Ẇ k
q

∣
∣
S

to �-sets
with n− 1 < � � n.
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The recent results by Shvartsman [41] presented below suggest that the
restriction on S may be essentially weaker. To formulate Shvartsman’s results,
we introduce variants of the spaces V̇σq (L∞ ;S) and Ṁσ

q (L∞ ;S) defining the
former by the seminorm

|f |V := sup
π

{
∑

Q∈π

(
Ek(Q ; f ;L∞)

|Q| σ
n

)q} 1
q

, (3.1)

where π runs over all disjoint families of cubes Q satisfying 4Q∩S �= ϕ; here
λQ := Qλr(x) if Q := Qr(x).

The latter space is defined by the seminorm

|f |M := ‖f#‖Lq(Rn),

where the maximal function f# is given by

f#(x) := sup
Q
x

Ek(Q ∩ S ; f ;L∞

|Q| σ
n

, (3.2)

where Q runs over all cubes intersecting S and containing x ∈ R
n.

The original space V̇σq ((Lp ;S) is recalled to be defined by disjoint families
of cubes centered at S and of length side < 2diamS. In turn, the original
space Ṁσr

q (Lp ;S) is defined by the smaller maximal function

E#,ω
k (x ; f ;L∞) := sup

Q

Ek(Q ; f ;L∞)
|Q| σ

n
,

where ω(t) := tσ and Q runs over all cubes from K(S) containing x.

Theorem 3.5 ([41]). Let S ⊂ R
n be an arbitrary closed subset of R

n. As-
sume that Ẇ 1

q (Rn) ↪→ Lloc
∞ (Rn), i.e., q > n. Then the trace norm of the space

Ẇ 1
q (Rn)

∣
∣
S

is equivalent to seminorm (3.1) or (3.2) with k = σ = 1. More-
over, there exists a linear continuous extension operator from Ẇ 1

q (Rn)
∣
∣
S

to
Ẇ 1
q (Rn).

Remark 3.6. Theorem 3.4 apparently remains to be true for Lloc
p (Rn) with

p < ∞ substituted for Lloc
∞ , but for now we can prove this only for �-sets with

� = n. The same fact holds for other classical smooth spaces.

Conjecture 3.7. Let Ẋ denote one of the “classical” homogeneous spaces
over Lq of smoothness σ embedded into Lloc

p (Rn) where 0 < q � p � ∞.
Then Ẋ = Ȧkϕ(Lp) where ϕ is the corresponding functional parameter (see
Theorem 3.3).

Assume that S ⊂ R
n is an �-set, where � > �(σ, q) := min{n−1, (n−σq)+}.

Then, up to equivalence of seminorms,
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Ẋ|S = Ȧkϕ(Lp ;S), (3.3)

and there exists a continuous extension operator (linear for q � 1) from Ẋ |S
into Ẋ.

In particular, �(σ, q) = 0 for the space of Theorem 3.4, so validity of the
conjecture implies that the assertion of the theorem is true for every �-set
with � > 0.

The same follows from the validity of the conjecture for the space Ẇ k
q (Rn)

where k
n > 1

q . However, in the special case k = 1, Theorem 3.5 gives essen-
tially stronger result. This leads to

Conjecture 3.8. Assume that, in the settings of Conjecture 3.7, σn > 1
q , i.e.,

Ẋ ↪→ Cloc(Rn). Then (3.2) holds for every closed subset S ⊂ R
n.

3.3 Pointwise differentiability

Using differentiability criteria of Theorems 1.23–1.25, one can reveal the in-
fluence of “hidden” smoothness on pointwise behavior and Luzin approxi-
mation of functions from smooth spaces. The result presented below firstly
announced in [10]. To illustrate a general situation, let us consider the space
of L1-Lipschitz functions on the real line. The corresponding representation
of this space as an local approximation space shows that its functions have
hidden smoothness 1 in the space L∞. The general theorem presented below
asserts for this special case that every such a function belongs to t1∞(x) for
almost all x ∈ R, i.e., is differentiable almost everywhere. On the other hand,
L1(R)-Lipschitz functions are functions of bounded variation and vice versa
(Hardy–Littlewood). Therefore, the previous statement coincides with the
classical Lebesgue differentiability theorem. For this reason, the result pre-
sented now may be regarded as a far reaching generalization of the Lebesgue
theorem.

We formulate this result for functions from V-spaces and then derive from
there differentiability results related to the hidden smoothness phenomenon
for the classical smoothness spaces.

Theorem 3.9. Assume that a function f belongs to the space V̇σq (Lp), where
0 < q, p � ∞, 0 < σ � k, and for some s ∈ (0, n]

μ := σ − n− s

q
> 0.

Then

(a) If s = n and μ = k, then f belongs to the Taylor space tkp(x) for almost
all x ∈ R

n.
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(b) If s < n and 0 < μ < k, then f ∈ T μp (x) for Hs almost all x ∈ R
n.

(c) If f belongs to the subspace v̇σq (Lp), then assertion (b) holds with tμp (x)
substituted for T μp (x).

The second result concerns Lusin type approximation of functions from
V-spaces. In its proof, a considerable role plays a version of the extension
theorem from [5] (see also [13, Sect. 5.3]). In the formulation, we use the
notion “Hausdorff s-capacity” given for a set G ⊂ R

n by

Cs(G) := inf
{
∑

i

|Qi|
s
n ; G ⊂ ∪Qi

}

.

Having in mind applications, we formulate the result for the general space
V̇(ω)
q (Lp), where ω : R+ → R+ is k-majorant (i.e., ω is nondecreasing and

t �→ ω(t)
/

tk is nonincreasing). Recall that

|f |V̇(ω)
q (Lp)

:= sup
π

{
∑

Q∈π
|Q|
∣
∣
∣
∣

Ek(Q ; f ;Lp)

ω(|Q| k
n )

∣
∣
∣
∣

q} 1
q

,

where π runs over all disjoint families of cubes.

Theorem 3.10. Let p, q, s be chosen as in Theorem 3.9, and let f belong
to the space V̇(ω)

q (Lp). Assume that for some t > 0

ω̃(t) :=

t∫

0

ω(u)

ut+
n−s

q

du < ∞.

Then for every ε > 0 there exists a function fε ∈ C loc(Rn) such that

Cs
{

x ∈ R
n ; fε(x) �= f(x)

}

< ε (3.4)

and fε satisfies the Lipschitz condition

sup
Rn

∣
∣Δkhfε

∣
∣ � c(ε)ω̃

(

|h|
)

, h ∈ R
n.

Corollary 3.11. Let ω(t) := tk, t > 0, and s = n. Then for any f ∈
V̇(ω)
q (Lp) and ε > 0 there exists a function fε belonging to Ck,loc(Rn) and

satisfying
∣
∣
{

x ∈ R
n ; f(x) �= fε(x)

}∣
∣ < ε. (3.5)

One may derive from these theorems a few differentiability results for
the “classical” smoothness spaces. We present only two beginning with the
Calderón space Ċσq (Rn), 0 < σ � k, introduced in [26]. This space is recalled
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to coincide with the Triebel–Lizorkin space Ḟ σ∞q (Rn) for 0 < σ < k and with
the Sobolev space Ẇ k

q (Rn) for σ = k and 1 < q � ∞.

Corollary 3.12. Let p ∈ [q,+∞] be such that

Ċσq (Rn) ↪→ Lloc
p (Rn),

and let
μ := σ − n− s

q
> 0

for some s ∈ (0, n]. Then for f ∈ Ċσq (Rn) the following holds:

(a) If s = n and σ = k, then f belongs to tkp(x) for almost all x ∈ R
n.

Moreover, for every ε > 0 there exists a function fε ∈ Ck,loc(Rn) such that
(3.5) holds.

(b) If 0 < μ < k, then f ∈ T μp (x) for Hs almost all points x ∈ R
n.

Moreover, for every ε > 0 there exists a function fε belonging to the Lip-
schitz space Ḃμ∞∞ (Rn) such that (3.4) holds.

The final result concerns the Besov space Ḃσ∞q (Rn); in its formulation,

1
q∗

:=
σ

n
+

1
q
.

Corollary 3.13. Assume that a function f ∈ Lloc
p (Rn), 0 < p <∞, satisfies

for some σ ∈ (0, k] the condition

sup
0�t�1

ωk(t ; f Lp)
tσ

< ∞. (3.6)

Then for any ε > 0 and δ > 0 there exists a function fε satisfying (3.5) and
such that for 0 < t � 1

ωk(t ; fε ;L∞) � C(ε, δ)tσ
(

log
2
t

) 1
q∗ +δ

. (3.7)

Remark 3.14. The result is sharp in the sense that the Luzin approximation
with δ = 0 in (3.7) fails to be true. According to the counterexample of
Oskolkov [34], there exists a function f ∈ Lp(R) satisfying (3.6) for k = 1
and 0 < σ < 1 which differs, on a set of positive measure, from every function
satisfying (3.7) with k = 1 and δ = 0.
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3.4 Nonlinear Approximation

One more example of the hidden smoothness phenomenon concerns nonlin-
ear approximation of smooth functions. The first result of this type was due
to Birman and Solomyak [3] who studied approximation of functions from
W k
q (Q0) in the space Lp(Q0), where Q0 := [0, 1]n and k

n > 1
q −

1
p > 0 by

piecewise polynomials subordinate to a subdivision of Q0 into a fixed number
of dyadic subcubes. They discovered that, in spite of loss of smoothness in
Lp, the order of approximation remains the very same as for a similar ap-
proximation in Lq-metric. The only difference is a nonlinear nature of the
approximation procedure, a fact lying in the core of the problem. Later,
it was proved [11, 12] that a similar effect holds for approximation of uni-
variate functions by nonlinear splines and rational functions, and, in these
situations, the converse results are also true. Now, this area, nonlinear ap-
proximation theory, is being intensively developed; the reader is referred to
the mini-monograph [25] and forthcoming survey [37] for a detailed account.

We present only one of the possible results of this kind which is most
closely related to and proved by the methods of local approximation theory.

Theorem 3.15. Given f ∈ v̇σq (Lp ;Q0), where 0 � q � p � ∞, and an
integer N � 1, there exists a collection of N dyadic cubes π and a subordinate
to π collection of polynomials {mQ}Q∈π of degree k − 1 such that

∥
∥
∥
∥
f −

∑

Q∈π
χQmQ

∥
∥
∥
∥
Lp(Q0)

� c(n, p, q)N−σ
n |f |V̇σ

q (Lp ;Q0)
. (3.8)

To formulate a consequence, denote by Xkq the homogeneous Sobolev space
Ẇ k
q (Q0) if 1 < q < ∞ and the homogeneous space W k−1BV (Q0) if q = 1.

Corollary 3.16. Assume that

k

n
� 1

q
− 1

p
> 0.

Then for any f ∈ Xkq and N � 1 there exists a collection of N dyadic cubes
π and a subordinate to π collection of polynomials {mQ}Q∈π of degree k − 1
such that ∥

∥
∥
∥
f −

∑

Q∈π
χQmQ

∥
∥
∥
∥
Lp(Rn)

� cN− k
n |f |Xk

q
,

where c = c(k, n, p, q).

Remark 3.17. The approximation method gives some information on the
structure of π. In particular, if kn > 1

q −
1
p , then, as in [3], π is a partition

of Q0, and if q = p, then π is a uniform partition. In the limiting case, there
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are subfamilies of embedded cubes in π accumulated near singularities of
f ∈W k

q (Q0), seen from the space Lp(Q0).
In the special case of the space BV (R2) and approximation in L2-metric,

the result of the corollary was done in [24].
Using the relations between V-spaces and F -spaces, one can easily derive

from Theorem 3.15 a similar to Corollary 3.16 result for the space Ḟ σ∞q (=
Ċσq ). We leave the formulation to the reader.

Finally, we present two applications of Theorem 3.15 of another kind.
First, following the authors of [3], we estimate a “massivity” of the unit ball
of W k

q (Q0) into Lp(Q0). If kn > 1
p −

1
q , the ball is compact and its massivity

may be measured by its ε-entropy denoted by Hε(W k
q ;Lp). According to [3],

this quantity satisfies

Hε(W k
q ;Lp) ≈ ε−

n
k as ε → 0. (3.9)

In the limiting case, the ball is not compact and we measure its massivity by
intersection with a very huge compact, say with the set

Lip δq :=
{

f ∈ Lp(Q0) ; ‖f‖p + sup
t>0

ω1(t ; f ;Lp)
tδ

<∞
}

,

where δ > 0 is arbitrarily small. Then for the ε-entropy of this intersection
in Lp(Q0) the following holds.

Corollary 3.18. If kn = 1
q −

1
p , then for ε � 1

Hε
(

W k
q ∩ Lip δq ;Lp

)

� cε−
n
k

(

log
2
ε

)1+ k
n

,

where c = c(k, n, p, q, δ).

Hence the asymptotic (3.9) is almost preserved in the limiting case.
The second application concerns the still unsolved problem of the real

interpolation of the Banach couple (Lp,W k
q ) over Q0 for p �= q. For kn > 1

q −
1
p

and p < ∞ Krugljak [32] proved that
(

Lp,W
k
q

)

θpθ
= Bkθ

pθ
, (3.10)

where
1
pθ

:=
1− θ

p
+

θ

q
and kθ = (1− θ)k.

Using an approach based on a variant of Theorem 3.15 with piecewise poly-
nomials replaced by splines, one can prove (3.10) also for k

n � 1
q −

1
p and

p < ∞. In the cases k
n < 1

q −
1
p and k

n � 1
q , p = ∞, the problem remains

open.
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Spectral Stability of Higher Order
Uniformly Elliptic Operators

Victor Burenkov and Pier Domenico Lamberti

Abstract We prove estimates for the variation of the eigenvalues of uni-
formly elliptic operators with homogeneous Dirichlet or Neumann boundary
conditions upon variation of the open set on which an operator is defined. We
consider operators of arbitrary even order and open sets admitting arbitrary
strong degeneration. The main estimate is expressed in terms of a natural
and easily computable distance between open sets with continuous bound-
aries. Another estimate is obtained in terms of the lower Hausdorff–Pompeiu
deviation of the boundaries, which in general may be much smaller than the
usual Hausdorff–Pompeiu distance. Finally, in the case of diffeomorphic open
sets, we obtain an estimate even without the assumption of continuity of the
boundaries.

1 Introduction

Currently, it is standard that in papers on many topics in partial differential
equations Sobolev spaces are used as a natural language for setting problems,
defining solutions, and investigating their properties. This paper on spectral
stability is not an exception. The assumption on the compactness of certain
embeddings involving various variants of Sobolev spaces is systematically
used, as well as some other properties of Sobolev spaces and techniques de-
veloped in the theory of Sobolev spaces. In particular, the “shrinking” trans-
formation defined by formula (5.3) plays an important role in our proofs, and
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it should be noted that the idea of using such transformations arose from ex-
ploring proofs of approximation theorems for Sobolev spaces (approximation
by infinitely differentiable functions).

In this paper, we consider the eigenvalue problem for the operator

Hu = (−1)m
∑

|α|=|β|=m
Dα
(

Aαβ(x)Dβu
)

, x ∈ Ω, (1.1)

subject to homogeneous Dirichlet or Neumann boundary conditions, where
m ∈ N, Ω is a bounded open set in R

N , and the coefficients Aαβ are Lipschitz
continuous functions satisfying the uniform ellipticity condition (2.4) below
on Ω. For a precise statement of the eigenvalue problem see Definition 2.1
and Theorem 2.1.

We consider open sets Ω for which the spectrum is discrete and can be
represented by means of a nondecreasing sequence of nonnegative eigenvalues

λ1[Ω] � λ2[Ω] � . . . � λn[Ω] � . . . ,

where each eigenvalue is repeated as many times as its multiplicity.
In this paper, we prove estimates for the variation

|λn[Ω1]− λn[Ω2]|

of the eigenvalues corresponding to two open sets Ω1, Ω2.
There is vast literature on spectral stability problems for elliptic operators

(see, for example, [11, 12] for references). However, little attention has been
devoted to the problem of spectral stability for higher order operators and, in
particular, to the problem of finding explicit qualified estimates for the varia-
tion of the eigenvalues. Moreover, most of the existing qualified estimates for
second order operators were obtained under certain regularity assumptions
on the boundaries.

Our analysis comprehends operators of arbitrary even order, with homo-
geneous Dirichlet or Neumann boundary conditions, and open sets admitting
arbitrarily strong degeneration. In fact, we consider bounded open sets whose
boundaries are just locally the subgraphs of continuous functions. We only re-
quire that the “atlas” A, with the help of which such open sets are described,
is fixed: we denote by C(A) the family of all such open sets (see Definition
3.1). In C(A) we introduce a natural metric dA (the “atlas distance”) which
can be easily computed. Given two open sets Ω1, Ω2 ∈ C(A), the distance
dA(Ω1, Ω2) is just the maximum of the sup-norms of the differences of the
functions describing locally the boundaries of Ω1 and Ω2 (see Definition 5.1).

The first main result of the paper is that for both Dirichlet and Neumann
boundary conditions the eigenvalues of (1.1) are locally Lipschitz continuous
functions of the open set Ω ∈ C(A) with respect to the atlas distance dA.
Namely, in Theorems 5.1 and 6.1, we prove that for each n ∈ N there exist



Spectral Stability of Higher Order Uniformly Elliptic Operators 71

cn, εn > 0 such that for both Dirichlet and Neumann boundary conditions
the estimate

|λn[Ω1]− λn[Ω2]| � cndA(Ω1, Ω2) (1.2)

holds for all open sets Ω1, Ω2 ∈ C(A) satisfying dA(Ω1, Ω2) < εn.
By the estimate (1.2), we deduce an estimate expressed in terms of the

lower Hausdorff–Pompeiu deviation of the boundaries

dHP (∂Ω1, ∂Ω2) = min
{

sup
x∈∂Ω1

d(x, ∂Ω2), sup
x∈∂Ω2

d(x, ∂Ω1)
}

.

To do so, we restrict our attention to smaller families of open sets in C(A).
Namely, for a fixed M > 0 and ω : [0,∞[→ [0,∞[ satisfying very weak
natural conditions we consider those open sets Ω in C(A) for which any of
the functions x �→ g(x) describing locally the boundary of Ω satisfies the
condition

|g(x)− g(y)| � Mω(|x− y|)

for all appropriate x, y. We denote by C
ω(·)
M (A) the family of all such open

sets (see Definition 7.2). For instance, if 0 < α � 1 and ω(t) = tα for all t � 0,
then we obtain open sets with Hölder continuous boundaries of exponent α:
this class is denoted below by C0,α

M (A). It is possible to choose a function
ω going to zero arbitrarily slowly which allows dealing with open sets with
arbitrarily sharp cusps.

The second main result of the paper is for open sets Ω1, Ω2 ∈ C
ω(·)
M (A).

Namely, in Theorem 7.1 we prove that for each n ∈ N there exist cn, εn > 0
such that

|λn[Ω1]− λn[Ω2]| � cnω(dHP(∂Ω1, ∂Ω2)) (1.3)

for all open sets Ω1, Ω2 ∈ C
ω(·)
M (A) satisfying dHP(∂Ω1, ∂Ω2) < εn.

In particular, in Corollary 7.1 we deduce that if Ω1, Ω2 ∈ C
ω(·)
M (A) satisfy

(Ω1)ε ⊂ Ω2 ⊂ (Ω1)ε or (Ω2)ε ⊂ Ω1 ⊂ (Ω2)ε,

where ε > 0 is sufficiently small then

|λn[Ω1]− λn[Ω2]| � cnω(ε). (1.4)

Here, Ωε = {x ∈ Ω : d(x, ∂Ω) > ε}, Ωε =
{

x ∈ R
N : d(x,Ω) < ε

}

, for any
set Ω in R

N .
In the case Ω1, Ω2 ∈ C0,α

M (A), the estimate (1.4) takes the form

|λn[Ω1]− λn[Ω2]| � cnε
α. (1.5)

In the case of the Dirichlet boundary conditions and m = 1, some estimates
of the form (1.5) were obtained in [8] under the assumption that a certain
Hardy type inequality is satisfied on Ω1 (see also [15]). In the case of the



72 V. Burenkov and P. D. Lamberti

Dirichlet boundary conditions and m = 1, the estimate (1.5) was proved
in [5]. In the case of the Dirichlet boundary conditions, m = 2, and open
sets with sufficiently smooth boundaries, an estimate of the form (1.5) was
obtained in [1].

In the case of the Neumann boundary conditions and m = 1, the estimate
(1.5) was proved in [4] for open sets Ω1, Ω2 ∈ C0,α

M (A) satisfying (Ω1)ε ⊂
Ω2 ⊂ Ω1. We remark that the result in [4] concerns only inner deformations
of an open set and second order elliptic operators. Moreover, the proof in [4] is
based on the ultracontractivity which holds for second order elliptic operators
in open sets with Hölder continuous boundaries. Since ultracontractivity is
not guaranteed for more general open sets, we had to develop a different
method.

The third main result of the paper concerns the case Ω1 = Ω and Ω2 =
ϕ(Ω), where ϕ is a suitable diffeomorphism of class Cm. In this case, we make
very weak assumptions on Ω: if m = 1 it is just the requirement that H has
discrete spectrum. Under such general assumptions, we prove that for both
Dirichlet and Neumann boundary conditions there exists a constant c > 0
independent of n such that

|λn[Ω]− λn[ϕ(Ω)]| � c(1 + λn[Ω]) max
0�|α|�m

‖Dα(ϕ− Id)‖L∞(Ω)

if max
0�|α|�m

‖Dα(ϕ− Id)‖L∞(Ω) < c−1 (see Theorem 4.1 and Corollary 4.1).

The paper is organized as follows. In Sect. 2, we introduce some notation
and formulate the eigenvalue problem for the operator (1.1). In Sect. 3, we
define the class of open sets under consideration. In Sect. 4, we consider the
case of diffeormorphic open sets. In Sect. 5, we prove the estimate (1.2) for
the Dirichlet boundary conditions. In Sect. 6, we prove the estimate (1.2) for
the Neumann boundary conditions. In Sect. 7, we prove the estimates (1.3)
and (1.4) for both Dirichlet and Neumann boundary conditions. In Appendix,
we discuss some properties of the atlas distance dA, the Hausdorff–Pompeiu
lower deviation dHP , and the Hausdorff–Pompeiu distance dHP .

2 Preliminaries and Notation

Let N,m ∈ N, and let Ω be an open set in R
N . We denote by Wm,2(Ω) the

Sobolev space of complex-valued functions in L2(Ω) which have all distribu-
tional derivatives up to order m in L2(Ω), endowed with the norm

‖u‖Wm,2(Ω) =
∑

|α|�m
‖Dαu‖L2(Ω). (2.1)
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We denote by Wm,2
0 (Ω) the closure in Wm,2(Ω) of the space of the C∞-

functions with compact support in Ω.

Lemma 2.1. Let Ω be an open set in R
N . Let V (Ω) be a subspace of

Wm,2(Ω) such that the embedding V (Ω) ⊂ Wm−1,2(Ω) is compact. Then
there exists c > 0 such that

‖u‖Wm,2(Ω) � c

(

‖u‖L2(Ω) +
∑

|α|=m
‖Dαu‖L2(Ω)

)

(2.2)

for all u ∈ V (Ω).

Proof. Since (V (Ω), ‖ · ‖m,2) is compactly embedded in Wm−1,2(Ω) and
Wm−1,2(Ω) is continuously embedded in L2(Ω), from the Lions lemma (see,
for example, [2, p. 35]) it follows that for all ε ∈]0, 1[ there exists c(ε) > 0
such that

‖u‖Wm−1,2(Ω) � ε‖u‖Wm,2(Ω) + c(ε)‖u‖L2(Ω).

Hence

‖u‖Wm−1,2(Ω) � ε

(1− ε)

∑

|α|=m
‖Dαu‖L2(Ω) +

c(ε)
(1− ε)

‖u‖L2(Ω) (2.3)

for all u ∈ V (Ω). The inequality (2.2) immediately follows. 
�

Let m̂ be the number of the multiindices α = (α1, . . . , αN ) ∈ N
N
0 with

length |α| = α1 + · · ·+αN equal to m. Here, N0 = N∪{0}. For all α, β ∈ N
N
0

such that |α| = |β| = m, let Aαβ be bounded measurable real-valued functions
defined on Ω satisfying Aαβ = Aβα and the uniform ellipticity condition

∑

|α|=|β|=m
Aαβ(x)ξαξβ � θ|ξ|2 (2.4)

for all x ∈ Ω, ξ = (ξα)|α|=m ∈ R
m̂, where θ > 0 is the ellipticity constant.

Let V (Ω) be a closed subspace of Wm,2(Ω) containing Wm,2
0 (Ω). We con-

sider the following eigenvalue problem:
∫

Ω

∑

|α|=|β|=m
AαβD

αuDβvdx = λ

∫

Ω

uvdx (2.5)

for all test functions v ∈ V (Ω), in the unknowns u ∈ V (Ω) (the eigenfunc-
tions) and λ ∈ R (the eigenvalues).

It is clear that the problem (2.5) is the weak formulation of an eigen-
value problem for the operator H in (1.1) subject to suitable homogeneous
boundary conditions and the choice of V (Ω) corresponds to the choice of the
boundary conditions (see, for example, [14]).

We set
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QΩ(u, v) =
∫

Ω

∑

|α|=|β|=m
AαβD

αuDβvdx, QΩ(u) = QΩ(u, u), (2.6)

for all u, v ∈ Wm,2(Ω).
If the embedding V (Ω) ⊂Wm−1,2(Ω) is compact, then the eigenvalues of

Eq. (2.5) coincide with the eigenvalues of a suitable operator HV (Ω) canon-
ically associated with the restriction of the quadratic form QΩ to V (Ω). In
fact, we have the following theorem.

Theorem 2.1. Let Ω be an open set in R
N . Let m ∈ N, θ > 0 and, for all

α, β ∈ N
N
0 such that |α| = |β| = m, let Aαβ be bounded measurable real-valued

functions defined on Ω, satisfying Aαβ = Aβα and the condition (2.4).
Let V (Ω) be a closed subspace of Wm,2(Ω) containing Wm,2

0 (Ω) and such
that the embedding V (Ω) ⊂ Wm−1,2(Ω) is compact. Then there exists a non-
negative self-adjoint linear operator HV (Ω) on L2(Ω) with compact resolvent,
such that Dom (H1/2

V (Ω)) = V (Ω) and

〈H1/2
V (Ω)u,H

1/2
V (Ω)v〉L2(Ω) = QΩ(u, v) (2.7)

for all u, v ∈ V (Ω). Moreover, the eigenvalues of Eq. (2.5) coincide with the
eigenvalues λn[HV (Ω)] of HV (Ω) and

λn[HV (Ω)] = inf
L�V (Ω)
dim L=n

sup
u∈L
u
=0

QΩ(u)
‖u‖2

L2(Ω)

. (2.8)

Proof. By Lemma 2.1, the inequality (2.4), and the boundedness of the co-
efficients Aαβ , it follows that the space V (Ω) endowed with the norm

(‖u‖2
L2(Ω) + QΩ(u))1/2 (2.9)

for all u ∈ V (Ω), is complete. Indeed, this norm is equivalent on V (Ω)
to the norm defined by (2.1). Thus, the restriction of the quadratic form
QΩ to V (Ω) is a closed quadratic form on V (Ω) (see [7, pp. 81-83]) and
there exists a nonnegative self-adjoint operator HV (Ω) on L2(Ω) satisfying
Dom (H1/2

V (Ω)) = V (Ω) and the condition (2.7) (see [7, Theorem 4.4.2]). Since
the embedding V (Ω) ⊂ L2(Ω) is compact, HV (Ω) has compact resolvent (see
[7, Exercise 4.2]). The fact that the eigenvalues of Eq. (2.5) coincide with
the eigenvalues of the operator HV (Ω) is well known. Finally, the variational
representation in (2.8) is given by the well-known minmax principle (see [7,
Theorem 4.5.3]). 
�

Definition 2.1. Let Ω be an open set in R
N . Let m ∈ N, θ > 0 and, for all

α, β ∈ N
N
0 such that |α| = |β| = m, let Aαβ be bounded measurable real-

valued functions defined on Ω, satisfying Aαβ = Aβα and the condition (2.4).
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If the embedding Wm,2
0 (Ω) ⊂ Wm−1,2(Ω) is compact, we set

λn,D[Ω] = λn[HWm,2
0 (Ω)].

If the embedding Wm,2(Ω) ⊂ Wm−1,2(Ω) is compact, we set

λn,N [Ω] = λn[HWm,2(Ω)].

The numbers λn,D[Ω], λn,N [Ω] are called the Dirichlet eigenvalues, Neu-
mann eigenvalues respectively, of the operator (1.1).

When we refer to both Dirichlet and Neumann boundary conditions, we
write just λn[Ω] instead of λn,D[Ω] and λn,N [Ω].

Remark 2.1. If Ω is such that the embedding W 1,2
0 (Ω) ⊂ L2(Ω) is compact

(for instance, if Ω is an arbitrary open set with finite Lebesgue measure), then
also the embedding Wm,2

0 (Ω) ⊂ Wm−1,2(Ω) is compact and the Dirichlet
eigenvalues are well defined.

If Ω is such that the embedding W 1,2(Ω) ⊂ L2(Ω) is compact (for instance,
if Ω has a continuous boundary, see Definition 3.1), then the embedding
Wm,2(Ω) ⊂ Wm−1,2(Ω) is compact and the Neumann eigenvalues are well
defined.

Example 2.1. Let Ω be an open set in R
2. We consider the biharmonic oper-

ator Δ2 in R
2 and the sesquilinear form

QΩ(u, v) =
∫

Ω

(
∂2u

∂x2
1

∂2v

∂x2
1

+ 2
∂2u

∂x1∂x2

∂2v

∂x1∂x2
+

∂2u

∂x2
2

∂2v

∂x2
2

)

dx, u, v ∈ V (Ω),

where V (Ω) is either W 2,2
0 (Ω) (Dirichlet boundary conditions) or W 2,2(Ω)

(Neumann boundary conditions). Recall that the Euler–Lagrange equation
for the minimization of the quadratic form QΩ(u, u) is Δ2u = 0. Note that
the condition (2.4) is satisfied with θ = 1.

Let HV (Ω) be the operator associated with the quadratic form QΩ as in
Theorem 2.1. Consider the eigenvalue problem

HV (Ω)u = λu. (2.10)

In the case V (Ω) = W 2,2
0 (Ω), Eq. (2.10) is the weak formulation of the

classical eigenvalue problem for the biharmonic operator subject to Dirichlet
boundary conditions

Δ2u = λu in Ω,

u = 0 on ∂Ω,

∂u

∂n
= 0 on ∂Ω

(2.11)
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for bounded domains Ω of class C2. Here, n = (n1, n2) is the unit outer
normal to ∂Ω.

In the case V (Ω) = W 2,2(Ω), Eq. (2.10) is the weak formulation of the
classical eigenvalue problem for the biharmonic operator subject to Neumann
boundary conditions

Δ2u = λu, in Ω,

∂2u

∂n2
= 0, on ∂Ω,

d

ds

∂2u

∂n∂t
+

∂Δu

∂n
= 0, on ∂Ω

(2.12)

for bounded domains Ω of class C2. Here,

∂2u

∂n2
=

2∑

i,j=1

∂2u

∂xi∂xj
ninj ,

∂2u

∂n∂t
=

2∑

i,j=1

∂2u

∂xi∂xj
nitj ,

s denotes the arclengh of ∂Ω (with positive orientation), t = (t1, t2) denotes
the unit tangent vector to ∂Ω (oriented in the sense of increasing s). This
follows by a standard argument and observing that if u, v ∈ C4(Ω), then, by
the divergence theorem,

QΩ(u, v) =
∫

Ω

Δ2uvdx−
∫

∂Ω

∂Δu

∂n
vdσ +

∫

∂Ω

(

n1∇
∂u

∂x1
+ n2∇

∂u

∂x2

)

· ∇vdσ

=
∫

Ω

Δ2uvdx +
∫

∂Ω

(
∂2u

∂n2

∂v

∂n
+

∂2u

∂n∂t

∂v

∂t
− ∂Δu

∂n
v

)

dσ.

One may also consider the sesquilinear form

Q
(ν)
Ω (u, v) = ν

∫

Ω

ΔuΔv + (1− ν)QΩ(u, v), u, v ∈ V (Ω).

If 0 � ν < 1, then the condition (2.4) is satisfied with θ = 1 − ν. Note
that the Euler–Lagrange equation for the minimization of the quadratic form
Q

(ν)
Ω (u, u) is again Δ2u = 0.
Let H

(ν)
V (Ω) be the operator associated with the quadratic form Q

(ν)
Ω as in

Theorem 2.1. Consider the eigenvalue problem

H
(ν)
V (Ω)u = λu. (2.13)

In the case V (Ω) = W 2,2
0 (Ω), Eq. (2.13) is another weak formulation of

the classical eigenvalue problem (2.11).
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In the case V (Ω) = W 2,2(Ω), Eq. (2.13) is the weak formulation of the
classical eigenvalue problem for the biharmonic operator subject to Neumann
boundary conditions depending on ν

Δ2u = λu in Ω,

νΔu + (1− ν)
∂2u

∂n2
= 0 on ∂Ω,

(1− ν)
d

ds

∂2u

∂n∂t
+

∂Δu

∂n
= 0 on ∂Ω.

(2.14)

The biharmonic operator subject to these boundary conditions with 0 <
ν < 1/2 arises in the study of small deformations of a thin plate under
Kirchhoff hypothesis in which case ν is the Poisson ratio of the plate (see, for
example, [13] and the references therein).

3 Open Sets with Continuous Boundaries

We recall that for any set V in R
N and δ > 0 we denote by Vδ the set

{x ∈ V : d(x, ∂Ω) > δ}. Moreover, by a rotation in R
N we mean a N ×N -

orthogonal matrix with real entries which we identify with the corresponding
linear operator acting in R

N .

Definition 3.1. Let ρ > 0, s, s′ ∈ N, s′ � s and {Vj}sj=1 be a family of
bounded open cuboids and {rj}sj=1 be a family of rotations in R

N .
We say that A = (ρ, s, s′, {Vj}sj=1, {rj}sj=1) is an atlas in R

N with the
parameters ρ, s, s′, {Vj}sj=1, {rj}sj=1, briefly an atlas in R

N .
We denote by C(A) the family of all open sets Ω in R

N satisfying the
following properties:

(i) Ω ⊂
s⋃

j=1

(Vj)ρ and (Vj)ρ ∩Ω �= ∅;

(ii) Vj ∩ ∂Ω �= ∅ for j = 1, . . . s′, Vj ∩ ∂Ω = ∅ for s′ < j � s;

(iii) for j = 1, . . . , s

rj(Vj) = { x ∈ R
N : aij < xi < bij , i = 1, . . . ., N},

and

rj(Ω ∩ Vj) = {x ∈ R
N : aNj < xN < gj(x), x ∈ Wj},

where x = (x1, . . . , xN−1), Wj = {x ∈ R
N−1 : aij < xi < bij , i = 1, . . . , N −

1} and gj is a continuous function defined on W j (this means if s′ < j � s,
then gj(x) = bNj for all x ∈ W j); moreover for j = 1, . . . , s′
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aNj + ρ � gj(x) � bNj − ρ,

for all x ∈W j .
We say that an open set Ω in R

N is an open set with a continuous boundary
if Ω is of class C(A) for some atlas A.

We note that for an open set Ω of class C(A) the inequality (2.2) holds
for all u ∈Wm,2(Ω) with a constant c depending only on A. More precisely,
we denote by DΩ the best constant for which the inequality (2.2) is satisfied
for V (Ω) = Wm,2

0 (Ω). We denote by NΩ the best constant for which the
inequality (2.2) is satisfied for V (Ω) = Wm,2(Ω). Then we have the following
assertion (for a proof we refer to [3, Theorem 6, p. 160]).

Lemma 3.1. Let A be an atlas in R
N , m ∈ N. There exists c > 0 depending

only on N,A, and m such that

1 � DΩ � NΩ � c (3.1)

for all open sets Ω ∈ C(A).

Lemma 3.2. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ L∞(

s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,

‖Aαβ‖
L∞
( s⋃

j=1
Vj

) � L and the condition (2.4). Then for each n ∈ N there

exists Λn > 0 depending only on n, N , A, m, and L such that

λn,N [Ω] � λn,D[Ω] � Λn (3.2)

for all open sets Ω ∈ C(A).

Proof. The inequality λn,N [Ω] � λn,D[Ω] is well known. Now, we prove the
second inequality. It is clear that there exists a ball B of radius ρ/2 such that
B ⊂ Ω for all open sets Ω ∈ C(A). By the well-known monotonicity of the
Dirichlet eigenvalues with respect to inclusion, it follows that

λn,D[Ω] � λn,D[B].

Thus, it suffices to estimate λn,D[B]. It is clear that there exists c > 0 de-
pending only on N and m such that

QB(u) � cL

∫

B

|∇mu|2dx (3.3)

for all u ∈Wm,2
0 (B), where ∇mu = (Dαu)|α|=m. By (2.8) and (3.3),
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λn,D[B] � Λn ≡ cL inf
L�Wm,2

0 (B)
dim L=n

sup
u∈L
u
=0

∫

B

|∇mu|2dx

∫

B

|u|2dx
< ∞.

It is clear that Λn depends only on n, N , ρ, m, and L. 
�

4 The Case of Diffeomorphic Open Sets

Lemma 4.1. Let Ω be an open set in R
N . Let m ∈ N, B1, B2 > 0 and ϕ be

a diffeomorphism of Ω onto ϕ(Ω) of class Cm such that

max
1�|α|�m

|Dαϕ(x)| � B1, | det ∇ϕ(x)| � B2 (4.1)

for all x ∈ Ω. Let B3 > 0 and, for all α, β ∈ N
N
0 such that |α| = |β| = m, let

Aαβ be measurable real-valued functions defined on Ω ∪ ϕ(Ω) satisfying

max
|α|=|β|=m

|Aαβ(x)| � B3 (4.2)

for almost all x ∈ Ω ∪ ϕ(Ω). Then there exists c > 0 depending only on N ,
m, B1, B2, and B3 such that

∣
∣
∣Qϕ(Ω)(u ◦ ϕ(−1))−QΩ(u)

∣
∣
∣ � cL(ϕ)

∫

Ω

∑

1�|α|�m
|Dαu|2dx (4.3)

for all u ∈Wm,2(Ω), where

L(ϕ) = max
1�|α|�m

‖Dα(ϕ− Id)‖L∞(Ω) + max
|α|=|β|=m

‖Aαβ ◦ϕ−Aαβ‖L∞(Ω). (4.4)

Proof. By changing variables and using a known formula for high derivatives
of composite functions (see, for example, [10, Formula B]), we have

Qϕ(Ω)(u ◦ ϕ(−1)) =
∫

ϕ(Ω)

∑

|α|=|β|=m
AαβD

α(u ◦ ϕ(−1))Dβ(u ◦ ϕ(−1))dy

=
∫

Ω

∑

|α|=|β|=m

(

AαβD
α(u ◦ ϕ(−1))Dβ(u ◦ ϕ(−1))

)

◦ ϕ| det ∇ϕ|dx
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=
∫

Ω

∑

|α|=|β|=m
Aαβ ◦ ϕ

∑

1�|η|�|α|
1�|ξ|�|β|

DηuDξu (pαη(ϕ(−1))pβξ(ϕ(−1))) ◦ ϕ| det ∇ϕ|dx

=
∑

|α|=|β|=m
1�|η|�|α|
1�|ξ|�|β|

∫

Ω

(Aαβpαη(ϕ(−1))pβξ(ϕ(−1))) ◦ ϕDηuDξu | det ∇ϕ|dx (4.5)

for all u ∈ Wm,2(Ω), where for all α, η with 1 � |η| � |α| = m, pαη(ϕ(−1))
denotes a polynomial of degree |η| in derivatives of ϕ(−1) of order between 1
and |α|, with coefficients depending only on N , α, η.

We recall that for each α with 1 � |α| � m there exists a polynomial pα(ϕ)
in derivatives of ϕ of order between 1 and |α|, with coefficients depending
only on N,α, such that

(Dαϕ(−1)) ◦ ϕ =
pα(ϕ)

(det ∇ϕ)2|α|−1
. (4.6)

In order to estimate Qϕ(Ω)(u ◦ ϕ(−1)) − QΩ(u), it is enough to estimate
the expressions

(Aαβpαη(ϕ(−1))pβξ(ϕ(−1))) ◦ ϕ | det ∇ϕ|
− (Aαβpαη(ϕ̃(−1))pβξ(ϕ̃(−1))) ◦ ϕ̃ | det ∇ϕ̃|,

where ϕ̃ = Id . This can be done by using the triangle inequality and observ-
ing that (4.6) implies

|(Dαϕ(−1)) ◦ ϕ− (Dαϕ̃(−1)) ◦ ϕ̃| � c max
1�|β|�|α|

‖Dβ(ϕ− ϕ̃)‖L∞(Ω),

where c depends only on N , α, B1, and B2. 
�

Theorem 4.1. Let U be an open set in R
N . Let m ∈ N, B1, B2, B3, θ > 0.

For all α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ be measurable real-valued

functions defined on U satisfying Aαβ = Aβα and the conditions (2.4), (4.2)
in U . The following statements hold.

(i) There exists c1 > 0 depending only on N , m, B1, B2, B3, θ such that
for all n ∈ N, for all open sets Ω ⊂ U such that the embedding Wm,2

0 (Ω) ⊂
Wm−1,2(Ω) is compact, and for all diffeomorphisms of Ω onto ϕ(Ω) of class
Cm satisfying (4.1) and such that ϕ(Ω) ⊂ U the inequality

|λn,D[Ω]− λn,D[ϕ(Ω)]| � c1D2
Ω(1 + λn,D[Ω])L(ϕ) (4.7)

holds if L(ϕ) < (c1D2
Ω)−1.

(ii) There exists c2 > 0 depending only on N , m, B1, B2, B3, θ such that
for all n ∈ N, for all open sets Ω ⊂ U such that the embedding Wm,2(Ω) ⊂
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Wm−1,2(Ω) is compact, and for all diffeomorphisms of Ω onto ϕ(Ω) of class
Cm satisfying (4.1) and such that ϕ(Ω) ⊂ U , the inequality

|λn,N [Ω]− λn,N [ϕ(Ω)]| � c2N 2
Ω(1 + λn,N [Ω])L(ϕ) (4.8)

holds if L(ϕ) < (c2N 2
Ω)−1.

Proof. We prove statement (i). Let Ω ⊂ U be an open set such that the
embedding Wm,2

0 (Ω) ⊂ Wm−1,2(Ω) is compact and ϕ be a diffeomorphisms
of Ω onto ϕ(Ω) of class Cm satisfying (4.1) and such that ϕ(Ω) ⊂ U . By the
inequalities (2.2), (2.4), and (4.3), there exists c3 > 0 depending only on N ,
m, B1, B2, B3, and θ such that

∣
∣
∣Qϕ(Ω)(u ◦ ϕ(−1))−QΩ(u)

∣
∣
∣ � c3D2

Ω(‖u‖2
L2(Ω) + QΩ(u))L(ϕ). (4.9)

Then
∣
∣
∣
∣
∣

Qϕ(Ω)(u ◦ ϕ(−1))
‖u ◦ ϕ(−1)‖2

L2(ϕ(Ω))

− QΩ(u)
‖u‖2

L2(Ω)

∣
∣
∣
∣
∣

�
|Qϕ(Ω)(u ◦ ϕ(−1))−QΩ(u)|

∫

Ω

|u|2| det ∇ϕ|dx
+

QΩ(u)
∫

Ω

|u|2|| det ∇ϕ| − 1|dx

∫

Ω

|u|2| det ∇ϕ|dx
∫

Ω

|u|2dx
. (4.10)

Observing that DΩ � 1 and combining the inequalities (4.9) and (4.10), we
see that there exists c4 > 0 depending only on N , m, B1, B2, B3, θ such that
for all u ∈Wm,2

0 (Ω)
∣
∣
∣
∣
∣

Qϕ(Ω)(u ◦ ϕ(−1))
‖u ◦ ϕ(−1)‖2

L2(ϕ(Ω))

− QΩ(u)
‖u‖2

L2(Ω)

∣
∣
∣
∣
∣
� c4D2

Ω

(

1 +
QΩ(u)
‖u‖2

L2(Ω)

)

L(ϕ), (4.11)

which can be written as

(1− c4D2
ΩL(ϕ))

QΩ(u)
‖u‖2

L2(Ω)

− c4D2
ΩL(ϕ) (4.12)

�
Qϕ(Ω)(u ◦ ϕ(−1))
‖u ◦ ϕ(−1)‖2

L2(ϕ(Ω))

� (1 + c4D2
ΩL(ϕ))

QΩ(u)
‖u‖2

L2(Ω)

+ c4D2
ΩL(ϕ).

Assume now that 1 − c4D2
ΩL(ϕ) > 0. Note that the map Cϕ of L2(Ω) to

L2(ϕ(Ω)) which takes u ∈ L2(Ω) to Cϕu = u◦ϕ−1 is a linear homeomorphism
which restricts to a linear homeomorphism of Wm,2

0 (Ω) onto Wm,2
0 (ϕ(Ω)),

and that the embedding Wm,2
0 (ϕ(Ω)) ⊂ Wm−1,2(ϕ(Ω)) is compact. Then,
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applying the minmax principle (2.8) and using the inequality (4.12), it easy
to deduce the validity of the inequality (4.7).

The proof of statement (ii) is similar. In this case, observe that the map
Cϕ defined above restricts to a linear homeomorphism from Wm,2(Ω) onto
Wm,2(ϕ(Ω)) and if the embedding Wm,2(Ω) ⊂ Wm−1,2(Ω) is compact, then
the embedding Wm,2(ϕ(Ω)) ⊂ Wm−1,2(ϕ(Ω)) is also compact. 
�

Corollary 4.1. Let A be an atlas in R
N . Let m ∈ N, B1, B2, L, θ > 0 and,

for all α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ =

Aβα, ‖Aαβ‖
C0,1(

s⋃

j=1
Vj)

� L and the condition (2.4). Then there exists c > 0

depending only on N , A, m, B1, B2, L, θ such that for all n ∈ N, for all
open sets Ω ∈ C(A), and for all diffeomorphisms of Ω onto ϕ(Ω) of class

Cm satisfying (4.1) and such that ϕ(Ω) ⊂
s⋃

j=1

Vj, the inequality

|λn[Ω]− λn[ϕ(Ω)]| � c(1 + λn[Ω]) max
0�|α|�m

‖Dα(ϕ− Id)‖L∞(Ω) (4.13)

holds for both Dirichlet and Neumann boundary conditions if

max
0�|α|�m

‖Dα(ϕ − Id)‖L∞(Ω) < c−1.

Proof. It suffices to apply Lemma 3.1 and Theorem 4.1. 
�

5 Estimates for Dirichlet Eigenvalues via the Atlas
Distance

Definition 5.1. Let A = (ρ, s, s′, {Vj}sj=1, {rj}sj=1) be an atlas in R
N . For

all Ω1, Ω2 ∈ C(A) we define the atlas distance dA by

dA(Ω1, Ω2) = max
j=1,...,s

sup
(x,xN )∈rj(Vj)

|g1j(x)− g2j(x)| , (5.1)

where g1j and g2j are the functions describing the boundaries of Ω1 and Ω2

respectively, as in Definition 3.1 (iii).

We observe that the function dA(·, ·) is, in fact, a distance in C(A) (for
further properties of dA see also Appendix).

If Ω ∈ C(A), it is useful to set

dj(x, ∂Ω) = |gj( (rj(x)) )− (rj(x))N | (5.2)

for all j = 1, . . . , s and x ∈ Vj , where gj and rj are as in Definition 3.1.



Spectral Stability of Higher Order Uniformly Elliptic Operators 83

Let A = (ρ, s, s′, {Vj}sj=1 , {rj}sj=1) be an atlas in R
N . We consider a

partition of unity {ψj}sj=1 such that ψj ∈ C∞
c (RN ), supp ψj ⊂ (Vj) 3

4ρ
,

0 � ψj(x) � 1, |∇ψj(x)| � G for all x ∈ R
N and j = 1, . . . , s, where

G > 0 depends only on A, and such that
s∑

j=1

ψj(x) = 1 for all x ∈
s⋃

j=1

(Vj)ρ.

For ε � 0 we consider the transformation

Tε(x) = x− ε

s∑

j=1

ξjψj(x) , x ∈ R
N , (5.3)

where ξj = r
(−1)
j ((0, . . . , 1)), which was introduced in [4].

Then we have the following variant of Lemma 18 in [4].

Lemma 5.1. Let A = (ρ, s, s′, {Vj}sj=1 , {rj}sj=1) be an atlas in R
N . Then

there exist A1, A2, E1 > 0 depending only on N and A such that

max
0�|α|�m

∥
∥Dα(Tε − Id )

∥
∥
L∞(RN )

� A1ε (5.4)

and such that
1
2

� 1−A2ε � det∇Tε � 1 + A2ε (5.5)

for all 0 � ε < E1. Furthermore,

Tε(Ω1) ⊂ Ω2 (5.6)

for all 0 < ε < E1 and Ω1, Ω2 ∈ C(A) such that Ω2 ⊂ Ω1 and

dA(Ω1, Ω2) <
ε

s
. (5.7)

Proof. The inequalities (5.4) and (5.5) are obvious. We prove the inclusion
(5.6). Let Ω1, Ω2 ∈ C(A) satisfy Ω2 ⊂ Ω1 and (5.7). For all j = 1, . . . , s
we denote by g1j , g2j respectively, the functions describing the boundaries

of Ω1, Ω2 respectively, as in Definition 3.1 (iii). For all x ∈
s⋃

j=1

Vj we set

J(x) = {j ∈ {1, . . . , s} : x ∈ (Vj) 3
4ρ
}. Let x ∈ Ω1. From the proof of

Lemma 18 in [4] it follows that 0 < ε < ρ
4 implies Tε(x) ∈ Ω1 ∩ (Vj) ρ

2
and

dj(Tε(x), ∂Ω1) � εψj(x) for all j ∈ J(x), where {ψj}sj=1 is an appropriate
partition of unity satisfying supp ψj ⊂ (Vj) 3

4ρ
. Therefore,

∑

j∈J(x)

dj(Tε(x), ∂Ω1) � ε
∑

j∈J(x)

ψj(x) = ε

s∑

j=1

ψj(x) = ε.

Hence there exists j̃ ∈ J(x) such that dj̃(Tε(x), ∂Ω1) � ε
s , which implies
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(rj̃(Tε(x)))N < g2j̃(rj̃(Tε(x))). (5.8)

Indeed, assume to the contrary that (rj̃(Tε(x)))N � g2j̃(rj̃(Tε(x))). Then we
have

dA(Ω1, Ω2) � g1j̃(rj̃(Tε(x)))− g2j̃(rj̃(Tε(x)))

= g1j̃(rj̃(Tε(x)))− (rj̃(Tε(x)))N + (rj̃(Tε(x)))N − g2j̃(rj̃(Tε(x)))

� g1j̃(rj̃(Tε(x)))− (rj̃(Tε(x)))N = dj̃(Tε(x), ∂Ω1) � ε

s
, (5.9)

which contradicts (5.7). Thus, (5.8) holds hence Tε(x) ∈ Ω2. 
�

Theorem 5.1. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,

‖Aαβ‖
C0,1(

s⋃

j=1
Vj)

� L and the condition (2.4).

Then for each n ∈ N there exist cn, εn > 0 depending only on n, N , A, m,
L, θ such that

|λn,D[Ω1]− λn,D[Ω2]| � cndA(Ω1, Ω2), (5.10)

for all Ω1, Ω2 ∈ C(A) satisfying dA(Ω1, Ω2) < εn.

Proof. Let 0 < ε < E1, where E1 > 0 is as in Lemma 5.1, and let Ω1, Ω2 ∈
C(A) satisfy (5.7). We set Ω3 = Ω1 ∩ Ω2. It is clear that Ω3 ∈ C(A) and
dA(Ω3, Ω1), dA(Ω3, Ω2) < ε/s. By Lemma 5.1 applied to the couples of open
sets Ωi, Ω3, it follows that Tε(Ωi) ⊂ Ω3, i = 1, 2. By the monotonicity of the
eigenvalues with respect to inclusion,

λn,D[Ωi] � λn,D[Ω3] � λn,D[Tε(Ωi)], i = 1, 2. (5.11)

Since Λn in Lemma 3.2 depends only on n, N , A, m, and L, c in Corollary 4.1
depends only on N , A, m, B1, B2, L, and θ, whereas E1 and A1 in Lemma 5.1
depend only on N and A, from (4.13), (3.2), and (5.4) it follows that there
exist c̃n and ε̃n > 0 such that

λn,D[Ω3]− λn,D[Ωi] � λn,D[Tε(Ωi)]− λn,D[Ωi] � c̃nε, i = 1, 2,

if 0 < ε < ε̃n. Hence

|λn,D[Ω1]− λn,D[Ω2]| � max
i=1,2

{λn,D[Ω3]− λn,D[Ωi]} � c̃nε.

Take here ε = 2sdA(Ω1, Ω2). Then the inequality (5.10) holds with cn = 2sc̃n
if dA(Ω1, Ω2) < εn = ε̃n/(2s). 
�
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Let A = (ρ, s, s′, {Vj}sj=1, {rj}sj=1) be an atlas in R
N . For all x ∈ V ′ =

s′⋃

j=1

Vj we set J ′(x) = {j ∈ {1, . . . , s′} : x ∈ Vj}. Let Ω ∈ C(A). Then we set

dA(x, ∂Ω) = max
j∈J′(x)

dj(x, ∂Ω)

for all x ∈ V ′, where dj(x, ∂Ω) is defined in (5.2). Note that if Ω ∈ C(A),
then ∂Ω ⊂ V ′. Therefore, if Ω1, Ω2 ∈ C(A), then

dA(Ω1, Ω2) = sup
x∈∂Ω1

dA(x, ∂Ω2) = sup
x∈∂Ω2

dA(x, ∂Ω1). (5.12)

For all ε > 0 we set

Ωε,A = Ω \ {x ∈ V ′ : dA(x, ∂Ω) � ε},

Ωε,A = Ω ∪ {x ∈ V ′ : dA(x, ∂Ω) < ε}.

Lemma 5.2. Let A be an atlas in R
N and ε > 0. If Ω1 and Ω2 are two open

sets in C(A) satisfying the inclusions

(Ω1)ε,A ⊂ Ω2 ⊂ (Ω1)ε,A (5.13)

or
(Ω2)ε,A ⊂ Ω1 ⊂ (Ω2)ε,A, (5.14)

then
dA(Ω1, Ω2) � ε. (5.15)

Proof. Assume that the inclusion (5.13) holds. Let x ∈ ∂Ω2. We consider
three cases.

Case x ∈ Ω1. Since x /∈ Ω2, we have x /∈ (Ω1)ε,A. By the definition of
(Ω1)ε,A, it follows that x ∈ V ′ and dA(x, ∂Ω1) � ε.

Case x ∈ ∂Ω1. It is obvious that dA(x, ∂Ω1) = 0.

Case x /∈ Ω1. In this case, there exists a sequence xn ∈ Ω2 \ Ω1, n ∈ N,
converging to x. Since xn /∈ Ω1, we have dA(xn, ∂Ω1) < ε because xn ∈
(Ω1)ε,A. Since J ′(xn) = J ′(x) for all n sufficiently large, one can pass to the
limit and obtain dA(x, ∂Ω1) � ε.

Thus, in any case, dA(x, ∂Ω1) � ε for all x ∈ ∂Ω2, and (5.15) follows by
(5.12). The same argument applies when the inclusion (5.14) holds. 
�

Corollary 5.1. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,
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‖Aαβ‖
C0,1(

s⋃

j=1
Vj)

� L and the condition (2.4). Then for each n ∈ N there

exist cn, εn > 0 depending only on n, N , A, m, L, θ such that

|λn,D[Ω1]− λn,D[Ω2]| � cnε (5.16)

for all 0 < ε < εn and for all Ω1, Ω2 ∈ C(A) satisfying (5.13) or (5.14).

Proof. The inequality (5.16) follows from (5.10) and (5.15). 
�

6 Estimates for Neumann Eigenvalues via the Atlas
Distance

In this section, we prove Theorem 6.1. The proof is based on Lemmas 6.1
and 6.3.

Definition 6.1. Let U be an open set in R
N and ρ a rotation. We say that

U is a ρ-patch if there exists an open set GU ⊂ R
N−1 and functions ϕU , ψU :

GU → R such that

ρ(U) =
{

(x, xN ) ∈ R
N : ψU (x) < xN < ϕU (x), x ∈ GU

}

.

The thickness of the ρ-patch is defined by

RU = inf
x∈GU

(ϕU (x)− ψU (x));

the thinness of the ρ-patch is defined by

SU = sup
x∈GU

(ϕU (x)− ψU (x)).

If Ω2 ⊂ Ω1 and Ω1\Ω2 is covered by a finite number of ρ-patches contained
in Ω1, then we can estimate λn,N [Ω2] − λn,N [Ω1] via the thinness of the
patches.

Lemma 6.1. Let m ∈ N, and let Ω1 be an open set in R
N such that the

embedding Wm,2(Ω1) ⊂ Wm−1,2(Ω1) is compact. For all α, β ∈ N
N
0 with

|α| = |β| = m, let Aαβ be bounded measurable real-valued functions defined
on Ω1 satisfying Aαβ = Aβα and the condition (2.4) in Ω1. Let σ ∈ N, R > 0.
Assume that Ω2 ⊂ Ω1 is such that the embedding Wm,2(Ω2) ⊂ Wm−1,2(Ω2)
is compact and there exist rotations {ρj}σj=1 and two sets {Uj}σj=1, {Ũj}σj=1

of ρj-patches Uj and Ũj satisfying the following properties

(a) Uj ⊂ Ũj ⊂ Ω1 for all j = 1, . . . , σ;

(b) GUj = GŨj
, ϕUj = ϕŨj

for all j = 1, . . . , σ;
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(c) RŨj
> R for all j = 1, . . . , σ;

(d) Ω1 \Ω2 ⊂ ∪σj=1Uj.

Then there exists d > 0 depending only on N , m, R such that for all n ∈ N

λn,N [Ω2] � λn,N [Ω1](1 + dn max
j=1,...,σ

SUj ) (6.1)

if max
j=1,...,σ

SUj < d−1
n , where

dn = 2σd(1 + θ−1λn,N [Ω1]). (6.2)

Proof. By (a) and (b), ψŨj
� ψUj for all j = 1, . . . , σ. Let u ∈Wm,2(Ω1). By

(d), we have

∫

Ω1\Ω2

|u|2dy �
σ∑

j=1

∫

Uj

|u|2dy =
σ∑

j=1

∫

ρj(Uj)

|u ◦ ρ
(−1)
j |2dx. (6.3)

We set vj = u ◦ ρ(−1)
j for brevity. It is clear that

∫

ρj(Uj)

|u ◦ ρ−1
j |2 =

∫

GUj

ϕUj
(x)

∫

ψUj
(x)

|vj(x, xN )|2dxdxN . (6.4)

Since vj ∈ Wm,2(ρj(Ũj)), it follows that for almost all x ∈ GŨj
the func-

tion vj(x, ·) belongs to the space Wm,2(ψŨj
(x), ϕŨj

(x)). Moreover, by (c),

ϕŨj
(x) − ψŨj

(x) � R. Thus, by [3, Theorem. 2, p.127], there exists d̃ > 0
depending only on m, R such that

‖vj(x, ·)‖2
L∞(ψŨj

(x),ϕŨj
(x))

� d̃
(

‖vj(x, ·)‖2
L2(ψŨj

(x),ϕŨj
(x)) +

∥
∥
∥
∥

∂mvj
∂xmN

(x, ·)
∥
∥
∥
∥

2

L2(ψŨj
(x),ϕŨj

(x))

)

. (6.5)

By the inequality (6.5) and property (b),

∫

GUj

ϕUj
(x)

∫

ψUj
(x)

|vj(x, xN )|2dxdxN

�
∫

GUj

(ϕUj (x)− ψUj (x))‖vj(x, ·)‖2
L∞(ψŨi

(x),ϕUi
(x))dx
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� d̃SUj

(

‖vj‖2
L2(ρj(Ũj))

+
∥
∥
∥
∥

∂mvj
∂xmN

∥
∥
∥
∥

2

L2(ρj(Ũj))

)

� dSUj

(

‖u‖2
L2(Ω1) +

∑

|α|=m
‖Dαu‖2

L2(Ω1)

)

, (6.6)

where d > 0 depends only on N , m, and R.
Let ψn[Ω1], n ∈ N, be an orthonormal sequence of eigenfunctions corre-

sponding to the eigenvalues λn,N [Ω1]. We denote by Ln[Ω1] the linear sub-
space of Wm,2(Ω1) generated by the ψ1[Ω1], . . . , ψn[Ω1]. If u ∈ Ln[Ω1] and
‖u‖L2(Ω1) = 1, then, by (6.3), (6.4), and (6.6),

∫

Ω1\Ω2

|u|2 � σd max
j=1,...,σ

SUj (1 + θ−1QΩ1(u))

� σd max
j=1,...,σ

SUj (1 + θ−1λn[Ω1]). (6.7)

Let T12 be the restriction operator from Ω1 to Ω2. It is clear that T12 maps
Wm,2(Ω1) to Wm,2(Ω2). For all n ∈ N and u ∈ Ln[Ω1], ‖u‖L2(Ω1) = 1, we
have

‖T12u‖2
L2(Ω2) =

∫

Ω1

|u|2 −
∫

Ω1\Ω2

|u|2

� 1− σd max
j=1,...,σ

SUj (1 + θ−1λn[Ω1]) (6.8)

and
QΩ2(T12u) � QΩ1(u) � λn[Ω1]

because
∑

|α|=|β|=m
Aαβξαξβ � 0 for all ξα, ξβ ∈ C. Thus, in the terminology

of [6], T12 is a transition operator from HWm,2(Ω1) to HWm,2(Ω2) with the
measure of vicinity δ(HWm,2(Ω1), HWm,2(Ω2)) = max

j=1,...,σ
SUj and the parame-

ters an = σd(1 + θ−1λn[Ω1]), bn = 0. Thus, by the general spectral stability
theorem [6, Theorem 3.2] it follows that

λn,N [Ω2] � λn,N [Ω1] + 2(anλn,N [Ω1] + bn)δ(HWm,2(Ω1), HWm,2(Ω2))

if δ(HWm,2(Ω1), HWm,2(Ω2)) < (2an)−1, which immediately yields (6.1). 
�

Lemma 6.2. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ L∞(

s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,

‖Aαβ‖
L∞(

s⋃

j=1
Vj)

� L and the condition (2.4). Then for each n ∈ N there exist
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cn, εn > 0 depending only on n, N , A, m, L, θ such that

λn,N [Ω2] � λn,N [Ω1] + cndA(Ω1, Ω2) (6.9)

for all Ω1, Ω2 ∈ C(A) satisfying Ω2 ⊂ Ω1 and dA(Ω1, Ω2) < εn.

Proof. Suppose that A = (ρ, s, s′, {Vj}sj=1, {rj}sj=1), Ω1, Ω2 ∈ C(A) and
Ω2 ⊂ Ω1. For all j = 1, . . . , s we denote by g1j and g2j the functions de-
scribing the boundaries of Ω1 and Ω2 respectively, as in Definition 3.1 (iii).
We consider two sets of {Uj}sj=1, {Ũj}sj=1 of rj -patches Uj , Ũj defined as
follows:

Ũj = r
(−1)
j ({(x, xN ) : x ∈Wj , aNj < xN < g1j(x)}),

Uj = r
(−1)
j ({(x, xN ) : x ∈Wj , g2j(x) < xN < g1j(x)},

where Wj and aNj are as in Definition 3.1. Note that conditions (a), (b),
(c), and (d) of Lemma 6.1 are satisfied with σ = s and R = ρ. Moreover,
max
j=1,...,σ

SUj = dA(Ω1, Ω2). Thus, applying Lemma 6.1 to the open sets Ω1, Ω2

and the sets of patches defined above, and using Lemma 3.2, we immediately
obtain (6.9). 
�

Our next goal is to consider the case Ω2 = Tε(Ω1) where Tε is the map
defined in (5.3).

Lemma 6.3. Let A be an atlas in R
N . Then there exist ε0, A, R > 0 and

σ ∈ N depending only on N , A and for every open set Ω ∈ C(A) and any
0 < ε < ε0 there exist rotations {ρj}σj=1 and sets {Uj}σj=1, {Ũj}σj=1 of ρj-
patches Uj, Ũj satisfying conditions (a), (b), (c), (d) in Lemma 6.1 with
Ω1 = Ω and Ω2 = Tε(Ω) and such that max

j=1,...,σ
SUj < Aε.

Proof. In fact, we prove that there exists a family of rotations {ρj}σj=1, a
family {Gj}σj=1 of bounded open sets in R

N−1, and a family {ϕj}σj=1 of
functions ϕj continuous on Gj such that for all 0 < ε < ε0

Ω \ Tε(Ω) ⊂
σ⋃

j=1

U
[ε]
j (6.10)

and
U

[ε]
j ⊂ Ũj ⊂ Ω, (6.11)

where the ρj-patches U
[ε]
j , Ũj are defined by

ρj(U
[ε]
j ) =

{

(x, xN ) ∈ R
N−1 : ϕj(x)−Aε < xN < ϕj(x), x ∈ Gj

}

(6.12)

and
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ρj(Ũj) =
{

(x, xN ) ∈ R
N−1 : ϕj(x)−R < xN < ϕj(x), x ∈ Gj

}

. (6.13)

Let A = (ρ, s, s′, {Vj}sj=1 , {rj}sj=1), and Ω ∈ C(A). We split the proof
into four steps.

Step 1. Assume that for each nonempty set J ⊂ {1, . . . , s′}, VJ =
⋂

j∈J
(Vj) ρ

2

and d = dim Span{ξj}j∈J . Recall that ξj = r
(−1)
j (0, . . . , 1). From the proof

of Lemma 19 in [4] it follows that there exist vectors ξJ ≡ ξJ1, ξJ2, . . . , ξJd
and a rotation rJ such that

1) ξJ , ξJ2, . . . , ξJd is an orthonormal basis for Span{ξj}j∈J and rJ(ξJ ) =
eN , rJ (ξJ2) = eN−1, . . . , rJ (ξJd) = eN−d+1,

2) there exist continuous functions ϕJ , ψJ defined on GJ , where GJ =
PrxN=0 rJ (VJ ∩ Ω) (PrxN=0 denotes the orthogonal projector onto the hy-
perplane with the equation xN = 0) such that

rJ (VJ ∩Ω) =
{

(x, xN ) ∈ R
N−1 : ψJ (x) < xN < ϕJ(x)

}

(6.14)

and such that
{

(x, y) ∈ R
N−1 : y < ϕJ(x), x ∈ GJ , (x, y) ∈ rJ (Vj), ∀ j ∈ J

}

⊂ rJ (Ω),
(6.15)

3) the function ϕJ satisfies the Lipschitz condition with respect to the
variables v = (xN−d+1, . . . , xN−1) uniformly with respect to the variables
u = (x1, . . . , xN−d) on GJ , i.e.,

|ϕJ (u, v)− ϕJ(u,w)| � LJ |v − w| for all (u, v), (u,w) ∈ GJ ,

where LJ > 0 depends only on {Vj}sj=1 and {rj}sj=1.
Note that by (6.14) and (6.15) it follows that

{(x, xN ) ∈ R
N−1 : x ∈ GJ , ψJ(x)− ρ

4
< xN < ϕJ (x)} ⊂ rJ (Ω) (6.16)

because the distance of (x, ψJ(x)) to the boundary of rJ (Vj) is greater than
ρ
2 for all j ∈ J and x ∈ GJ .

Step 2. As in [4], for x ∈ R
N we set

J(x) = {j ∈ {1, . . . , s} : x ∈ (Vj) 3
4 ρ
}.

Note that J(x) ⊂ {1, . . . , s′} if x ∈ ∂Ω. The inclusion supp ψj ⊂ (Vj) 3
4ρ

implies that ψj(x) = 0 for j /∈ J(x) and

Tε(x) = x− ε
∑

j∈J(x)

ξjψj(x), x ∈ R
N .
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For any subset J ⊂ {1, . . . , s} we set

ṼJ =
{

x ∈ R
N : J(x) = J

}

so that R
N = ∪̊J⊂{1,...,s′}ṼJ and

Tε(x) = x− ε
∑

j∈J
ξjψj(x), x ∈ ṼJ .

Step 3. Let x ∈ ṼJ ∩ ∂Ω. Since ‖Tε − Id ‖∞ � ε and Tε(Ω) ⊂ Ω, we
have Tε(x) ∈ VJ ∩ Ω for all 0 < ε � ρ

4 . Let rJ (x) = (β(1), β(2), βN ), where
β(1) = (β1, . . . , βN−d), β(2) = (βN−d+1, . . . , βN−1) and βN = ϕJ(β(1), β(2)).
Since Tε(x) − x ∈ Span{ξj}j∈J , it follows that rJ (Tε(x)) = (β(1), γ(2), γN )
for some γ(2) = (γN−d+1, . . . , γN−1) and γN . Since Tε(x) ∈ VJ ∩ Ω, for the
distance dJ (Tε(x)) from Tε(x) to ∂Ω in the direction of the vector ξJ we have

dJ(Tε(x)) = ϕJ(β(1), γ(2))− γN

= ϕJ (β(1), γ(2))− βN + βN − γN

= ϕJ (β(1), γ(2))− ϕJ (β(1), β(2)) + βN − γN

� LJ |γ(2) − β(2)|+ |γN − βN |

� (LJ + 1)|rJ (Tε(x)) − rJ (x)|
= (LJ + 1)|Tε(x)− x|. (6.17)

Let
A = max

J⊂{1,...,s′}
J 
=∅

(LJ + 1), (6.18)

and let U
[ε]
J be defined by

ρJ(U
[ε]
J ) =

{

(x, xN ) ∈ R
N−1 : ϕJ(x)−Aε < xN < ϕJ(x), x ∈ GJ

}

.
(6.19)

Then, by (6.17), it follows that Tε(ṼJ ∩ ∂Ω) ⊂ U
[ε]
J and

Tε(∂Ω) =
⋃

J⊂{1,...,s′}
J 
=∅

Tε(ṼJ ∩ ∂Ω) ⊂
⋃

J⊂{1,...,s′}
J 
=∅

U
[ε]
J . (6.20)

Step 4. Let y ∈ Ω \
⋃

J⊂{1,...,s′}
J 
=∅

U
[ε]
J . By the definition of U [ε]

J , it follows that

y /∈ U
[ε′]
J for all 0 < ε′ � ε. Thus, by (6.20), y /∈ Tε′(∂Ω). This implies that

the topological degree deg (Ω, Tε′ , y) of the triple (Ω, Tε′ , y) is well defined
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(see, for example, [9, Sect. 1]) and, by homotopy invariance, deg (Ω, Tε′ , y) =
deg (Ω, T0, y) = 1 for all 0 < ε′ � ε. Thus, the equation Tε(x) = y has a
solution x ∈ Ω hence y ∈ Tε(Ω) (see, for example, [9, Theorem 3.1]). This
shows that Ω \ Tε(Ω) ⊂

⋃

J⊂{1,...,s′}
J 
=∅

U
[ε]
J .

To complete the proof, it suffices to choose σ to be the number of nonempty
subsets of {1, . . . , s′}, ε0 = ρ

4 , R = ρ
4 (see (6.16)) and take A as in (6.18). 
�

Theorem 6.1. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,

‖Aαβ‖
C0,1(

s⋃

j=1
Vj)

� L and the condition (2.4). Then for each n ∈ N there

exist cn, εn > 0 depending only on n, N , A, m, L, θ such that

|λn,N [Ω1]− λn,N [Ω2]| � cndA(Ω1, Ω2) (6.21)

for all Ω1, Ω2 ∈ C(A) satisfying dA(Ω1, Ω2) < εn.

Proof. In this proof, cn and εn denote positive constants depending only on
some of the parameters n, N , A, m, L, θ and their value is not necessarily
the same for all the inequalities below.

Let E1 > 0 be as in Lemma 5.1. Let 0 < ε < E1, and let Ω1, Ω2 ∈
C(A) satisfy (5.7). We set Ω3 = Ω1 ∩ Ω2. It is clear that Ω3 ∈ C(A) and
dA(Ω3, Ω1), dA(Ω3, Ω2) < ε/s. By Lemma 5.1 applied to the couple of open
sets Ω1, Ω3, it follows that Tε(Ω1) ⊂ Ω3. Hence

Tε(Ω3) ⊂ Tε(Ω1) ⊂ Ω3. (6.22)

We now apply Lemma 6.3 to the set Ω = Ω3. It follows that if 0 < ε < ε0

there exist rotations {ρj}σj=1 and two sets {Uj}σj=1, {Ũj}σj=1 of ρj-patches Uj ,
Ũj satisfying conditions (a), (b), (c), (d) in Lemma 6.1 with Ω1 replaced by
Ω3 and Ω2 replaced by Tε(Ω3), and such that max

j=1,...,σ
SUj < Aε. In particular,

Ω3 \ Tε(Ω3) ⊂ ∪σj=1Uj . (6.23)

Hence, by (6.22) and (6.23),

Ω3 \ Tε(Ω1) ⊂ ∪σj=1Uj . (6.24)

Now, we apply Lemma 6.1 to the couple of open sets Ω3, Tε(Ω1) by using
the sets of patches defined above. Since max

j=1,...,σ
SUj < Aε, from Lemma 6.1

it follows that Aε < d−1
n implies

λn,N [Tε(Ω1)] � λn,N [Ω3](1 + dnAε), (6.25)



Spectral Stability of Higher Order Uniformly Elliptic Operators 93

where dn is defined by (6.2). By the inequality (6.25) and Lemma 3.2, there
exist cn, εn > 0 such that

λn,N [Tε(Ω1)] � λn,N [Ω3] + cnε (6.26)

if 0 < ε < εn. On the other hand, by Lemma 3.2, Corollary 4.1, and the
inequalities (5.4), (5.5), it follows that there exist cn, εn > 0 such that

|λn,N [Tε[Ω1]]− λn,N [Ω1]| � cnε (6.27)

if 0 < ε < εn. Thus, by (6.26) and (6.27), there exist cn, εn > 0 such that

λn,N [Ω1] � λn[Ω3] + cnε (6.28)

if 0 < ε < εn. By Lemma 6.2 applied to the couple of open sets Ω1, Ω3, there
exist cn, εn > 0 such that

λn,N [Ω3] � λn,N [Ω1] + cnε (6.29)

if 0 < ε < εn. Thus, by (6.28), (6.29) it follows that

|λn,N [Ω1]− λn,N [Ω3]| � cnε (6.30)

if 0 < ε < εn. It is clear that the inequality (6.30) holds also with Ω2

replacing Ω1: it is simply enough to interchange the role of Ω1 and Ω2 from
the beginning this proof. Thus,

|λn,N [Ω2]− λn,N [Ω3]| � cnε (6.31)

if 0 < ε < εn. By (6.30) and (6.31), we finally deduce that for each n ∈ N

there exist cn, εn > 0 such that

|λn,N [Ω1]− λn,N [Ω2]| � cnε (6.32)

for all 0 < ε < εn and Ω1, Ω2 ∈ C(A) satisfying dA(Ω1, Ω2) < ε. Finally,
arguing in the same way as in the last lines of the proof of Theorem 5.1, we
deduce the validity of (6.21). 
�

In the case of the Dirichlet boundary conditions, we have a version of
Theorem 6.1 in terms of ε-neighborhoods with respect to the atlas distance.

Corollary 6.1. Let A be an atlas in R
N . Let m ∈ N, L, θ > 0 and, for all

α, β ∈ N
N
0 , with |α| = |β| = m let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,

‖Aαβ‖
C0,1
( s⋃

j=1
Vj

) � L and the condition (2.4). Then for each n ∈ N there

exist cn, εn > 0 depending only on n, N , A, m, L, θ such that

|λn,N [Ω1]− λn,N [Ω2]| � cnε (6.33)
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for all 0 < ε < εn and Ω1, Ω2 ∈ C(A) satisfying (5.13) or (5.14).

Proof. The inequality (6.33) follows from (6.21) and (5.15). 
�

7 Estimates via the Lower Hausdorff–Pompeiu
Deviation

If C ⊂ R
N and x ∈ R

N we denote by d(x,C) the euclidean distance of x to C.

Definition 7.1. Let A,B ⊂ R
N . We define the lower Hausdorff–Pompeiu

deviation of A from B by

dHP(A,B) = min
{

sup
x∈A

d(x,B), sup
x∈B

d(x,A)
}

. (7.1)

If the minimum in (7.1) is replaced by the maximum, then the right-hand
side becomes the usual Hausdorff–Pompeiu distance dHP(A,B) from A to
B. Note that, in contrast to the Hausdorff–Pompeiu distance dHP which
satisfies the triangle inequality and defines a distance on the family of closed
sets, the lower Hausdorff–Pompeiu deviation dHP is not a distance or a quasi-
distance. Indeed, it suffices to note that dHP (A,B) = 0 if and only if A ⊂ B
or B ⊂ A: thus, if A �⊂ B and B �⊂ A, then dHP(A,B) > 0, but dHP(A,A ∪
B) + dHP(A ∪B,A) = 0.

In this section, we prove an estimate for the variation of the eigenvalues
in the terms of the lower Hausdorff–Pompeiu deviation of the boundaries of
the open sets.

We introduce a class of open sets for which we can estimate the atlas
distance dA via the lower Hausdorff–Pompeiu deviation of the boundaries.

Definition 7.2. Let A be an atlas in R
N . Let ω : [0,∞[→ [0,∞[ be a con-

tinuous nondecreasing function such that ω(0) = 0 and, for some k > 0,
ω(t) � kt for all 0 � t � 1. Let M > 0. We denote by C

ω(·)
M (A) the family of

all open sets Ω in R
N belonging to C(A) and such that all the functions gj

in Definition 3.1 (iii) satisfy the condition

|gj(x)− gj(y)| � Mω(|x− y|) (7.2)

for all x, y ∈W j .
We also say that an open set is of class Cω(·) if there exists an atlas A and

M > 0 such that Ω ∈ C
ω(·)
M (A).

Lemma 7.1. Let ω : [0,∞[→ [0,∞[ be a continuous nondecreasing function
such that ω(0) = 0 and for some k > 0, ω(t) � kt for all t � 0. Let W be an
open set in R

N−1. Let M > 0, and let g be a function of W to R such that
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|g(x)− g(y)| � Mω(|x− y|)

for all x, y ∈ W . Then

|g(x)− xN | � (M + k−1)ω (d ((x, xN ),Graph(g))) (7.3)

for all x ∈W and xN ∈ R.

Proof. For all x, y ∈W

|g(x)− xN | � |g(x)− g(y)|+ |g(y)− xN |
� Mω(|x− y|) + k−1ω(|g(y)− xN |)
� (m + k−1)ω(|(x, xN )− (y, g(y))|). (7.4)

Hence, by the continuity of ω,

|g(x)− xN | � (m + k−1) inf
y∈W

ω(|(x, xN )− (y, g(y))|

� (m + k−1)ω( inf
y∈W

|(x, xN )− (y, g(y))|

� (M + k−1)ω (d ((x, xN ),Graph(g))) . (7.5)

The proof is complete. 
�

Lemma 7.2. Let A be an atlas in R
N . Let ω : [0,∞[→ [0,∞[ be a continuous

increasing function satisfying ω(0) = 0 and, for some k > 0, ω(t) � kt for all
0 � t � 1. Let M > 0. Then there exists c > 0 depending only on N,A, ω,M
such that

dj(x, ∂Ω) � c ω(d(x, ∂Ω)) (7.6)

for all open sets Ω ∈ C
ω(·)
M (A), j = 1, . . . , s, and x ∈ (Vj) ρ

2
.

Proof. Let ω̃ be the function of [0,∞[ to itself defined by ω̃(t) = ω(t) for all
0 � t � 1 and ω̃(t) = t+ω(1)−1 for all t > 1. It is clear that ω̃ is continuous
and nondecreasing and ω̃(t) � k̃t for all t � 0, where k̃ = min{k, 1, ω(1)};
moreover,

min
{

1,
ω(1)
ω(A)

}

ω(a) � ω̃(a) � max
{

1,
ω̃(A)
ω̃(1)

}

ω(a) (7.7)

for all A > 0 and 0 � a � A. By the first inequality in (7.7), Ω ∈ Cω̃(·)
M̃

(A),

where M̃ = max
{

1, ω(D)
ω(1)

}

M and D is the diameter of
s⋃

j=1

Vj . Then, by

Lemma 7.1 applied to each function gj describing the boundary of Ω as in
Definition 3.1 (iii) and the second inequality in (7.7), it follows that for each
j = 1, . . . s and all (y, yN ) ∈ rj(Vj)
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|gj(y)− yN | � (M̃ + k̃−1) ω̃ (d ((y, yN),Graph(gj)))

� max
{

1,
ω̃(D)
ω̃(1)

}

(M̃ + k̃−1)ω (d ((y, yN),Graph(gj))) . (7.8)

Note that if y ∈ rj((Vj) ρ
2
) and d ((y, yN ),Graph(gj)) < ρ

2 , then

d(r(−1)
j (y), ∂Ω) equals d ((y, yN ),Graph(gj)); if y ∈ rj((Vj) ρ

2
) and

d ((y, yN ),Graph(gj)) � ρ
2 , then d

(

r
(−1)
j ((y, yN)), ∂Ω

)

� ρ
2 . Hence

ω(d(y, yN),Graph(gj))) � ω (D)
ω(ρ2 )

ω(d(r(−1)
j ((y, yN)), ∂Ω)). (7.9)

By (7.8) and (7.9), it follows that if y ∈ rj((Vj) ρ
2
), then

|gj(y)− yN | � cω
(

d(r(−1)
j (y), ∂Ω)

)

,

where c = max {1, ω̃(D)/ω̃(1)} (M̃ + k̃−1)ω (D) /ω(ρ/2). Hence, by (5.2), for
x ∈ (Vj) ρ

2
we have

dj(x, ∂Ω) = |gj(rj(x))− (rj(x))N | � cω(d(x, ∂Ω)).

The proof is complete. 
�

Lemma 7.3. Let A = (ρ, s, s′, {(Vj)sj=1, {rj}sj=1) be an atlas in R
N . Let

Ã = (ρ/2, s, s′, {(Vj)ρ/2}sj=1, {rj}sj=1). Let ω : [0,∞[→ [0,∞[ be a continuous
nondecreasing function satisfying ω(0) = 0 and, for some k > 0, ω(t) � kt
for all 0 � t � 1. Let M > 0. Then there exists c > 0 depending only on N ,
A, ω, M such that

dHP(∂Ω1, ∂Ω2) � dÃ(Ω1, Ω2) � c ω(dHP(∂Ω1, ∂Ω2)) (7.10)

for all opens sets Ω1, Ω2 ∈ C
ω(·)
M (A).

Proof. For each x ∈ ∂Ω1 there exists y ∈ ∂Ω2 such that |x−y| � dÃ(Ω1, Ω2).
Indeed, if rj(x) = (x, xN ) for some j = 1, . . . , s′, it suffices to consider y ∈
∂Ω2 such that rj(y) = x. It follows that d(x, ∂Ω2) � dÃ(Ω1, Ω2) for all
x ∈ ∂Ω1. In the same way, d(x, ∂Ω1) � dÃ(Ω1, Ω2) for all x ∈ ∂Ω2. Thus, the
first inequality in (7.10) follows. The second inequality in (7.10) immediately
follows by (7.6), the continuity of ω, the property (5.12), and Definition 7.1.


�

Theorem 7.1. Let A be an atlas in R
N . Let m ∈ N, L,M, θ > 0 and, for all

α, β ∈ N
N
0 with |α| = |β| = m, let Aαβ ∈ C0,1

( s⋃

j=1

Vj
)

satisfy Aαβ = Aβα,
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‖Aαβ‖
C0,1(

s⋃

j=1
Vj)

� L and the condition (2.4). Let ω : [0,∞[→ [0,∞[ be a

continuous nondecreasing function satisfying ω(0) = 0 and, for some k > 0,
ω(t) � kt for all 0 � t � 1. Then for each n ∈ N there exist cn, εn > 0
depending only on n, N , A, m, L, M , θ, ω such that for both Dirichlet and
Neumann boundary conditions

|λn[Ω1]− λn[Ω2]| � cnω(dHP(∂Ω1, ∂Ω2)) (7.11)

for all Ω1, Ω2 ∈ C
ω(·)
M (A) satisfying dHP(∂Ω1, ∂Ω2) < εn.

Proof. Note that if Ω1, Ω2 ∈ C(A), then also Ω1, Ω2 ∈ C(Ã), where
Ã = (ρ/2, s, s′, {(Vj)ρ/2}sj=1, {rj}sj=1). Thus, by the inequalities (5.10), (6.21)
applied to Ω1, Ω2 as open sets in C(Ã) and, by the inequality (7.10), we de-
duce the validity of (7.11). 
�

Recall that for any Ω we set

Ωε = {x ∈ R
N : d(x,Ω) < ε}, Ωε = {x ∈ Ω : d(x, ∂Ω) > ε}.

Lemma 7.4. If Ω1 and Ω2 are two open sets satisfying the inclusions

(Ω1)ε ⊂ Ω2 ⊂ (Ω1)ε (7.12)

or
(Ω2)ε ⊂ Ω1 ⊂ (Ω2)ε, (7.13)

then
dHP(∂Ω2, ∂Ω1) � ε. (7.14)

Proof. As in the proof of Lemma 5.2, the inclusions (7.12) and (7.13) imply
sup
x∈∂Ω2

d(x, ∂Ω1) � ε and sup
x∈∂Ω1

d(x, ∂Ω2) � ε respectively. Hence if (7.12) or

(7.13) is satisfied, then at least one of these inequalities is satisfied, which
implies (7.14). 
�

Note that if Ω1 and Ω2 are two open sets satisfying the inclusion (7.12),
then it may happen that they do not satisfy the inclusion (7.13) and

sup
x∈∂Ω1

d(x, ∂Ω2) > ε (7.15)

(see Examples 8.1 and 8.2 in Appendix).

Corollary 7.1. Under the assumptions of Theorem 7.1, for each n ∈ N there
exist cn, εn > 0 depending only on n, N , A, m, L, M, θ, ω such that for both
Dirichlet and Neumann boundary conditions

|λn[Ω1]− λn[Ω2]| � cnω(ε) (7.16)
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for all 0 < ε < εn and Ω1, Ω2 ∈ C
ω(·)
M (A) satisfying (7.12) or (7.13).

Proof. The inequality (7.16) follows from (7.11) and (7.14). 
�

8 Appendix

8.1 On the atlas distance

Given an atlas A in R
N , it is easy to prove that the function dA of C(A) ×

C(A) to R which takes (Ω1, Ω2) to dA(Ω1, Ω2) for all (Ω1, Ω2) ∈ C(A)×C(A)
is a metric on the set C(A).

Lemma 8.1. Let A be an atlas in R
N . Let Ωn, n ∈ N, be a sequence in C(A).

For each n ∈ N let gjn, j = 1, . . . , s, be the functions describing the boundary
of Ωn as in Definition 3.1 (iii). Then the sequence Ωn, n ∈ N, is convergent
in (C(A), dA) if and only if for all j = 1, . . . , s the sequences gjn, n ∈ N,
are uniformly convergent on W j. Moreover, if gjn converge uniformly to gj
on W j for all j = 1, . . . , s, then Ωn converges in (C(A), dA) to the open set
Ω ∈ C(A) whose boundary is described by the functions gj as in Definition
3.1 (iii).

Proof. It suffices to prove that if the sequences gjn, n ∈ N, converge to gj
uniformly on W j for all j = 1, . . . , s, then the sequence Ωn, n ∈ N, converges
in (C(A), dA) to the open set Ω ∈ C(A) whose boundary is described by
the functions gj as in Definition 3.1 (iii) (the rest is obvious). We divide the
proof into two steps.

Step 1. We prove that if x ∈ Vh ∩ Vk for h �= k and rh(x) = (x, gh(x))
for some x ∈ Wh, then there exists y ∈ Wk such that rk(x) = (y, gk(y)).
Note that x = lim

n→∞
r
(−1)
h (x, ghn(x)) and there exists ñ ∈ N such that

r
(−1)
h (x, ghn(x)) ∈ Vh ∩ Vk for all n � ñ. For each n � ñ there exists

yn ∈ Wk such that rk(r
(−1)
h (x, ghn(x))) = (yn, gkn(yn)). It is clear that

lim
n→∞

rk(r
(−1)
h (x, ghn(x))) = rk(x). Hence lim

n→∞
(yn, gkn(yn)) = rk(x). By the

uniform convergence of gkn to gk on Wk, there exists y ∈ Wk such that
lim
n→∞

(yn, gkn(y)) = (y, gk(y)). Thus, lim
n→∞

rk(r
(−1)
h (x, ghn(x))) = (y, gk(y))

and x = r
(−1)
k (y, gk(y)) as required.

Step 2. We prove that if x ∈ Vh ∩ Vk for h �= k, rh(x) = (x, xN ) for some
x ∈Wh and xN < gh(x), then there exists y ∈ Wk such that rk(x) = (y, yN )
and yN < gk(y). Indeed, there exists n̂ ∈ N such that xN < ghn(x) for all
n � n̂. Thus, x ∈ Vh ∩ Vk ∩Ωn. Hence

(rk(x))N < gkn(rk(x)),
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and, passing to the limit, we find

(rk(x))N � gk(rk(x)).

If (rk(x))N = gk(rk(x)), then, by Step 1, there exists z ∈ Wh such that
rh(x) = (z, gh(z)) which implies z = x and gh(z) = xN which contradicts the
assumption that xN < gh(x). Thus, we have proved that

(rk(x))N < gk(rk(x)).

In other words, rk(x) = (y, yN ), where y = rk(x), yN = (rk(x))N , and
yN < gk(y) as required.

By Steps 1 and 2, the set

Ω =
s⋃

j=1

r
(−1)
j ({(x, xN ) : x ∈ Wj , aNj < xN < gj(x)})

is such that

rj(Ω ∩ Vj) = {(x, xN ) : x ∈ Wj , aNj < xN < gj(x)} .

Thus, Ω ∈ C(A). It is obvious that lim
n→∞

dA(Ωn, Ω) = 0. 
�

Theorem 8.1. Let A be an atlas in R
N . Then (C(A), dA) is a complete

metric space. Moreover, for every function ω satisfying the assumptions of
Definition 7.2 and for each M > 0, C

ω(·)
M (A) is a compact set in (C(A), dA).

Proof. The completeness of (C(A), dA) and the closedness of the set C
ω(·)
M (A)

follow directly from Lemma 8.1 (in the second case, one should take into
account that the condition (7.2) with fixed ω and M allows one to pass to
the limit).

By the definition of C
ω(·)
M (A), the sets Gj = {gj[Ω]}

Ω∈Cω(·)
M (A)

, j =
1, . . . , s, of functions gj [Ω] entering Definition 3.1, which are defined on the
bounded cuboids W j , are bounded in the sup-norm and are equicontinuous
by the condition (7.2), where ω and M are the same for all Ω ∈ C

ω(·)
M (A).

By the Ascoli-Arzelà theorem, the closed sets Gj are compact with respect
to the sup-norm.

Let {Ωn}n∈N be a sequence in C
ω(·)
M (A). Since the sets Gj are compact,

it follows that, possibly for a subsequence, {gjn}n∈N, where gjn = gj[Ωn],
converges uniformly on W j to some continuous functions gj, j = 1, . . . , s. By
Lemma 8.1, the sequence {Ωn}n∈N converges in (C(A), dA) to the open set
Ω defined by the functions gj , j = 1, . . . , s. Therefore, the set C

ω(·)
M (A) is

relatively compact in (C(A), dA) and, being closed, is compact. 
�
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8.2 Comparison of atlas distance, Hausdorff–Pompeiu
distance, and lower Hausdorff–Pompeiu deviation

Note that

dHP(∂Ω1, ∂Ω2) � dHP (∂Ω1, ∂Ω2) � dA(Ω1, Ω2) (8.1)

for all Ω1, Ω2 ∈ C(A). (The first inequality is trivial, the second one can be
proved in the same way as in the proof of Lemma 7.3.)

The following examples show that dHP (∂Ω1, ∂Ω2) can be much smaller
than dHP(∂Ω1, ∂Ω2) and dHP(∂Ω1, ∂Ω2) can be much smaller than
dA(Ω1, Ω2).

Example 8.1. Let N = 2, c >
√

3 and 0 < ε < 1/
√

3. Let

Ω1 =
{

(x1, x2) ∈ R
2 : c|x2| < x1 < c

}

and Ω2 = (Ω1)ε. Then Ω1, Ω2 satisfy the inclusion (7.12), but not (7.13).
Moreover, the lower Hausdorff–Pompeiu deviation of the boundaries can

be much smaller than their usual Hausdorff–Pompeiu distance because

dHP (∂Ω1, ∂Ω2) = ε and dHP(∂Ω1, ∂Ω2) = ε
√

c2 + 1.

Example 8.2. Let a function ψ : [0,∞[→ [0,∞[ be such that ψ(0) = ψ′(0) = 0
and ψ′(t) > 0 for all t > 0. Let ω : [0,∞[→ [0,∞[ be the inverse function of
ψ. Let N = 2, and let

Ω1 = {(x1, x2) ∈ R
2 : ω(|x2|) < x1 < ω(1)}.

Let P = (x1, 0) be a point with x1 > 0 sufficiently small so that d(P, ∂Ω1) =
d(P, {(t, ψ(t)) : 0 � t � ω(1)}) = |P −Q| for some point Q = (ξ, ψ(ξ)) with
0 < ξ < ω(1). We set d(P, ∂Ω1) = ε. An elementary consideration shows that

x1 = ξ + ψ(ξ)ψ′(ξ) and ε = ψ(ξ)
√

1 + ψ′(ξ)2.

This implies that x1 ∼ ξ and ε ∼ ψ(ξ) as ξ → 0+. Hence x1 ∼ ω(ε) as
ε → 0+.

Now, let Ω2 = (Ω1)ε. It is clear that Ω1 and Ω2 satisfy (7.12) and

sup
x∈∂Ω2

d(x, ∂Ω1) = ε.

However, since P ∈ ∂Ω2, we have

sup
x∈∂Ω1

d(x, ∂Ω2) � x1 ∼ ω(ε)
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as ε → 0+. Hence Ω1, Ω2 cannot satisfy (7.13) for small values of ε because
lim
ε→0+

ω(ε)/ε = ∞. Moreover, there exist c1, c2 > 0 such that for all sufficiently

small ε > 0

c1ω(dHP(∂Ω1, ∂Ω2)) � dHP(∂Ω1, ∂Ω2) � c2ω(dHP(∂Ω1, ∂Ω2)).

(The second inequality follows by (7.10).) This means, in particular, that the
usual Hausdorff–Pompeiu distance dHP between the boundaries may tend to
zero arbitrarily slower than their lower Hausdorff–Pompeiu deviation dHP .

Example 8.3. Let N = 2. Let A = (ρ, s, s′, {Vj}sj=1, {rj}sj=1) be an atlas
in R

2 with V1 =] − 2, 2[×] − 2, 2[. Let ω : [0,∞[→ [0,∞[ be a continuous
increasing function such that ω(0) = 0 and, for some k > 0, ω(t) � kt
for all 0 � t � 1. Assume also that ω(1) = 1 and that, for some M > 0,
|ω(x) − ω(y)| � Mω(|x − y|) for all 0 � x, y � 1. Let 0 < ε < 1/2. Let
Ω1, Ω2 ∈ C

ω(·)
M (A) with

r1(Ω1 ∩ V1) = {(x1, x2) : −2 < x1 < 2, −2 < x2 < g11(x1)},
r1(Ω2 ∩ V1) = {(x1, x2) : −2 < x1 < 2, −2 < x2 < g12(x1)},

where

g11(x1) =
{

1− ω(|x1|) if |x1| � 1,
0 if 1 < |x1| < 2, (8.2)

g12(x1) =
{

g11(x1 − ε) if − 2 + ε � x1 < 2,
0 if − 2 < x1 < −2 + ε ,

(8.3)

and Ω1 ∩ Vj = Ω2 ∩ Vj for all 2 � j � s. It is clear that dHP(∂Ω1, ∂Ω2) � ε,
and dA(Ω1, Ω2) � g11(0)− g12(0) = ω(ε). Thus,

ω(dHP(∂Ω1, ∂Ω2)) � dA(Ω1, Ω2). (8.4)
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Conductor Inequalities and Criteria
for Sobolev-Lorentz Two-Weight
Inequalities

Serban Costea and Vladimir Maz’ya

In memory of S.L. Sobolev

Abstract We present integral conductor inequalities connecting the Lorentz
p, q-(quasi)norm of a gradient of a function to a one-dimensional integral of
the p, q-capacitance of the conductor between two level surfaces of the same
function. These inequalities generalize an inequality obtained by the second
author in the case of the Sobolev norm. Such conductor inequalities lead
to necessary and sufficient conditions for Sobolev–Lorentz type inequalities
involving two arbitrary measures.

1 Introduction

During the last decades, Sobolev–Lorentz function spaces, which include clas-
sical Sobolev spaces, attracted attention not only as an interesting mathe-
matical object, but also as a tool for a finer tuning of properties of solutions
to partial differential equations (see, for example, [7, 8, 9, 10, 14, 15, 16, 19,
28, 30, 43]).

In the present paper, we generalize the inequality
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∞∫

0

capp(Mat,Mt)d(tp) � c(a, p)
∫

Ω

|∇f |p dx (1.1)

to the case of Sobolev–Lorentz spaces. Here, f ∈ Lip0(Ω), i.e., f is an ar-
bitrary Lipschitz function compactly supported in the open set Ω ⊂ Rn,
while Mt is the set {x ∈ Ω : |f(x)| > t} with t > 0. The inequality (1.1)
was obtained in [34] (see also [36, Chapt. 2]). It has various extensions and
applications to the theory of Sobolev type spaces on domains in Rn, Rieman-
nian manifolds, metric and topological spaces, to linear and nonlinear partial
differential equations, Dirichlet forms, and Markov processes etc. (see, for
example, [1, 2, 3, 4, 5, 6, 12, 17, 18, 21, 22, 23, 24, 25, 26, 27, 29, 31, 32, 33,
34, 35, 37, 38, 39, 40, 41, 42, 45, 46, 47, 48]).

In the sequel, we prove the inequalities

∞∫

0

cap(Mat,Mt)d(tp) � c(a, p, q)||∇f ||pLp,q(Ω,mn;Rn) when 1 � q � p (1.2)

and
∞∫

0

capp,q(Mat,Mt)q/pd(tq) � c(a, p, q)||∇f ||qLp,q(Ω,mn;Rn) when p < q < ∞

(1.3)
for all f ∈ Lip0(Ω).

The proof of (1.2) and (1.3) is based on the superadditivity of the p, q-
capacitance, also justified in this paper.

From (1.2) and (1.3) we derive necessary and sufficient conditions for cer-
tain two-weight inequalities involving Sobolev–Lorentz norms, generalizing
results obtained in [37, 38]. Specifically, let μ and ν be two locally finite
nonnegative measures on Ω, and let p, q, r, s be real numbers such that
1 < s � max(p, q) � r < ∞ and q � 1. We characterize the inequality

||f ||Lr,max(p,q)(Ω,μ) � A
(

||∇f ||Lp,q(Ω,mn;Rn) + ||f ||Ls,max(p,q)(Ω,ν)

)

(1.4)

restricted to functions f ∈ Lip0(Ω) by requiring the condition

μ(g)1/r � K(capp,q(g,G)1/p + ν(G)1/s) (1.5)

to be valid for all open bounded sets g and G subject to g ⊂ G, G ⊂ Ω.
When n = 1, the inequality (1.4) becomes

||f ||Lr,max(p,q)(Ω,μ) � A
(

||f ′||Lp,q(Ω,m1) + ||f ||Ls,max(p,q)(Ω,ν)

)

. (1.6)

It is shown that the requirement that (1.6) is valid for all functions f ∈
Lip0(Ω) when n = 1 is equivalent to the condition
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μ(σd(x))1/r � K(τ (1−p)/p + ν(σd+τ (x))1/s) (1.7)

whenever x, d and τ are such that σd+τ (x) ⊂ Ω. Here and throughout the
paper, σd(x) denotes the open interval (x− d, x + d) for every d > 0.

2 Preliminaries

Denote by Ω a nonempty open subset of Rn and by mn the Lebesgue n-
measure in Rn, where n � 1 is an integer. For a Lebesgue measurable function
u : Ω → R denote by supp u the smallest closed set such that u vanishes
outside supp u. We also introduce

Lip(Ω) = {ϕ : Ω → R : ϕ is Lipschitz},
Lip0(Ω) = {ϕ : Ω → R : ϕ is Lipschitz and with compact support in Ω}.

If ϕ ∈ Lip(Ω), we write ∇ϕ for the gradient of ϕ. This notation makes
sense since, by the Rademacher theorem [20, Theorem 3.1.6], every Lipschitz
function on Ω is mn-a.e. differentiable.

Throughout this section, we assume that (Ω,μ) is a measure space. Let
f : Ω → Rn be a μ-measurable function. We define μ[f ], the distribution
function of f as follows (see [11, Definition II.1.1]):

μ[f ](t) = μ({x ∈ Ω : |f(x)| > t}), t � 0.

We define f∗, the nonincreasing rearrangement of f , by

f∗(t) = inf{v : μ[f ](v) � t}, t � 0

(see [11, Definition II.1.5]). We note that f and f∗ have the same distribution
function. Moreover, for every positive α we have

(|f |α)∗ = (|f |∗)α

and if |g| � |f | a.e. on Ω, then g∗ � f∗ (see [11, Proposition II.1.7]). We also
define f∗∗, the maximal function of f∗, by

f∗∗(t) = mf∗(t) =
1
t

t∫

0

f∗(s)ds, t > 0

(see [11, Definition II.3.1]).
Throughout the paper, we denote by p′ the Hölder conjugate of p ∈ [1,∞].
The Lorentz space Lp,q(Ω,μ; Rn), 1 < p < ∞, 1 � q � ∞, is defined as

follows:



106 S. Costea and V. Maz’ya

Lp,q(Ω,μ; Rn) ={f : Ω → Rn : f is μ-measurable, ||f ||Lp,q(Ω,μ;Rn) < ∞},

where

||f ||Lp,q(Ω,μ;Rn) = || |f | ||p,q =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎛

⎝

∞∫

0

(t1/pf∗(t))q
dt

t

⎞

⎠

1/q

, 1 � q <∞,

sup
t>0

tμ[f ](t)1/p = sup
s>0

s1/pf∗(s), q = ∞

(see [11, Definition IV.4.1] and [44, p. 191]). We omit Rn in the notation of
function spaces in the scalar case, i.e., for n = 1.

If 1 � q � p, then || · ||Lp,q(Ω,μ;Rn) represents a norm, but for p < q � ∞
it represents a quasinorm equivalent to the norm || · ||L(p,q)(Ω,μ;Rn), where

||f ||L(p,q)(Ω,μ;Rn) = || |f | ||(p,q) =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎛

⎝

∞∫

0

(t1/pf∗∗(t))q
dt

t

⎞

⎠

1/q

, 1 � q <∞,

sup
t>0

t1/pf∗∗(t), q = ∞

(see [11, Definition IV.4.4]). Namely, from [11, Lemma IV.4.5] we have

|| |f | ||Lp,q(Ω,μ) � || |f | ||L(p,q)(Ω,μ) � p′|| |f | ||Lp,q(Ω,μ)

for all q ∈ [1,∞] and μ-measurable functions f : Ω → Rn.
It is known that (Lp,q(Ω,μ; Rn), || · ||Lp,q(Ω,μ;Rn)) is a Banach space for

1 � q � p, while (Lp,q(Ω,μ; Rn), || · ||L(p,q)(Ω,μ;Rn)) is a Banach space for
1 < p < ∞, 1 � q � ∞.

Remark 2.1. It is also known (see [11, Proposition IV.4.2]) that for every
p ∈ (1,∞) and 1 � r < s � ∞ there exists a constant C(p, r, s) such that

|| |f | ||Lp,s(Ω,μ) � C(p, r, s)|| |f | ||Lp,r(Ω,μ) (2.1)

for all measurable functions f ∈ Lp,r(Ω,μ; Rn) and integers n � 1. In par-
ticular, the embedding Lp,r(Ω,μ; Rn) ↪→ Lp,s(Ω,μ; Rn) holds.

The subadditivity and superadditivity
of the Lorentz quasinorms

In the second part of this paper, we will prove a few results by relying on
the superadditivity of the Lorentz p, q-quasinorm. Therefore, we recall the
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known results and present new results concerning the superadditivity and
the subadditivity of the Lorentz p, q-quasinorm.

The superadditivity of the Lorentz p, q-norm in the case 1 � q � p was
stated in [13, Lemma 2.5].

Proposition 2.2 (see [13, Lemma 2.5]). Let (Ω,μ) be a measure space.
Suppose that 1 � q � p. Let {Ei}i�1 be a collection of pairwise disjoint
measurable subsets of Ω with E0 =

⋃

i�1

Ei, and let f ∈ Lp,q(Ω,μ). Then

∑

i�1

||χEif ||
p
Lp,q(Ω,μ) � ||χE0f ||

p
Lp,q(Ω,μ).

We obtain a similar result concerning the superadditivity in the case 1 <
p < q <∞.

Proposition 2.3. Let (Ω,μ) be a measure space. Suppose that 1 < p < q <
∞. Let {Ei}i�1 be a collection of pairwise disjoint measurable subsets of Ω
with E0 =

⋃

i�1

Ei, and let f ∈ Lp,q(Ω,μ). Then

∑

i�1

||χEif ||
q
Lp,q(Ω,μ) � ||χE0f ||

q
Lp,q(Ω,μ).

Proof. For every i = 0, 1, 2, . . . we let fi = χEif, where χEi is the charac-
teristic function of Ei. We can assume without loss of generality that all the
functions fi are nonnegative. We have (see [30, Proposition 2.1])

||fi||qLp,q(Ω,μ) = p

∞∫

0

sq−1μ[fi](s)
q/p

ds,

where μ[fi] is the distribution function of fi, i = 0, 1, 2, . . . . From the defini-
tion of f0 we have

μ[f0](s) =
∑

i�1

μ[fi](s) for every s > 0, (2.2)

which implies, since 1 < p < q <∞, that

μ[f0](s)
q/p �

∑

i�1

μ[fi](s)
q/p for every s > 0.

This yields

||f0||qLp,q(Ω,μ) = p

∞∫

0

sq−1μ[f0](s)
q/pds � p

∞∫

0

sq−1(
∑

i�1

μ[fi](s)
q/p)ds
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=
∑

i�1

p

∞∫

0

sq−1μ[fi](s)
q/p

ds =
∑

i�1

||fi||qLp,q(Ω,μ).

This completes the proof of the superadditivity for 1 < p < q < ∞. 
�

We have a similar result for the subadditivity of the Lorentz p, q-quasinorm.
When 1 < p < q � ∞ we obtain a result that generalizes [16, Theorem 2.5].

Proposition 2.4. Let (Ω,μ) be a measure space. Suppose that 1 < p < q �
∞. Let {Ei}i�1 be a collection of pairwise disjoint measurable subsets of Ω
with E0 =

⋃

i�1

Ei, and let f ∈ Lp,q(Ω,μ). Then

∑

i�1

||χEif ||
p
Lp,q(Ω,μ) � ||χE0f ||

p
Lp,q(Ω,μ).

Proof. Without loss of generality we can assume that all the functions fi =
χEif are nonnegative. We have to consider two cases, depending on whether
p < q <∞ or q = ∞.

Suppose that p < q <∞. We have (see [30, Proposition 2.1])

||fi||pLp,q(Ω,μ) =

⎛

⎝p

∞∫

0

sq−1μ[fi](s)
q/pds

⎞

⎠

p/q

,

where μ[fi] is the distribution function of fi for i = 0, 1, 2, . . . . From (2.2) we
obtain

||f0||pLp,q(Ω,μ) =

⎛

⎝p

∞∫

0

sq−1μ[f0](s)q/pds

⎞

⎠

p/q

�
∑

i�1

⎛

⎝p

∞∫

0

sq−1μ[fi](s)
q/p

ds

⎞

⎠

p/q

=
∑

i�1

||fi||pLp,q(Ω,μ).

Now, suppose that q = ∞. From (2.2) we obtain

sp μ[f0](s) =
∑

i�1

(sp μ[fi](s)) for every s > 0,

which implies

sp μ[f0](s) �
∑

i�1

||fi||pLp,∞(Ω,μ) for every s > 0. (2.3)

Taking the supremum over all s > 0 in (2.3), we get the desired conclusion.
This completes the proof. 
�
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3 Sobolev–Lorentz p, q-Capacitance

Suppose that 1 < p < ∞ and 1 � q � ∞. Let Ω ⊂ Rn be an open set,
n � 1. Let K ⊂ Ω be compact. The Sobolev–Lorentz p, q-capacitance of the
conductor (K,Ω) is denoted by

capp,q(K,Ω) = inf {||∇u||pLp,q(Ω,mn;Rn) : u ∈ W (K,Ω)},

where

W (K,Ω) = {u ∈ Lip0(Ω) : u � 1 in a neighborhood of K}.

We call W (K,Ω) the set of admissible functions for the conductor (K,Ω).
Since W (K,Ω) is closed under truncations from below by 0 and from above

by 1 and since these truncations do not increase the p, q-quasinorm of the
grandients whenever 1 < p < ∞ and 1 � q � ∞, it follows that we can
choose only functions u ∈ W (K,Ω) that satisfy 0 � u � 1 when computing
the p, q-capacitance of the conductor (K,Ω).

Lemma 3.1. If Ω is bounded, then we get the same p, q-capacitance for the
conductor (K,Ω) if we restrict ourselves to a bigger set, namely

W1(K,Ω) = {u ∈ Lip(Ω) ∩ C(Ω) : u � 1 on K and u = 0 on ∂Ω}.

Proof. Let u ∈ W1(K,Ω). We can assume without loss of generality that
0 � u � 1. Moreover, we can also assume that u = 1 in an open neighborhood
U of K. Let Ũ be an open neighborhood of K such that Ũ ⊂⊂ U. We choose
a cutoff Lipschitz function 0 � η � 1 such that η = 1 on Ω \U and η = 0 on
Ũ . We note that 1− η(1− u) = u. We also note that there exists a sequence
of functions ϕj ∈ Lip0(Ω) such that

lim
j→∞

(||ϕj − u||Lp+1(Ω,mn) + ||∇ϕj −∇u||Lp+1(Ω,mn;Rn)) = 0.

Without loss of generality the sequence ϕj can be chosen such that ϕj → u
and ∇ϕj → ∇u pointwise a.e. in Ω. Then ψj = 1 − η(1 − ϕj) is a sequence
belonging to W (K,Ω) and

lim
j→∞

(||ψj − u||Lp+1(Ω,mn) + ||∇ψj −∇u||Lp+1(Ω,mn;Rn)) = 0.

This, Hölder’s inequality for Lorentz spaces, and the behavior of the Lorentz
p, q-quasinorm in q yield

lim
j→∞

(||ψj − u||Lp,q(Ω,mn) + ||∇ψj −∇u||Lp,q(Ω,mn;Rn)) = 0.

The desired conclusion follows. 
�
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Basic properties of the p, q-capacitance

Usually, a capacitance is a monotone and subadditive set function. The fol-
lowing theorem shows, among other things, that this is true in the case of
the p, q-capacitance. We follow [16] for (i)–(vi). In addition, we prove some
superadditivity properties of the p, q-capacitance.

Theorem 3.2. Suppose that 1 < p < ∞ and 1 � q � ∞. Let Ω ⊂ Rn be
open. The set function K �→ capp,q(K,Ω), K ⊂ Ω, K compact, enjoys the
following properties:

(i) If K1 ⊂ K2, then capp,q(K1, Ω) � capp,q(K2, Ω).

(ii) If Ω1 ⊂ Ω2 are open and K is a compact subset of Ω1, then

capp,q(K,Ω2) � capp,q(K,Ω1).

(iii) If Ki is a decreasing sequence of compact subsets of Ω with K =
∞⋂

i=1

Ki, then

capp,q(K,Ω) = lim
i→∞

capp,q(Ki, Ω).

(iv) If Ωi is an increasing sequence of open sets with
∞⋃

i=1

Ωi = Ω and K is

a compact subset of Ω1, then

capp,q(K,Ω) = lim
i→∞

capp,q(K,Ωi).

(v) Suppose that p � q � ∞. If K =
k⋃

i=1

Ki ⊂ Ω, then

capp,q(K,Ω) �
k∑

i=1

capp,q(Ki, Ω),

where k � 1 is a positive integer.

(vi) Suppose that 1 � q < p. If K =
k⋃

i=1

Ki ⊂ Ω, then

capp,q(K,Ω)q/p �
k∑

i=1

capp,q(Ki, Ω)q/p,

where k � 1 is a positive integer.

(vii) Suppose that 1 � q � p. Suppose that Ωi, . . . , Ωk are k pairwise
disjoint open sets and Ki are compact subsets of Ωi for i = 1, . . . , k. Then
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capp,q
( k⋃

i=1

Ki,

k⋃

i=1

Ωi

)

�
k∑

i=1

capp,q(Ki, Ωi).

(viii) Suppose that p < q < ∞. Suppose that Ωi, . . . , Ωk are k pairwise
disjoint open sets and Ki are compact subsets of Ωi for i = 1, . . . , k. Then

capp,q
( k⋃

i=1

Ki,

k⋃

i=1

Ωi

)q/p

�
k∑

i=1

capp,q(Ki, Ωi)
q/p.

(ix) Suppose that 1 � q < ∞. If Ω1 and Ω2 are two disjoint open sets and
K ⊂ Ω1, then

capp,q(K,Ω1 ∪Ω2) = capp,q(K,Ω1).

Proof. Properties (i)-(vi) are proved by duplicating the proof of Theorem 3.2
in [16], so we will prove only (vii)-(ix).

In order to prove (vii) and (viii), it is enough to assume that k = 2. A
finite induction on k would prove each of these claims. So, we assume that
k = 2. Let u ∈ Lip0(Ω1 ∪ Ω2), and let ui = χΩiu, i = 1, 2. Let vi be the
restriction of u to Ωi for i = 1, 2. Then vi ∈ Lip0(Ωi) for i = 1, 2. We note
that ui can be regarded as the extension of vi by 0 to Ω1∪Ω2 for i = 1, 2. We
see that u ∈ W (K1 ∪K2, Ω1 ∪Ω2) if and only if vi ∈W (Ki, Ωi) for i = 1, 2.

First, suppose that 1 � q � p. Since Ω1 and Ω2 are disjoint and u = u1+u2

with the functions ui supported in Ωi for i = 1, 2, we obtain with the help of
Proposition 2.2

||∇u||pLp,q(Ω1∪Ω2,mn;Rn)

� ||∇u1||pLp,q(Ω1∪Ω2,mn;Rn) + ||∇u2||pLp,q(Ω1∪Ω2,mn;Rn)

= ||∇v1||pLp,q(Ω1,mn;Rn) + ||∇v2||pLp,q(Ω2,mn;Rn).

This proves (vii).
Now, suppose that p < q < ∞. Since Ω1 and Ω2 are disjoint and u = u1+u2

with the functions ui supported in Ωi for i = 1, 2, we obtain with the help of
Proposition 2.3

||∇u||qLp,q(Ω1∪Ω2,mn;Rn)

� ||∇u1||qLp,q(Ω1∪Ω2,mn;Rn) + ||∇u2||qLp,q(Ω1∪Ω2,mn;Rn)

= ||∇v1||qLp,q(Ω1,mn;Rn) + ||∇v2||qLp,q(Ω2,mn;Rn).

This proves (viii).
We see that (ix) follows from (vii) and (ii) when 1 � q � p. (We use

(vii) with k = 2 by taking K1 = K and K2 = ∅.) When p < q < ∞, (ix)
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follows from (viii) and (ii). (We use (viii) with k = 2 by taking K1 = K and
K2 = ∅.) This completes the proof of the theorem. 
�

Remark 3.3. The definition of the p, q-capacitance implies

capp,q(K,Ω) = capp,q(∂K,Ω)

whenever K is a compact set in Ω. Moreover, if n = 1 and Ω is an open
interval of R, then

capp,q(K,Ω) = capp,q(H,Ω),

where H is the smallest compact interval containing K.

4 Conductor Inequalities

Lemma 4.1. Suppose that Ω ⊂ Rn is open. Let f ∈ Lip0(Ω), and let a > 1
be a constant. For t > 0 we denote Mt = {x ∈ Ω : |f(x)| > t}. Then the
function t �→ capp,q(Mat,Mt) is upper semicontinuous.

Proof. Let t0 > 0 and ε > 0. Let u ∈ W (Mat0 ,Mt0) be chosen such that

||∇u||pLp,q(Ω,mn;Rn) < capp,q(Mat0 ,Mt0) + ε.

Let g be an open neighborhood of Mat0 such that u � 1 on g. Since g contains
the compact set Mat0 , there exists δ1 > 0 small such that g ⊃Ma(t0−δ1). Let
G be an open set such that supp u ⊂ G ⊂⊂Mt0 . There exists a small δ2 > 0
such that G ⊂ Mt0+δ2 . Thus, we have Ma(t0−δ) ⊂ g and G ⊂ Mt0+δ for
every δ ∈ (0,min{δ1, δ2}). By the choice of g and G, we have u ∈ W (K,Ω),
whenever K ⊂ g and G ⊂ Ω. This and the choice of u imply that

capp,q(Ma(t0−δ),Mt0+δ) � capp,q(Mat0 ,Mt0) + ε

for every δ ∈ (0,min{δ1, δ2}). Using the monotonicity of capp,q, we deduce
that

capp,q(Mat,Mt) � capp,q(Mat0 ,Mt0) + ε

for every t sufficiently close to t0. The result follows. 
�

Theorem 4.2. Let Φ denote an increasing convex (not necessarily strictly
convex) function given on [0,∞), Φ(0) = 0. Suppose that a > 1 is a constant.

(i) If 1 � q � p, then

Φ−1

⎛

⎝

∞∫

0

Φ(tpcapp,q(Mat,Mt))
dt

t

⎞

⎠ � c(a, p, q)||∇ϕ||pLp,q(Ω,mn;Rn)
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for every ϕ ∈ Lip0(Ω).

(ii) If p < q <∞, then

Φ−1

⎛

⎝

∞∫

0

Φ(tqcapp,q(Mat,Mt)q/p)
dt

t

⎞

⎠ � c(a, p, q)||∇ϕ||qLp,q(Ω,mn;Rn)

for every ϕ ∈ Lip0(Ω).

Proof. The proof follows [37]. When p = q, we are in the case of the p-
capacitance and for that case the result was proved in [37, Theorem 1]. So,
we can assume without loss of generality that p �= q. Let ϕ ∈ Lip0(Ω). We
set

Λt(ϕ) =
1

(a− 1)t
min{(|ϕ| − t)+, (a− 1)t}.

From Lemma 3.1 we note that

Λt(ϕ) ∈W1(Mat,Mt) and |∇Λt(ϕ)| = 1
(a− 1)t

χMt\Mat
|∇ϕ| mn-a.e. (4.1)

The proof splits now, depending on whether 1 � q < p or p < q <∞.
We assume first that 1 � q < p. From (4.1) we have

tpcapp,q(Mat,Mt) � 1
(a− 1)p

||χMt\Mat
∇ϕ||pLp,q(Ω,mn;Rn).

Hence
∞∫

0

Φ(tpcapp,q(Mat,Mt))
dt

t
�

∞∫

0

Φ
( 1

(a− 1)p
||χMt\Mat

∇ϕ||pLp,q(Ω,mn;Rn)

)dt

t
.

Let γ denote a locally integrable function on (0,∞) such that there exist the
limits γ(0) and γ(∞). Then

∞∫

0

(γ(t)− γ(at))
dt

t
= (γ(0)− γ(∞)) log a. (4.2)

We set
γ(t) = Φ

( 1
(a− 1)p

||χMt∇ϕ||pLp,q(Ω,mn;Rn)

)

.

Using the monotonicity and convexity of Φ together with Proposition 2.2 and
the definition of γ, we see that

Φ
( 1

(a− 1)p
||χMt\Mat

∇ϕ||pLp,q(Ω,mn;Rn)

)

� γ(t)− γ(at) for every t > 0.
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Since
γ(0) = Φ

( 1
(a− 1)p

||∇ϕ||pLp,q(Ω,mn;Rn)

)

and γ(∞) = 0,

we get

∞∫

0

Φ(tpcapp,q(Mat,Mt))
dt

t
� log a · Φ

( 1
(a− 1)p

||∇ϕ||pLp,q(Ω,mn;Rn)

)

.

This completes the proof of the case 1 � q < p.
Now, we assume that p < q < ∞. From (4.1) we have

tqcapp,q(Mat,Mt)q/p � 1
(a− 1)q

||χMt\Mat
∇ϕ||qLp,q(Ω,mn;Rn).

Hence
∞∫

0

Φ(tqcapp,q(Mat, Mt)
q/p)

dt

t
�

∞∫

0

Φ
( 1

(a − 1)q
||χMt\Mat

∇ϕ||q
Lp,q(Ω,mn;Rn)

)dt

t
.

As before, we let γ denote a locally integrable function on (0,∞) such that
there exist the limits γ(0) and γ(∞). We set

γ(t) = Φ
( 1

(a− 1)q
||χMt∇ϕ||qLp,q(Ω,mn;Rn)

)

.

Using the monotonicity and convexity of Φ together with Proposition 2.3 and
the definition of γ, we see that

Φ
( 1

(a− 1)q
||χMt\Mat

∇ϕ||qLp,q(Ω,mn;Rn)

)

� γ(t)− γ(at) for every t > 0.

Since
γ(0) = Φ

( 1
(a− 1)q

||∇ϕ||qLp,q(Ω,mn;Rn)

)

and γ(∞) = 0,

we get

∞∫

0

Φ(tqcapp,q(Mat,Mt)q/p)
dt

t
� log a · Φ

( 1
(a− 1)q

||∇ϕ||qLp,q(Ω,mn;Rn)

)

.

This completes the proof of the case p < q <∞. The theorem is proved. 
�

Choosing Φ(t) = t, we arrive at the inequalities mentioned at the beginning
of this paper.
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Corollary 4.3. Suppose that 1 < p < ∞ and 1 � q < ∞. Let a > 1 be a
constant. Then (1.2) and (1.3) hold for every ϕ ∈ Lip0(Ω).

5 Necessary and Sufficient Conditions for Two-Weight
Embeddings

Now, we derive necessary and sufficient conditions for Sobolev–Lorentz type
inequalities involving two measures, generalizing results obtained in [37, 38].

Theorem 5.1. Let p, q, r, s be chosen such that 1 < p < ∞, 1 � q < ∞,
and 1 < s � max(p, q) � r < ∞. Let Ω be an open set in Rn, and let μ and
ν be two nonnegative locally finite measures on Ω.

(i) Suppose that 1 � q � p. The inequality

||f ||Lr,p(Ω,μ) � A
(

||∇f ||Lp,q(Ω,mn;Rn) + ||f ||Ls,p(Ω,ν)

)

(5.1)

holds for every f ∈ Lip0(Ω) if and only if there exists a constant K > 0 such
that the inequality (1.5) is valid for all open bounded sets g and G that are
subject to g ⊂ G ⊂ G ⊂ Ω.

(ii) Suppose that p < q < ∞. The inequality

||f ||Lr,q(Ω,μ) � A
(

||∇f ||Lp,q(Ω,mn;Rn) + ||f ||Ls,q(Ω,ν)

)

(5.2)

holds for every f ∈ Lip0(Ω) if and only if there exists a constant K > 0 such
that the inequality (1.5) is valid for all open bounded sets g and G that are
subject to g ⊂ G ⊂ G ⊂ Ω.

Proof. We suppose first that 1 � q � p. The case q = p was studied in
[38]. Without loss of generality we can assume that q < p. We choose some
bounded open sets g and G such that g ⊂ G ⊂ G ⊂ Ω and f ∈W (g,G) with
0 � f � 1. We have

μ(g) � C(r, p) ||f ||rLr,p(Ω,μ)

and
||f ||sLs,p(Ω,ν) � C(s, p) ν(G)

for every f ∈ W (g,G) with 0 � f � 1. The necessity for 1 � q < p is obtained
by taking the infimum over all such functions f that are admissible for the
conductor (g,G).

We prove the sufficiency now when 1 � q < p. Let a ∈ (1,∞). We have

ap
∞∫

0

μ(Mat)p/rd(tp) � apK1

⎛

⎝

∞∫

0

(capp,q(Mat,Mt) + ν(Mt)p/s)d(tp)

⎞

⎠ .
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This and (1.2) yield the sufficiency for the case 1 � q < p.
Now, suppose that p < q < ∞. We choose some bounded open sets g and

G such that g ⊂ G ⊂ G ⊂ Ω and f ∈ W (g,G) with 0 � f � 1. We have

μ(g) � C(r, q) ||f ||rLr,q(Ω,μ)

and
||f ||sLs,q(Ω,ν) � C(s, q) ν(G)

for every f ∈ W (g,G) with 0 � f � 1. The necessity for p < q < ∞ is
obtained by taking the infimum over all such functions f that are admissible
for the conductor (g,G).

We prove the sufficiency now when p < q < ∞. Let a ∈ (1,∞). We have

aq
∞∫

0

μ(Mat)q/rd(tq) � aqK2

⎛

⎝

∞∫

0

(capp,q(Mat,Mt)q/p + ν(Mt)q/s)d(tq)

⎞

⎠ .

This and (1.3) yield the sufficiency for the case p < q < ∞. The proof is
complete. 
�

We look for a simplified necessary and sufficient two-weight imbedding
condition when n = 1. Before we state and prove such a condition for the
case n = 1, we need to obtain sharp estimates for the p, q-capacitance of
conductors ([a, b], (A,B)) with A < a < b < B. This is the goal of the
following proposition.

Proposition 5.2. Suppose that n = 1, 1 < p < ∞, and 1 � q � ∞. There
exists a constant C(p, q) � 1 such that

C(p, q)−1(σ1−p
1 + σ1−p

2 ) � capp,q([a, b], (A,B)) � C(p, q)(σ1−p
1 + σ1−p

2 ),

where σ1 = a−A and σ2 = B − b.

Proof. By the behavior of the Lorentz p, q-quasinorm in q (see, for example,
[11, Proposition IV.4.2]), it suffices to find the upper bound for the p, 1-
capacitance and the lower bound for the p,∞-capacitance of the conductor
([a, b], (A,B)). We start with the upper bound for the p, 1-capacitance of this
conductor.

We use the function u : (A,B) → R defined by

u(x) =

⎧

⎪⎨

⎪⎩

1 if a � x � b,
x−A
σ1

if A < x < a,
B−x
σ2

if b < x < B.

Then from Lemma 3.1 it follows that u ∈W1([a, b], (A,B)) with
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|u′(x)| =

⎧

⎪⎨

⎪⎩

0 if a < x < b,

σ1
−1 if A < x < a,

σ2
−1 if b < x < B.

We want to compute an upper estimate for ||u′||Lp,1((A,B),m1). We have

||u′||Lp,1((A,B),m1) � ||σ1
−1||Lp,1((A,a),m1) + ||σ2

−1||Lp,1((b,B),m1)

= p(σ−1+1/p
1 + σ

−1+1/p
2 ). (5.3)

Therefore,

capp,1([a, b], (A,B)) � C(p)(σ1−p
1 + σ1−p

2 ).

We try to get lower estimates for the p,∞-capacitance of this conductor.
Let v ∈ W ([a, b], (A,B)) be an arbitrary admissible function such that 0 �
v � 1. We let v1 be the restriction of v to (A, a) and v2 be the restriction
of v to (b, B) respectively. We note that v′ is supported in (A, a) ∪ (b, B).
Therefore, since v′ coincides with v′1 on (A, a) and with v′2 on (b, B), we have

||v′||Lp,∞((A,B),m1) � max(||v′1||Lp,∞((A,a),m1), ||v′2||Lp,∞((b,B),m1)). (5.4)

From ([16, Corollary 2.4]) we have

||v′1||Lp,∞((A,a),m1) � 1/p′ · σ−1/p′

1 ||v′1||L1((A,a),m1)

and
||v′2||Lp,∞((b,B),m1) � 1/p′ · σ−1/p′

2 ||v′2||L1((b,B),m1).

Since

||v′1||L1((A,a),m1) =

a∫

A

|v′1(x)|dx � 1,

we obtain
||v′1||Lp,∞((A,a),m1) � 1/p′ · σ−1/p′

1 . (5.5)

Similarly, since

||v′2||L1((b,B),m1) =

B∫

b

|v′2(x)|dx � 1,

we obtain
||v′2||Lp,∞((b,B),m1) � 1/p′ · σ−1/p′

2 . (5.6)

From (5.4), (5.5), and (5.6) we get the desired lower bound for the p,∞-
capacitance. This completes the proof. 
�
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Now, we state and prove a necessary and sufficient two-weight imbedding
condition for the case n = 1.

Theorem 5.3. Suppose that n = 1. Let p, q, r, s be chosen such that 1 < p <
∞, 1 � q < ∞ and 1 < s � max(p, q) � r < ∞. Let Ω be an open set in R,
and let μ and ν be two nonnegative locally finite measures on Ω.

(i) Suppose that 1 � q � p. The inequality

||f ||Lr,p(Ω,μ) � A
(

||f ′||Lp,q(Ω,m1) + ||f ||Ls,p(Ω,ν)

)

(5.7)

holds for every f ∈ Lip0(Ω) if and only if there exists a constant K > 0
such that the inequality (1.7) is valid whenever x, d and τ are such that
σd+τ (x) ⊂ Ω.

(ii) Suppose that p < q < ∞. The inequality

||f ||Lr,q(Ω,μ) � A
(

||f ′||Lp,q(Ω,m1) + ||f ||Ls,q(Ω,ν)

)

(5.8)

holds for every f ∈ Lip0(Ω) if and only if there exists a constant K > 0
such that the inequality (1.7) is valid whenever x, d and τ are such that
σd+τ (x) ⊂ Ω.

Proof. We only have to prove that the sufficiency condition for intervals im-
plies the sufficiency condition for general bounded and open sets g and G
with g ⊂ G ⊂ G ⊂ Ω. Let G be the union of nonoverlapping intervals Gi,
and let gi = G ∩ gi. We denote by hi the smallest interval containing gi and
by τi the minimal distance from hi to R\Gi. We also denote by Hi the open
interval concentric with hi such that the minimal distance from hi to R\Hi is
τi. Then Hi ⊂ Gi. From Remark 3.3 we have capp,q(gi, Gi) = capp,q(hi, Gi).
Moreover, from Theorem 3.2 (ii) and Proposition 5.2 we have

C(p, q)−1τ1−p
i � capp,q(hi, Gi) � capp,q(hi, Hi) � 2C(p, q)τ1−p

i

for some constant C(p, q) � 1. Since g is a compact set lying in
⋃

i�1

Gi,

it follows that g is covered by only finitely many of the sets Gi. This and
Theorem 3.2 (ix) allow us to assume that G is in fact written as a finite
union of disjoint intervals Gi. Now the proof splits, depending on whether
1 � q � p or p < q <∞.

We assume that 1 � q � p. Then

capp,q(g,G) �
∑

i

capp,q(gi, Gi) =
∑

i

capp,q(hi, Gi). (5.9)

Using (1.7), we obtain

μ(gi)p/r � μ(hi)p/r � K1(τ
1−p
i + ν(Hi)p/s)

� K1 C(p, q)(capp,q(gi, Gi) + ν(Gi)p/s),
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where K1 is a positive constant independent of g and G. Since s � p � r < ∞,
we have

μ(g)p/r �
∑

i

μ(gi)p/r

and ∑

i

ν(Gi)p/s � ν(G)p/s.

This and (5.9) prove the claim when 1 � q � p.
We assume that p < q < ∞. Then

capp,q(g,G)q/p �
∑

i

capp,q(gi, Gi)
q/p =

∑

i

capp,q(hi, Gi)
q/p. (5.10)

Using (1.7), we obtain

μ(gi)q/r � μ(hi)q/r � K2(τ
q(1−p)/p
i + ν(Hi)q/s)

� K2 C(p, q)q/p(capp,q(gi, Gi)
q/p + ν(Gi)q/s),

where K2 is a positive constant independent of g and G. Since s � q � r < ∞,
we have

μ(g)q/r �
∑

i

μ(gi)q/r

and ∑

i

ν(Gi)q/s � ν(G)q/s.

This and (5.10) prove the claim when p < q <∞. The theorem is proved. 
�

Acknowledgement. S. Costea was supported by NSERC and the Fields
Institute. V. Maz’ya was supported by NSF (grant no. DMS 0500029).

References

1. Adams, D.R.: On the existence of capacitary strong type estimates in R
n. Ark. Mat.

14, 125-140 (1976)

2. Adams, D.R., Hedberg, L.I.: Function Spaces and Potential Theory. Springer Verlag
(1996)

3. Adams, D.R., Pierre, M.: Capacitary strong type estimates in semilinear problems.
Ann. Inst. Fourier (Grenoble) 41, 117-135 (1991)

4. Adams, D.R., Xiao, J.: Strong type estimates for homogeneous Besov capacities.
Math. Ann. 325, no. 4, 695-709 (2003)

5. Adams, D.R., Xiao, J.: Nonlinear potential analysis on Morrey spaces and their ca-
pacities. Indiana Univ. Math. J. 53, no. 6, 1631-1666 (2004)



120 S. Costea and V. Maz’ya

6. Aikawa, H.: Capacity and Hausdorff content of certain enlarged sets. Mem. Fac. Sci.
Eng. Shimane. Univ. Series B: Math. Sci. 30, 1-21 (1997)

7. Alberico, A.: Moser type inequalities for higher order derivatives in Lorentz spaces.
Potential Anal. [To appear]

8. Alvino, A., Ferone, V., Trombetti, G.: Moser type inequalities in Lorentz spaces.
Potential Anal. 5, no. 3, 273-299 (1996)

9. Alvino, A., Ferone, V., Trombetti, G.: Estimates for the gradient of solutions of
nonlinear elliptic equations with L1 data. Ann. Mat. Pura Appl. 178, no. 4, 129-142
(2000)
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Besov Regularity for the Poisson
Equation in Smooth and Polyhedral
Cones

Stephan Dahlke and Winfried Sickel

Abstract The regularity of solutions to the Dirichlet and Neumann problems
in smooth and polyhedral cones contained in R3 is studied with particular
attention to the specific scale Bsτ (Lτ ), 1/τ = s/3 + 1/2, of Besov spaces.
The regularity of the solution in these Besov spaces determines the order
of approximation that can be achieved by adaptive and nonlinear numerical
schemes. We show that the solutions are much smoother in the specific Besov
scale than in the usual L2-Sobolev scale, which justifies the use of adaptive
schemes. The proofs are performed by combining weighted Sobolev estimates
with characterizations of Besov spaces by wavelet expansions.

1 Introduction

We study the regularity of solutions of the Poisson equation in smooth and
polyhedral cones K ⊂ R3 respectively, within Besov spaces Bsτ (Lτ (K)) with
0 < τ < 2. The motivation can be explained as follows.

Recent years, the numerical treatment of operator equations by adaptive
numerical algorithms became a field of an increasing importance, with many
applications in science and engineering. In particular, adaptive finite element
schemes have been successfully developed and implemented, and innumer-
able numerical experiments impressively confine their excellent performance.
Complementary to this, also adaptive algorithms based on wavelets have be-
come more and more at the center of attraction during the last years for the
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following reason. The strong analytical properties of wavelets can be used to
derive adaptive strategies which are guaranteed to converge for a huge class
of elliptic operator equations, involving operators of negative order [4, 10].
Moreover, these algorithms are optimal in the sense that they asymptotically
realize the convergence order of the optimal (but not directly implementable)
approximation scheme, i.e., the order of the best n-term wavelet approxima-
tion. Moreover, the number of arithmetic operations that is needed stays
proportional to the number of degrees of freedom [4]. By now, various gen-
eralizations to nonelliptic equations [5], saddle point problems [11], and also
nonlinear operator equations [6] exist. For finite element schemes, rigorous
statements of these forms have been rather rare although inspired by the
results for wavelet schemes, the situation has changed during the last years
[2, 16]. Although the above mentioned results are quite impressive, in the
realm of adaptivity one is always faced with the following question: Does
adaptivity really pay for the problem under consideration, i.e., does our fa-
vorite adaptive scheme really provide a substantial gain of efficiency compared
to more conventional nonadaptive schemes which are usually much easier to
implement? At least, in the case of adaptive wavelet schemes, it is possible to
give a quite rigorous answer. A reasonable comparison would be to compare
the performance of wavelet algorithms with classical, nonadaptive schemes
which consist of approximations by linear spaces that are generated by uni-
form grid refinements. It is well known that, under natural assumptions, the
approximation order that can be achieved by such a uniform method de-
pends on the smoothness of the exact solution as measured in the classical
L2-Sobolev scale [9] (called Sobolev regularity below). On the other hand,
as already outlined above, for adaptive wavelet methods the best n-term
approximation serves as the benchmark scheme. It is well known that the
convergence order that can be achieved by the best n-term approximations
also depends on the smoothness of the object we want to approximate, but
now the smoothness has to be measured in specific Besov spaces, usually
corresponding to Lτ -spaces with 0 < τ < 2. Therefore, we can make the fol-
lowing statement: The use of adaptive wavelet schemes is completely justified
if the Besov smoothness of the unknown solution of our operator equation is
higher compared to its regularity in the Sobolev scale.

At this point, the shape of a domain comes into play. As the classical model
problem of elliptic operator equations, let us discuss the Poisson equation.
If a domain Ω is smooth, for example, C∞, then the problem is completely
regular, i.e., if the right-hand side is contained in Hs(Ω), s � −1, the solu-
tion is contained in Hs+2(Ω) [1, 18], and there is no reason why the Besov
smoothness should be higher. However, in a nonsmooth domain, the situation
is completely different. In this case, singularities near the boundary occur
which significantly diminish the Sobolev regularity [19] and, consequently,
the order of convergence of uniform methods drops down. Fortunately, in re-
cent studies, it was shown that these singularities do not influence the Besov
smoothness too much [9, 12], so that for certain nonsmooth domains the use
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of adaptive schemes is completely justified. In the specific case of polygonal
domains contained in R2, even more can be said. Then, the Besov smoothness
depends only on the smoothness of the right-hand side, so that for arbitrary
smooth right-hand sides one gets arbitrary high order of convergence, at least
in principle [7]. The proof of this result relies on the fact that for polygonal
domains the exact solution can be decomposed into a regular part and a
singular part corresponding to reentrant corners [17]. By these results, it is
quite natural to try to generalize them to the very important case of poly-
hedral domains in R3, and this is exactly the task we are concerned with
in this paper. In the polyhedral case, the solution can also be decomposed
into a singular part and a regular part [17]; however, the situation is much
more complicated since edge singularities, as well as vertex singularities occur
which have to be treated separately. For edge singularities the first positive
result was obtained in [8]. Therefore, in this paper, we concentrate on vertex
singularities.

For vertex singularities in 3D the situation is much more unclear compared
to the 2D-setting since the singularity functions are not given explicitly, but
depend in a somewhat complicated way on the shape of the domain in the
vicinity of the vertex [17]. A quite promising way to handle this difficulty is
the following: reduce the problem to the case of a smooth cone or a polyhedral
cone and treat the cone case by using weighted smoothness spaces [21, 26].
The weight takes into account the distance to the vertex or, more general, the
distance to parts of the boundary of the cone. Although the problem is not
regular in the classical Sobolev spaces, one has regularity in these weighted
spaces in the following sense: if the right-hand side has smoothness l − 2
in the weighted scale, then the solution has smoothness l in the same scale
(see [21, 26] and Appendix A for details). In this paper, we show that this
regularity of the solution in weighted Sobolev spaces is sufficient to establish
Besov smoothness (in the original unweighted sense). Consequently, the use of
adaptive wavelet schemes for problems in polyhedral domains is also justified.

In the context of adaptive approximation for elliptic problems, also the
recent work of Nitsche [29] should be mentioned. In his pioneering studies,
Nitsche is primary concerned with approximations of singularity functions by
anisotropic tensor product refinements, whereas, in this paper, we focus on
isotropic wavelet approximations.

This paper is organized as follows. In Sect. 2, we first of all discuss the case
of a smooth cone. We show that the regularity results in weighted Sobolev
spaces are indeed sufficient to establish Besov regularity. The proof is based
on the fact that smoothness norms such as Besov norms are equivalent to
weighted sequence norms of wavelet expansion coefficients, and we use the
weighted regularity results to estimate wavelet coefficients. In Sect. 3, we
study polyhedral cones. In this case, the situation is more difficult since we
deal with weights that include the distance to the vertex, as well as the
distance to the edges. Nevertheless, the wavelet coefficients can again be esti-
mated and Besov smoothness can be established. An additional information
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is presented in Appendices A and B. In Appendix A, we collect relevant facts
concerning the regularity theory for elliptic partial differential equations as
far as they are needed for our purposes. Finally, in Appendix B, we recall the
definition of Besov spaces and introduce their characterizations by wavelet
expansions.

2 Regularity Result for a Smooth Cone

Let K ⊂ R3 be an infinite cone with vertex at the origin, i.e.,

K := {x ∈ R3 : x = ρω, 0 < ρ < ∞, ω ∈ Ω}, (2.1)

where Ω is a domain on the unit sphere S2 with smooth boundary ∂Ω and
ρ and ω are the spherical coordinates of x. For integer l � 0 and real β we
define the weighted Sobolev spaces V l2,β(K) as the closure of C∞

0 (K\{0}) with
respect to the norm

‖u‖V l
2,β(K) :=

⎛

⎝

∫

K

∑

|α|�l
ρ2(β−l+|α|) |Dαu(x)|2 dx

⎞

⎠

1/2

. (2.2)

If l � 1, then V
l−1/2
2,β (∂K) denotes the space of traces of functions from

V l2,β(K) on the boundary equipped with the norm

‖ u ‖
V

l−1/2
2,β (∂K)

:= inf
{

‖ v ‖V l
2,β(K) : v ∈ V l2,β(K) , v|∂K = u

}

.

A more explicit description of these trace classes, using differences and deriva-
tives, is given in [21, Lemma 6.1.2]. Let us consider the Poisson equation

−�u = f in K,

u|∂K = g .
(2.3)

Denote by K0 an arbitrary truncated cone, i.e., there exists a positive real
number r0 such that

K0 = {x ∈ K : |x| < r0} . (2.4)

Theorem 2.1. Suppose that the right-hand side f is contained in V l−2
2,β (K)∩

L2(K0), where l � 2 is a natural number. Further, we assume that g ∈
V
l−1/2
2,β (∂K). Let α0 = α0(K) be the number defined in Remark 4.1 below.

Then there exists a countable set E of complex numbers such that the following
holds. If a real number β is chosen such that
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ρ

Fig. 1 A smooth cone.

Re λ �= −β + l − 3/2 for all λ ∈ E , (2.5)

then the solution u of (2.3) satisfies

u ∈ Bsτ (Lτ (K0)),
1
τ

=
s

3
+

1
2
, s < min

(

l,
3
2
α0

)

. (2.6)

Remark 2.1. (i) Our set-up for the partial differential equation is taken from
[21, Sect. 6.1]. It turns out that the exceptional set E coincides with the col-
lection of the eigenvalues of the operator pencil associated to (2.3). In par-
ticular situations, there are explicit formulas for E, we refer to [21, Lemma
6.6.3]. Furthermore, under the given restrictions, there is an a priori esti-
mate for u within the scale V l2,β(K) (see [21, Theorem 6.1.1] or Proposition
4.3). However, for adaptive wavelet methods we need to know the regular-
ity within unweighted Besov spaces Bsτ (Lτ (K0)) with s as large as possible,
compare with (ii). Curiously, we cannot use the regularity theory for (2.3)
within unweighted Sobolev spaces (see, for example, [14]) for deriving the
above regularity result. For us the investigations of (2.3) in weighted Sobolev
spaces seemingly started by Kondrat’ev [20] and continued by Maz’ya and
Plamenevskij [24, 25], Koslov, Maz’ya, and Rossmann [21], and Maz’ya and
Rossmann [26], to mention at least a few, were most helpful.

(ii) Best n-term approximation. It is well known that the order of con-
vergence of the best n-term wavelet approximation in R3 is determined by
the regularity of the object one wants to approximate as measured in the
specific Besov scale Bsτ (Lτ ),

1
τ = s

3 + 1
2 introduced in (2.6) (see again [9, 15]

for details). As an immediate consequence of (2.6), we conclude that for the
solution u of (2.3) there exist subsets Γ ⊂ Z3 and Λ ⊂ {1, . . . , 7}×N0 ×Z3

such that |Γ |+ |Λ| � n (here, |Γ | and |Λ| denotes the cardinality of the sets
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Γ and Λ respectively) and

Snu :=
∑

k∈Γ
〈u, ϕ̃k〉ϕk +

∑

(i,j,k)∈Λ
〈u, ψ̃i,j,k〉ψi,j,k (2.7)

satisfies

‖ u− Snu ‖L2(K0)
<∼ ‖ u ‖Bs

τ(Lτ (K0)) n
−s/3 , s < min

(

l,
3
2
α0

)

, (2.8)

and s and τ are coupled as in (2.6). (We refer to Appendix B for the def-
inition of ϕk, ϕ̃k, ψi,j.k, and ψ̃i,j,k. In this paper, “a <∼ b” always means
that there exists a constant c such that a � cb, independent of all context
relevant parameters a and b may depend on.) In contrary to this, the order
of convergence of uniform methods is determined by the regularity in the L2-
Sobolev scale Hs. Therefore, since the critical Sobolev index α0 is multiplied
by 3/2, Theorem 2.1 implies that for l large enough the Besov smoothness
is always higher compared to the Sobolev smoothness, so that the use of
adaptive wavelet schemes is completely justified. In Fig. 2, we plotted the
situation where l � 3α0/2 and 3α0/2 = 3( 1

τ0
− 1

2 ).

(iii) So far, we have discussed the best n-term approximation in L2. How-
ever, it is well known that adaptive wavelet methods realize the order of
the best n-term approximation with respect to the energy norm, i.e., the
H1-norm would be more natural. Theorem 2.1 also implies a result in this
direction. We refer to [9, 13], where similar arguments were used. Indeed, the
following estimate for the best n-term approximation in the H1-norm holds.
For all u ∈ Bsτ1(Lτ1),

1
τ1

= (s−1)
3 + 1

2 and all n ∈ N there exist subsets Γ ⊂ Z3

and Λ ⊂ {1, . . . , 7} ×N0 × Z3 such that |Γ | + |Λ| � n and Snu (defined as
in (2.7)) satisfies

‖ u− Snu ‖H1(K0)
<∼ ‖ u ‖Bs

τ1
(Lτ1 (K0)) n

−(s−1)/3,
1
τ1

=
(s− 1)

3
+

1
2
.

(2.9)
We therefore have to estimate the Besov norm Bsτ1(Lτ1(K0)) of u. For sim-
plicity, assume that l � 3

2α0. We know that the solution is contained in the
Sobolev space Hα(K0), α < α0, as well as in the Besov space Bατ0(Lτ0(K0)),
1
τ = α

3 + 1
2 , α < 3α0/2. We continue by real interpolation

(

Hs0(K0)), Bs1τ0 (Lτ0(K0))
)

Θ,τ1
= Bsτ1(Lτ1(K0)),

where 0 < Θ < 1,

1
τ1

=
1−Θ

2
+

Θ

τ0
and s = (1−Θ) s0 + Θ s1 ,

see [37]. This shows that
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u ∈ Bsτ1(Lτ1(K0)), s <
3
2
α0 −

1
2
,

1
τ1

=
(s− 1)

3
+

1
2

(see Fig. 2). There we plotted the situation, where l � 3α0/2, s0 = α0, and
s1 = 3α0/2.
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(iv) Let f ∈ C∞(K) such that supp f ⊂ K0. Then f ∈ V l2,β(K) for all
pairs (l, β) such that β > l − 3/2. Hence we can apply Theorem 2.1 with
s < 3α0/2.

(v) At first sight, the condition (2.5) looks restrictive. However, it is well
known that the set E consists of a countable number of isolated points (see
again [21] for details). Therefore, by a minor modification of β, the condition
(2.5) is satisfied, and this minor modification does not change the arguments
outlined below. This argument also shows that an explicit knowledge of E in
our context is not necessary.

Proof of Theorem 2.1. The proof is based on the characterizations of Besov
spaces by wavelet expansions (see Proposition 5.1 below). Therefore, we es-
timate the wavelet coefficients of the solution u to (2.3) and show that they
are contained in the weighted sequence spaces that are related to the scale
Bsτ (Lτ (K0)), 1

τ = s
3 + 1

2 .

Step 1. Preparations. First of all, we make the following agreement concern-
ing the wavelet characterization of Besov spaces on R3 (see again Proposition
5.1): to each dyadic cube I := 2−jk + 2−j[0, 1]3 we associate the functions

ηI := ψ̃i,j,k , j ∈ N , k ∈ Z3, i = 1, . . . , 7 ,
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by ignoring the dependence on i. In the case I = k + [0, 1]3, i.e., j = 0,
we use ϕ̃k instead of ψ̃i,0,k, k ∈ Z3, i = 1, . . . , 7. We denote by η∗I the
corresponding element of the dual basis. Since the wavelet basis is assumed
to be compactly supported, there exists a cube Q, centered at the origin, such
that Q(I) := 2−jk + 2−jQ contains the support of ηI and of η∗I for all I.

Step 2. Since f ∈ L2(K0), we a priori know u ∈ Hs(K0) for some s > 0
(see Proposition 4.2 below). We start by estimating the coefficients corre-
sponding to interior wavelets, i.e., we estimate those coefficients 〈u, ηI〉, where
supp ηI ⊂ K0. Let ρI denote the distance of the cube Q(I) to the vertex. We
fix a refinement level j and introduce the sets

Λj := { I | supp ηI ⊂ K0 , 2−3j � |I| � 2−3j+2},

Λj,k := { I ∈ Λj | k2−j � ρI < (k + 1)2−j} , j ∈ N0 , k ∈ N0 .

At this first step, we deal with k � 1 only. Further, we put

|u|W l(L2(Q(I))) :=
( ∫

Q(I)

|∇lu(x)|2 dx
)1/2

.

Let PI denote the polynomial of order at most l such that

‖u−PI‖L2(Q(I)) = inf
{

‖u−P‖L2(Q(I)) : P is a polynomial of degree � l
}

.

Employing the vanishing moment properties of wavelets (see Sect. 5.3.) and
the classical Whitney estimate, we find

|〈u, ηI〉| � ‖u− PI‖L2‖ηI‖L2

<∼ |I|l/3|u|W l(L2(Q(I)))

<∼ 2−lj|u|W l(L2(Q(I))) (2.10)

if I ∈ Λj. Let 0 < τ < 2. Summing up over I ∈ Λj,k, we find

∑

I∈Λj,k

|〈u, ηI〉|τ <∼
∑

I∈Λj,k

2−ljτ
( ∫

Q(I)

|∇lu|2dx
)τ/2

<∼
∑

I∈Λj,k

2−ljτρ−βτI

( ∫

Q(I)

|ρβ |∇lu||2dx
)τ/2
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<∼ (k 2−j)−βτ
∑

I∈Λj,k

2−ljτ
( ∫

Q(I)

|ρβ |∇lu||2dx
)τ/2

.

The next step consists in the use of the Hölder inequality with p = 2/(2−τ)
and q = 2/τ . This yields

∑

I∈Λj,k

|〈u, ηI 〉|τ <∼ (k 2−j)−βτ
( ∑

I∈Λj,k

2−
2ljτ
2−τ

) 2−τ
2
( ∑

I∈Λj,k

∫

Q(I)

|ρβ |∇lu||2dx
) τ

2
.

Observe that for the cardinality |Λj,k| of Λj,k we have

|Λj,k| <∼ k2 , k ∈ N ,

where the constant is independent of j, but depends on the shape of the
domain Ω. Therefore, we further obtain

∑

I∈Λj,k

|〈u, ηI〉|τ <∼ (k 2−j)−βτ
(

k2 2−
2ljτ
2−τ

) 2−τ
2
( ∑

I∈Λj,k

∫

Q(I)

|ρβ |∇lu||2dx
) τ

2

<∼ k2−τ−βτ2(β−l)jτ
( ∑

I∈Λj,k

∫

Q(I)

|ρβ |∇lu||2dx
) τ

2
.

Now we have to sum over the set Λj . Since we are restricting to a truncated
cone, there is a general number C such that

I ∩ K0 = ∅ if I ∈ Λj,k , k > C 2j . (2.11)

Using the Hölder inequality once again and invoking (4.1), we find

C 2j
∑

k=1

∑

I∈Λj,k

|〈u, ηI〉|τ

<∼
( C2j
∑

k=1

k(2−τ−βτ) 2
2−τ

) 2−τ
2

2−j(l−β)τ
( ∑

I∈Λj

∫

Q(I)

|ρβ |∇lu||2dx
) τ

2

<∼ 2−j(l−β)τ ‖ u ‖τV l
2,β(K)

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

2j(3−
3
2 τ−βτ) if 3

(
1
τ −

1
2

)

> β ,

(1 + j)
2−τ
2 if 3

(
1
τ −

1
2

)

= β ,

1 if 3
(

1
τ −

1
2

)

< β ,
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<∼ ‖ f ‖τ
V l−2
2,β (K)

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

2j(3−
3
2 τ−lτ) if 3

(
1
τ −

1
2

)

> β ,

(1 + j)
2−τ
2 2−j(l−β)τ if 3

(
1
τ −

1
2

)

= β ,

2−j(l−β)τ if 3
(

1
τ −

1
2

)

< β.

This implies that the function

u∗ :=
∞∑

j=0

C2j
∑

k=1

∑

I∈Λj,k

〈u, ηI〉 η∗I (2.12)

belongs to
⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

Bl∞(Lτ (R3)) if 3
(

1
τ −

1
2

)

> β ,

B
l−β−δ−3( 1

2−
1
τ
)

τ (Lτ (R3)) if 3
(

1
τ −

1
2

)

= β , δ > 0 ,

B
l−β−3( 1

2−
1
τ )

∞ (Lτ (R3)) if 3
(

1
τ −

1
2

)

< β .

(2.13)

Now we consider the cases β < l and β � l separately.
In the first case, we choose s (τ respectively) such that β < s < l and s

sufficiently close to l. Then, because of s = 3
(

1
τ −

1
2

)

we may use the first

line in (2.13) and the continuous embedding Bl∞(Lτ (R3)) ↪→ Bsτ (Lτ (R
3)).

In the second case, we choose s < β sufficiently close to β and argue by
using the third line in (2.13). With

β − s = β − 3
(1
τ
− 1

2

)

= ε > 0 , ε < l − s ,

we obtain Bl−ε∞ (Lτ (R3)) ↪→ Bsτ (Lτ (R
3)), as in the first case.

Step 3. Estimate of the boundary layer. We recall the argument from
Theorem 3.2 in [12]. The set Λj,0 can be empty (depending on the cone and
on the wavelet system). If it is the case, then nothing is to do. If not, then
we argue as follows. From the Lipschitz character of K0 it follows

|Λj,0| <∼ 22j , j ∈ N0 .

Let 0 < p < 2. Using the Hölder inequality, we find

∑

I∈Λj,0

|〈u, ηI〉|p <∼ 2j2(1−p/2)
( ∑

I∈Λj,0

|〈u, ηI〉|2
) p

2
.

Summing up over j ∈ N0, we finally obtain
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∞∑

j=0

2j(s+3( 1
2−

1
p ))p

∑

I∈Λj,0

|〈u, ηI〉|p

<∼
∞∑

j=0

2j(s+3( 1
2−

1
p ))p 2j(

2
p−1)p

( ∑

I∈Λj,0

|〈u, ηI〉|2
) p

2

<∼ ‖ u ‖p
B

s+1
2− 1

p
p (L2(R3))

<∼ ‖ u ‖p
B

s+1
2− 1

p
2 (L2(R3))

,

since p < 2 (see Appendix B for the last step). Choosing s and p such that

s :=
3α

2
and

1
p

:=
s

3
+

1
2
, i.e., s = 3

(1
p
− 1

2

)

,

we get α = 2
p − 1, as well as α = s + 1

2 −
1
p . This means that we have proved

that

u∗∗ :=
∞∑

j=0

∑

I∈Λj,0

〈u, ηI〉 η∗I (2.14)

belongs to B
3α/2
p (Lp(R3)) for all α < α0.

Step 4. Finally we need to deal with those wavelets for which the support
intersects the boundary of the truncated cone. We put

Λ#
j := { I | supp ηI ∩ ∂K0 �= ∅ , 2−3j � |I| � 2−3j+2} , j ∈ N0 .

Furthermore, since K0 is a bounded Lipschitz domain, there exists a linear
and bounded extension operator

E : Hα(K0) → Hα(R3)

which is simultaneously a bounded operator belonging to

L(Bsq(Lp(K0)), Bsq(Lp(R
3)))

for all s, p, and q (see, for example, [32]). Defining

u# :=
∞∑

j=0

∑

I∈Λ#
j

〈Eu, ηI〉 η∗I , (2.15)

we can argue as at Step 3 since

|Λ#
j | <∼ 22j , j ∈ N0 .
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This implies

‖ u# ‖
B

3α/2
p (Lp(R3))

<∼ ‖Eu ‖pBα
2 (L2(R3))

<∼ ‖ u ‖pHα(K0))

(see Appendix B for the last step). Adding up the finitely many functions of
type u∗, u∗∗, and u# (see Step 1), we end up with a function which belongs to
Bsτ (Lτ (R

3)) (where s satisfies the restrictions in (2.6)) and which coincides
with u on K0. Hence u ∈ Bsτ (Lτ (K0)). 
�

Remark 2.2. Observe that the estimates of the parts u∗∗, see (2.14), and u#,
see (2.15), depend only on the Lipschitz character of the cone K0 and the
number α0 associated via Proposition 4.1 below to the cone K.

3 Besov Regularity for the Neumann Problem

Let
K = {x ∈ R3 : x = ρω , 0 < ρ <∞ , ω ∈ Ω} (3.1)

be a polyhedral cone with faces Γj = {x : x/|x| ∈ γj} and edges Mj ,
j = 1, . . . , n. Here, Ω is a curvilinear polygon on the unit sphere bounded by
the arcs γ1, . . . , γn. The angle at the edge Mj is denoted by θj . We consider
the problem

−�u = f in K,
∂u

∂n
= gj on Γj , j = 1, . . . , n. (3.2)

We denote by ρ(x) = |x| the distance to the vertex of the cone and by rj(x)
the distance to the edge Mj. Let β ∈ R, and let δ = (δ1, . . . , δn) ∈ Rn be such
that δj > −1 for all j. We use the abbreviation |δ| := δ1 + . . . + δn without
assuming that the components δj of δ are positive. Then the weighted Sobolev
space W l,2

β,δ(K) is defined as the collection of all functions u ∈ H l,�oc(K) such
that

‖u‖W l,2
β,δ(K) :=

( ∫

K

∑

|α|�l
ρ2(β−l+|α|)

( n∏

j=1

(
rj
ρ

)δj
)2

|Dαu(x)|2 dx
)1/2

<∞ .

(3.3)
If δ = 0, then we are back in case of (2.2). If l � 1, then W

l−1/2,2
β,δ (Γj) denotes

the space of traces of functions from W l,2
β,δ(K) on the face Γj equipped with

the norm

‖ u ‖
W

l−1/2,2
β,δ (Γj)

:= inf
{

‖ v ‖W l,2
β,δ(K) : v ∈W l,2

β,δ(K) , v|Γj
= u
}

.

As in the previous section, K0 denotes an arbitrary truncated cone (see (2.4)).
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Mj

Γj

ρ

Θi

rj

Fig. 2 A polyhedral cone.

Theorem 3.1. Suppose that f ∈ W l−2,2
β,δ (K)∩L2(K), where l � 2 is a natural

number. Further, we assume that gj ∈ W
l−3/2,2
β,δ (Γj), j = 1, . . . , n. Let α0 =

α0(K) be the number defined in Proposition 4.1 below. Then there exists a
countable set E of complex numbers such that the following holds. If a real
number β and a vector δ are chosen such that β < l,

λ �= l − β − 3
2

for all λ ∈ E ,

and
max

(

l− π

θj
, 0
)

< δj + 1 < l, j = 1, . . . , n , (3.4)

then the solution u of (3.2) satisfies

u ∈ Bsτ (Lτ (K0)),
1
τ

=
s

3
+

1
2
, s < min

(

l,
3
2
α0, 3 (l − |δ|)

)

. (3.5)

Remark 3.1. (i) In contrary to Sect. 2, here we formulate the main result
for the Neumann problem and not for the Dirichlet problem. The reason is
that the analysis in this section heavily relies on the results in [26]. In that
paper, the weighted Sobolov estimates are in particular tuned to the Neu-
mann problem (compare with Proposition 4.3 below). However, by suitable
modifications, also similar results for the Dirichlet problem can be shown [31].



136 S. Dahlke and W. Sickel

(ii) Since again the critical Sobolev index α0 is multiplied by 3/2, it turns
out that also for the Neumann problem the use of adaptive schemes is com-
pletely justified.

(iii) By using real interpolation arguments as outlined in Remark 2.1, again
a result for the best n-term approximation in H1 can be derived.

(iv) We comment on the additional restriction s < 3(l− |δ|) for s in (3.5)
compared with (2.6). This restriction comes into play if |δ| > 2l/3. We will
be forced to take such a vector δ if there are some large angles θj (see (3.4)).
However, also the relation between l and the number of faces n plays a role.
To see this, we suppose that |δ| > 2l/3 and choose all δj as small as possible
in (3.4). Further, we denote by k ∈ {1, . . . , n} the number of angles θj such
that θj > π/l. Observe that k = 0 is impossible. Without loss of generality,
we assume that θ1 � θ2 � . . . � θn. As a consequence, we find

2
3
l � −n +

k∑

j=1

(

l − π

θj

)

(see (3.4)) .

This implies

l �
n + π

k∑

j=1

1
θj

k − 2/3
.

Using the trivial inequality θj < 2π, we conclude

l >
2n + k

2(k − 2/3)
. (3.6)

This inequality allows us different interpretations. For example, if there is
only one large angle (i.e., k = 1), then (3.6) implies l > 10 (since n must be
at least 3). However, on this way, the geometry of the polyhedral cone enters
once again but we do not know whether this is caused by our method.

(v) Both, the Poisson equation with Dirichlet boundary conditions (2.3)
and the Poisson equation with Neumann boundary conditions (3.2), are to
understand as model cases. Since we did not use any specific property besides
the existence, uniqueness, and regularity of the solution, both Theorems 2.1
and 3.1 extend to much more general classes of elliptic differential equations
(see [21, Theorem 6.1.1] and [26] for details).

Proof of Theorem 3.1. The proof is organized as that of Theorem 2.1. We use
the same agreements concerning the wavelets as in the proof of this theorem.
By Remark 2.2, it suffices to concentrate on the estimate of the interior
wavelets.

Let ρI denote the distance of the cube Q(I) to the vertex, and let

rI := min
j=1,... ,n

min
x∈Q(I)

rj(x) .
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As above, we work with the following decomposition of the set of interior
wavelets:

Λj := { I | supp ηI ⊂ K0 , 2−3j � |I| � 2−3j+2},

Λj,k := { I ∈ Λj | k2−j � ρI < (k + 1)2−j} , j ∈ N0 , k ∈ N ,

Λj,k,m := { I ∈ Λj,k | 2−jm � rI < 2−j(m + 1)} , m ∈ N .

Elementary arguments yield

|Λj,k| <∼ k2 and |Λj,k,m| <∼ m (3.7)

independent of j, k, and m. Let 0 < τ < 2. Using the Whitney estimate
(2.10), we obtain

∑

I∈Λj,k

|〈u, ηI〉|τ <∼
∑

I∈Λj,k

2−ljτ
( ∫

Q(I)

|∇lu|2dx
)τ/2

<∼
∑

I∈Λj,k

2−ljτ r−τ |δ|I ρ
−τ(β−|δ|)
I

( ∫

Q(I)

ρ2(β−|δ|)
( n∏

t=1

r
δj
t

)2

|∇lu|2dx
)τ/2

.

We put

uI :=
∫

Q(I)

ρ2(β−|δ|)
( n∏

t=1

r
δj
t

)2

|∇lu|2dx .

To continue our estimate, we concentrate first on the set Λj,k,m. We use the
Hölder inequality with p = 2/τ, q = 2/(2 − τ) and the fact that the layer
Λj,k,m contains of order m cubes (see (3.7)). This yields

∑

I∈Λj,k,m

|〈u, ηI〉|τ

<∼ 2−lτj(k2−j)−τ(β−|δ|)
( ∑

I∈Λj,k,m

r
−τ |δ| 2

2−τ

I

) 2−τ
2
( ∑

I∈Λj,k,m

uI

)τ/2

<∼ 2−lτj(k2−j)−τ(β−|δ|)
( ∑

I∈Λj,k,m

(m2−j)−τ |δ|
2

2−τ

) 2−τ
2
( ∑

I∈Λj,k,m

uI

)τ/2

<∼ 2τj(β−l) k−τ(β−|δ|) m−τ |δ|+ 2−τ
2

( ∑

I∈Λj,k,m

uI

)τ/2

.
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The next step is to exploit the fact that there are of order k sets Λj,k,m in
each layer Λj,k (the distance of a point in K0 to the edges cannot be much
larger than the distance to the vertex). Together with the Hölder inequality,
this leads us to

∑

I∈Λj,k

|〈u, ηI〉|τ <∼ 2jτ(β−l) k−τ(β−|δ|)

×
( Ck∑

m=1

m−τ |δ| 2
2−τ +1

) 2−τ
2
( ∑

I∈Λj,k

uI

)τ/2

,

(3.8)

where C is an appropriate constant depending on K0 only. Observe that

( Ck∑

m=1

m−τ |δ| 2
2−τ +1

) 2−τ
2

<∼

⎧

⎨

⎩

k−τ |δ|+2−τ if 2 > τ(1 + |δ|) ,
(log(1 + k))

2−τ
2 if 2 = τ(1 + |δ|) ,

1 if 2 < τ(1 + |δ|) .

Inserting this into (3.8) we obtain

∑

I∈Λj,k

|〈u, ηI〉|τ <∼ 2jτ(β−l)
( ∑

I∈Λj,k

uI

)τ/2

×

⎧

⎨

⎩

k−τ(β+1)+2 if 2 > τ(1 + |δ|) ,
k−τ(β−|δ|) (log(1 + k))

2−τ
2 if 2 = τ(1 + |δ|) ,

k−τ(β−|δ|) if 2 < τ(1 + |δ|) .

To simplify notation, we denote these functions of k in the second line by
ak. For each refinement level j we have to take C2j layers Λj,k into account
(see (2.11)). Therefore, using the Hölder inequality for another time and
Proposition 4.4, we finally get

∑

I∈Λj

|〈u, ηI〉|τ <∼ 2jτ(β−l)
( C2j
∑

k=1

a
2

2−τ

k

) 2−τ
2
( ∑

I∈Λj

uI

)τ/2

<∼ 2jτ(β−l)
( C2j
∑

k=1

a
2

2−τ

k

) 2−τ
2 ‖u‖τ

W l,2
β,δ(K)

<∼ 2jτ(β−l)
( C2j
∑

k=1

a
2

2−τ

k

) 2−τ
2
(

‖f‖W l−2,2
β,δ (K) +

n∑

j=1

‖gj‖W l−1/2,2
β,δ (Γj)

)τ

.

To complete the estimate, we have to sum with respect to j ∈ N0. Formally,
the discussion of this splits into nine cases. However, by using the abbreviation
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from (2.12), we end up with

‖ u∗ ‖Bs
τ (Lτ (R3)) <∼ ‖u‖W l,2

β,δ(K) ,
1
τ

=
s

3
+

1
2
, (3.9)

if one of the following conditions is satisfied:

3
(1
τ
− 1

2

)

< l if τ (1 + |δ|) < 2 and β < 3
(1
τ
− 1

2

)

,

β < l if τ (1 + |δ|) < 2 and β � 3
(1
τ
− 1

2

)

,

3
2
|δ| < l if τ (1 + |δ|) = 2 and β <

3
2
|δ| ,

β < l if τ (1 + |δ|) = 2 and β � 3
2
|δ| ,

1
τ
− 1

2
< l − |δ| if τ (1 + |δ|) > 2 and

1
τ
− 1

2
> β − |δ| ,

β < l if τ (1 + |δ|) > 2 and
1
τ
− 1

2
� β − |δ| .

Observe that β < l is necessary in all six cases. If β < l and |δ| < 2l/3, then,
according to the first case, we can choose β < s < l, s arbitrary close to l.
Now, let |δ| � 2l/3. We employ case five in our list of sufficient conditions
above. Using s = 3( 1

τ −
1
2 ), we can reformulate this as follows:

β − |δ| < s < 3 (l − |δ|) and s <
3
2
|δ| .

Since |δ| � 2l/3 implies 3 (l−|δ|) � 3 |δ|/2, we have found the third restriction
for s in (3.5). But the second originates from the estimates of those terms
connected with the boundary (see Remark 2.2). This proves the theorem. 
�

4 Appendix A. Regularity of Solutions of the Poisson
Equation

First of all, we recall a result of Grisvard [17, Corollary 2.6.7].

Proposition 4.1. Let Ω be any bounded polyhedral open subset of R3. Then
there exists a number α0 > 3/2 such that for every f ∈ L2(Ω) the varia-
tional solution u of the Poisson equation (with either the Dirichlet boundary
conditions or the Neumann boundary conditions) belongs to Hs(Ω) for every
s < α0.

The second result which is of certain use for us is taken from [19, Theorems
0.5 and 5.1].
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Proposition 4.2. Let Ω be any bounded Lipschitz domain in R3. Let 1/2 <
α < 3/2. Suppose that f ∈ Hα−2(Ω) and g ∈ Hα−1/2(∂Ω). Then the Poisson
problem (2.3) has a unique solution u ∈ Hα(Ω).

Remark 4.1. Summarizing, for bounded smooth and polyhedral cones there
exists a number α0 � 3/2 such that for all

(f, g) ∈ L2(K) ×Hα−1/2(∂K)

the solution u of (2.3) belongs to Hα(K), as long as α < α0.

Next, we quote an a priori estimate from [21, Theorem 6.1.1]. It is the
basis of our treatment in Sect. 2.

Proposition 4.3. Let K be a smooth cone as defined in (2.1). Suppose that
the right-hand side f is contained in V l−2

2,β (K), where l � 2 is a natural num-

ber. Further, we assume that g ∈ V
l−1/2
2,β (∂K). Then there exists a countable

set E of complex numbers such that the following holds. If a real number β
is chosen such that

Re λ �= −β + l − 3/2 for all λ ∈ E ,

then the solution u of (2.3) satisfies

‖u‖V l
2,β(K)

<∼
(

‖f‖V l−2
2,β (K) + ‖g‖

V
l−1/2
2,β

(∂K)

)

. (4.1)

Finally, the following result of Maz’ya and Rossmann [26] plays a funda-
mental role in Sect. 3.

Proposition 4.4. Let K be a polyhedral cone as defined in (3.1). Suppose that
the right-hand side f ∈W l−2,2

β,δ (K)∩L2(K), where l � 2 is a natural number.

Further, we assume that gj ∈ W
l−3/2,2
β,δ (Γj), j = 1, . . . , n. Then there exists

a countable set E of complex numbers such that the following holds. If a real
number β and a vector δ are chosen such that

λ �= l − β − 3
2

for all λ ∈ E

and
max

(

l− π

θj
, 0
)

< δj + 1 < l, j = 1, . . . , n ,

then the solution u of (3.2) satisfies

‖u‖W l,2
β,δ

(K)
<∼
(

‖f‖W l−2,2
β,δ

(K) +
n∑

j=1

‖gj‖W l−1/2,2
β,δ (Γj)

)

. (4.2)
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5 Appendix B. Function Spaces

We take it for granted that the reader is familiar with Sobolev and Besov
spaces on Rd. There are different approaches to spaces defined on domains.
We make a few remarks in this direction.

5.1 Besov spaces on domains

Let Ω ⊂ Rd be a bounded open nonempty set. Then we define Bsq(Lp(Ω))
to be the collection of all distributions f ∈ D′(Ω) such that there exists a
tempered distribution g ∈ Bsq(Lp(R

d)) satisfying

f(ϕ) = g(ϕ) for all ϕ ∈ D(Ω) ,

i.e., g|Ω = f in D′(Ω). We put

‖ f |Bsq(Lp(Ω))‖ := inf ‖ g |Bsq(Lp(Rd))‖ ,

where the infimum is taken with respect to all distributions g as above.

5.2 Sobolev spaces on domains

Let Ω be a bounded Lipschitz domain. Let m ∈ N. As usual, Hm(Ω) denotes
the collection of all functions f such that the distributional derivatives Dαf
of order |α| � m belong to L2(Ω). The norm is defined by

‖ f |Hm(Ω)‖ :=
∑

|α|�m
‖Dαf |L2(Ω)‖ .

It is well known that Hm(Rd) = Bm2 (L2(Rd)) in the sense of equivalent norms
(see, for example, [35]). As a consequence of the existence of a bounded linear
extension operator for Sobolev spaces on bounded Lipschitz domains (see [33,
p. 181] or [32]), it follows that

Hm(Ω) = Bm2 (L2(Ω)) (equivalent norms)

for such domains. For fractional s > 0 we introduce the classes by complex
interpolation. Let 0 < s < m, s �∈ N. Then, following [23, 9.1], we define

Hs(Ω) :=
[

Hm(Ω), L2(Ω)
]

Θ
, Θ = 1− s

m
.
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This definition does not depend on m in the sense of equivalent norms (see
[37]). The outcome Hs(Ω) coincides with Bs2(L2(Ω)) (see [37, 38] for further
details).

5.3 Besov spaces and wavelets

Here, we collect some properties of Besov spaces which were used above. For
a general information on Besov spaces we refer to the monographs [28, 30,
34, 35, 36, 38].

For the construction of biorthogonal wavelet bases as considered below we
refer to the recent monograph by Cohen [3, Chapt. 2]. Let ϕ be a compactly
supported scaling function of sufficiently high regularity, and let ψi, i =
1, . . . 2d − 1, be the corresponding wavelets. More exactly, we suppose that
for some N > 0 and r ∈ N

supp ϕ , supp ψi ⊂ [−N,N ]d , i = 1, . . . , 2d − 1 ,

ϕ, ψi ∈ Cr(Rd) , i = 1, . . . , 2d − 1 ,
∫

xα ψi(x) dx = 0 for all |α| � r , i = 1, . . . , 2d − 1 ,

and

ϕ(x− k), 2jd/2 ψi(2jx− k) , j ∈ N0 , k ∈ Zd , i = 1, . . . , 2d − 1 ,

is a Riesz basis for L2(Rd). We use the standard abbreviations

ψi,j,k(x) = 2jd/2 ψi(2jx− k) and ϕk(x) = ϕ(x − k) .

Further, the dual Riesz basis should fulfill the same requirements, i.e., there
exist functions ϕ̃ and ψ̃i, i = 1, . . . , 2d − 1, such that

〈ϕ̃k, ψi,j,k〉 = 〈ψ̃i,j,k, ϕk〉 = 0 ,

〈ϕ̃k, ϕ�〉 = δk,� (Kronecker symbol) ,

〈ψ̃i,j,k, ψu,v,�〉 = δi,u δj,v δk,� ,

supp ϕ̃ , supp ψ̃i ⊂ [−N,N ]d , i = 1, . . . , 2d − 1 ,

ϕ̃, ψ̃i ∈ Cr(Rd) , i = 1, . . . , 2d − 1 ,
∫

xα ψ̃i(x) dx = 0 for all |α| � r , i = 1, . . . , 2d − 1 .

For f ∈ S′(Rd) we put

〈f, ψi,j,k〉 = f(ψi,j,k) and 〈f, ϕk〉 = f(ϕk) , (5.1)
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whenever this makes sense.

Proposition 5.1. Let s ∈ R, and let 0 < p, q � ∞. Suppose that

r > max
(

s, d max
(

0,
1
p
− 1
)

− s
)

. (5.2)

Then Bsq(Lp(R
d)) is the collection of all tempered distributions f such that

f is representable as

f =
∑

k∈Zd

ak ϕk +
2d−1∑

i=1

∞∑

j=0

∑

k∈Zd

ai,j,k ψi,j,k (convergence in S′)

with

‖ f |Bsq(Lp(Rd))‖∗ :=
( ∑

k∈Zd

|ak|p
)1/p

+
( 2d−1∑

i=1

∞∑

j=0

2j(s+d(
1
2−

1
p ))q
( ∑

k∈Zd

|ai,j,k|p
)q/p

)1/q

< ∞

if q <∞ and

‖ f |Bs∞(Lp(Rd))‖∗ :=
( ∑

k∈Zd

|ak|p
)1/p

+ sup
i=1,... ,2d−1

sup
j=0,...

2j(s+d(
1
2−

1
p ))
( ∑

k∈Zd

|ai,j,k|p
)1/p

< ∞ .

The representation is unique and

ai,j,k = 〈f, ψ̃i,j,k〉 and ak = 〈f, ϕ̃k〉.

Further, J : f �→ {〈f, ϕ̃k〉, 〈f, ψ̃i,j,k〉} is an isomorphic map of Bsq(Lp(Rd))
onto the sequence space (equipped with the quasinorm ‖ · |Bsq(Lp(Rd))‖∗), i.e.,
‖ · |Bsq(Lp(Rd))‖∗ may serve as an equivalent quasinorm on Bsq(Lp(R

d)).

Proposition 5.1 was proved in [39] (see also [22] for a homogeneous ver-
sion). A different proof, but restricted to s > d( 1

p − 1)+, is given in [3,
Theorem 3.7.7]. However, there are many fore-runners with some restrictions
on s, p, and q.
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1 Introduction. Higher-Order Models and Blow-up or
Compacton Solutions

It is difficult to exaggerate the role of Sobolev’s celebrated book [35] of 1950
which initiated a massive research in the second half of the twentieth century
not only in the area of applications of functional analysis on the basis of the
classical concepts of Sobolev spaces, but also in the core problems of weak
(generalized) solutions of linear and nonlinear partial differential equations
(PDEs). It seems it is impossible to imagine nowadays a complicated non-
linear PDE from modern application that can be studied without Sobolev’s
ideas and methods proposed more than a half of the century ago.

In this paper, in a unified manner, we study the local existence, blow-up,
and singularity formation phenomena for three classes of nonlinear degener-
ate PDEs which were not that much treated in the existing mathematical
literature. Concepts associated with Sobolev spaces and weak solutions will
play a key role.

1.1 Three types of nonlinear PDEs under
consideration

We study common local and global properties of weak compactly solutions of
three classes of quasilinear PDEs of parabolic, hyperbolic, and nonlinear dis-
persion type, which, in general, look like having nothing in common. Studying
and better understanding of nonlinear degenerate PDEs of higher order in-
cluding a new class of less developed nonlinear dispersion equations (NDEs)
from the compacton theory are striking features of the modern general PDE
theory at the beginning of the twenty first century. It is worth noting and
realizing that several key theoretical demands of modern mathematics are al-
ready associated and connected with some common local and global features
of nonlinear evolution PDEs of different types and orders, including higher
order parabolic, hyperbolic, nonlinear dispersion, etc., as typical representa-
tives.

Regardless the great progress of the PDE theory achieved in the twentieth
century for many key classes of nonlinear equations [6], the transition process
to higher order degenerate PDEs with more and more complicated nonmono-
tone, nonpotential, and nonsymmetric nonlinear operators will require differ-
ent new methods and mathematical approaches. Moreover, it seems that for
some types of such nonlinear higher order problems the entirely rigorous “ex-
haustive” goal of developing a complete description of solutions, their prop-
erties, functional settings of problems of interest, etc., cannot be achieved in
principle in view of an extremal variety of singular, bifurcation, and branch-
ing phenomena contained in such multi-dimensional evolution. In many cases,
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the main results should be extracted by a combination of methods of various
analytic, qualitative, and numerical origins. Of course, this is not a novelty in
modern mathematics, where several fundamental rigorous results have been
already justified with the aid of reliable numerical experiments.

In the present paper, we deal with very complicated pattern sets, where for
the elliptic problems in R

N and even for the corresponding one-dimensional
ordinary differential equation (ODE) reductions, the use of proposed analytic-
numerical approaches is necessary and unavoidable. As the first illustration
of such features, let us mention that, according to our current experience,
for such classes of second order C1 variational problems, distinguishing the
classical Lusternik–Schnirelman (LS) countable sequence of critical values
and points is not possible without refined numerical methods in view of huge
complicated multiplicity of other admitted solutions. It is essential that the
arising problems do not admit, as customary for other classes of elliptic equa-
tions, any homotopic classification of solutions (say, on the hodograph plane)
since all compactly supported solutions are infinitely oscillatory, which makes
the homotopy rotational parameter infinite and hence nonapplicable.

Now, we introduce three classes of PDEs to be studied.

1.2 (I) Combustion type models: regional blow-up,
global stability, main goals, and first discussion

We begin with the following quasilinear degenerate 2mth order parabolic
equation of reaction-diffusion (combustion) type:

ut = (−1)m+1Δm(|u|nu) + |u|nu in R
N × R+, (1.1)

where n > 0 is a fixed exponent, m � 2 is an integer, and Δ denotes the
Laplace operator in R.

Globally asymptotically stable exact
blow-up solutions of S-regime

In the simplest case m = 1 and N = 1, (1.1) is nowadays the canonical
quasilinear heat equation

ut = (un+1)xx + un+1 in R× R+ (u � 0) (1.2)

which occurs in the combustion theory. The reaction-diffusion equation (1.2),
playing a key role in the blow-up PDE theory, was under scrutiny since the
middle of the 1970s. In 1976, Kurdyumov, together with his former PhD
students Mikhailov and Zmitrenko (see [33] and [32, Chapt. 4] for history),
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discovered the phenomenon of heat and combustion localization by studying
the blow-up separate variable Zmitrenko–Kurdyumov solution of (1.2):

uS(x, t) = (T − t)−
1
n f(x) in R× (0, T ), (1.3)

where T > 0 is the blow-up time and f satisfies the ordinary differential
equation

1
n

f = (fn+1)′′ + fn+1 for x ∈ R. (1.4)

It turned out that (1.4) possesses the explicit compactly supported solution

f(x) =

⎧

⎪⎨

⎪⎩

[ 2(n + 1)
n(n + 2)

cos2
( nx

2(n + 1)

)] 1
n

, |x| � n + 1
n

π,

0, |x| > n + 1
n

π.

(1.5)

This explicit integration of (1.4) was amazing and rather surprising in the
middle of the 1970s and led then to the foundation of the blow-up and heat
localization theory. In dimension N > 1, the blow-up solution (1.3) does
indeed exist [32, p. 183], but not in an explicit form (so that it seems that
(1.5) is a unique available elegant form).

Blow-up S-regime for higher order parabolic PDEs

One can see that the 2mth order counterpart of (1.1) admits a regional blow-
up solution of the same form (1.3), but the profile f = f(y) solves the more
complicated ODE

(−1)m+1Δm(|f |nf) + |f |nf =
1
n

f in R
N . (1.6)

Under a natural change, this gives the following equation with non-Lipschitz
nonlinearity:

F = |f |nf =⇒ (−1)m+1ΔmF + F − 1
n
|F |− n

n+1F = 0 in R
N .

We scale out the multiplier 1
n in the nonlinear term:

F �→ n−n+1
n F =⇒ (−1)m+1ΔmF + F − |F |− n

n+1F = 0 in R
N . (1.7)

In the one-dimensional case N = 1, we obtain the simpler ordinary differential
equation

F �→ n−n+1
n F =⇒ (−1)m+1F (2m) + F − |F |− n

n+1F = 0 in R. (1.8)
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Thus, according to (1.3), the elliptic problem (1.7) and the ODE (1.8) for
N = 1 are responsible for possible “geometric shapes” of regional blow-up
described by the higher order combustion model (1.1).

Plan and main goals of the paper
related to parabolic PDEs

Unlike the second order case (1.5), explicit compactly supported solutions
F (x) of the ODE (1.8) for any m � 2 are not available. Moreover, such
profiles F (x) have rather complicated local and global structure. We are
not aware of any rigorous or even formal qualitative results concerning the
existence, multiplicity, or global structure of solutions of ODEs like (1.8).

Our main goal is four-fold:

(ii) Problem “Blow-up”: proving finite-time blow-up in the parabolic
(and hyperbolic) PDEs under consideration (Sect. 2)

(ii) Problem “Multiplicity”: existence and multiplicity for the elliptic
PDE (1.7) and the ODE (1.8) (Sect. 3)

(iii) Problem “Oscillations”: the generic structure of oscillatory solu-
tions of the ODE (1.8) near interfaces (Sect. 4)

(iv) Problem “Numerics”: numerical study of various families of F (x)
(Sect. 5)

In particular, we show that the ODE (1.8), as well as the PDE (1.7), for
any m � 2 admits infinitely many countable families of compactly supported
solutions in R, and the set of all solutions exhibits certain chaotic properties.
Our analysis is based on a combination of analytic (variational and others),
numerical, and various formal techniques. Discussing the existence, multi-
plicity, and asymptotics for the nonlinear problems under consideration, we
formulate several open mathematical problems. Some of these problems are
extremely difficult in the case of higher order equations.

1.3 (II) Regional blow-up in quasilinear hyperbolic
equations

We consider the 2mth order hyperbolic counterpart of (1.1)

utt = (−1)m+1Δm(|u|nu) + |u|nu in R
N × R+. (1.9)

We begin the discussion of blow-up solutions of (1.9) with the case 1D, i.e.,
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utt = (un+1)xx + un+1 in R× R+ (u � 0). (1.10)

Then the blow-up solutions and ODE take the form

uS(x, t) = (T − t)−
2
n f̃(x) =⇒ 2

n

( 2
n

+ 1
)

f̃ = (f̃n+1)′′ + f̃n+1. (1.11)

Using extra scaling, from

f̃(x) =
[2(n + 2)

n

] 1
n

f(x) (1.12)

we obtain the same ODE (1.4) and hence the exact localized solution (1.5).
For the N -dimensional PDE (1.9), looking for the same solution (1.11) we

obtain, after scaling, the elliptic equation (1.7).

1.4 (III) Nonlinear dispersion equations and
compactons

In a general setting, these rather unusual PDEs take the form

ut = (−1)m+1[Δm(|u|nu)]x1 + (|u|nu)x1 in R
N × R+, (1.13)

where the right-hand side is just the derivation Dx1 of that in the parabolic
counterpart of (1.1). Then the elliptic problem (1.7) arises in the study of
travelling wave solutions of (1.13). As usual, we begin with the simple 1D
case.

Setting N = 1 and m = 1 in (1.13), we obtain the third order Rosenau–
Hyman equation

ut = (u2)xxx + (u2)x (1.14)

simulating the effect of nonlinear dispersion in the pattern formation in liquid
drops [31]. It is the K(2, 2) equation from the general K(m,n) family of
nonlinear dispersion equations

ut = (un)xxx + (um)x (u � 0) (1.15)

describing phenomena of compact pattern formation [28, 29]. Furthermore,
such PDEs appear in curve motion and shortening flows [30]. As in the above
models, the K(m,n) equation (1.15) with n > 1 is degenerated at u = 0
and, therefore, may exhibit a finite speed of propagation and admit solutions
with finite interfaces. A permanent source of NDEs is the integrable equation
theory, for example, the integrable fifth order Kawamoto equation [18] (see
[15, Chapt. 4] for other models)

ut = u5uxxxxx + 5 u4uxuxxxx + 10 u5uxxuxxx. (1.16)
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The existence, uniqueness, regularity, shock and rarefaction wave formation,
finite propagation and interfaces for degenerate higher order models under
consideration were discussed in [14] (see also comments in [15, Chapt. 4.2]).

We study particular continuous solutions of NDEs that give insight on
several generic properties of such nonlinear PDEs. The crucial advantage
of the Rosenau–Hyman equation (1.14) is that it possesses explicit moving
compactly supported soliton type solutions, called compactons [31], which
are travelling wave solutions.

Compactons: manifolds of travelling waves
and blow-up S-regime solutions coincide

Let us show that such compactons are directly related to the blow-up patterns
presented above. Actually, explicit travelling wave compactons exist for the
nonlinear dispersion Korteweg-de Vries type equations with arbitrary power
nonlinearities

ut = (un+1)xxx + (un+1)x in R× R+. (1.17)

This is the K(1 + n, 1 + n) model [31].
Thus, compactons, regarded as solutions of Eq. (1.17), have the travelling

wave structure
uc(x, t) = f(y), y = x− λt, (1.18)

so that, by substitution, f satisfies the ODE

−λf ′ = (fn+1)′′′ + (fn+1)′ (1.19)

and, by integration,

−λf = (fn+1)′′ + fn+1 + D, (1.20)

where D ∈ R is a constant of integration. Setting D = 0, which means
the physical condition of zero flux at the interfaces, we obtain the blow-up
ODE (1.4), so that the compacton equation (1.20) coincides with the blow-up
equation (1.4) if

−λ =
1
n

(

or −λ = 2
n

(
2
n + 1

)

to match (1.11)
)

. (1.21)

This yields the compacton solution (1.18) with the same compactly supported
profile (1.5) with translation x �→ y = x− λt.

Therefore, in 1D, the blow-up solutions (1.3), (1.11) of the parabolic and
hyperbolic PDEs and the compacton solution (1.18) of the NDE (1.17) are
of similar mathematical (both ODE and PDE) nature. This fact reflects the
universality principle of compact structure formation in nonlinear evolution
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PDEs. The stability property of the travelling wave compacton (1.18) for the
PDE setting (1.17), as well as for the higher order counterparts considered
below, is unknown.

In the N -dimensional geometry, i.e., for the PDE (1.13), looking for a
travelling wave moving only in the x1-direction

uc(x, t) = f(x1 − λt, x2, . . . , xN )
(

λ = − 1
n

)

, (1.22)

we obtain, by integrating with respect to x1, the elliptic problem (1.7).
Thus, we have introduced three classes (I), (II), and (III) of nonlinear

higher order PDEs in R
N × R+ which, being representatives of very differ-

ent three equations types, nevertheless have quite similar evolution features
(possibly, up to replacing blow-up by travelling wave moving); moreover, the
complicated countable sets of evolution patterns coincide. These common
features reveal a concept of a certain unified principle of singularity forma-
tion phenomena in the general nonlinear PDE theory, which we just begin
to touch and study in the twenty first century. Some classical mathematical
concepts and techniques successfully developed in the twentieth century (in-
cluding Sobolev legacy) continue to be key tools, but also new ideas from
different ranges of various rigorous and qualitative natures are required for
tackling such fundamental difficulties and open problems.

2 Blow-up Problem: General Blow-up Analysis of
Parabolic and Hyperbolic PDEs

2.1 Global existence and blow-up in higher order
parabolic equations

We begin with the parabolic model (1.1). Bearing in mind the compactly
supported nature of the solutions under consideration, we consider (1.1) in
a bounded domain Ω ⊂ R

N with smooth boundary ∂Ω, with the Dirichlet
boundary conditions

u = Du = . . . = Dm−1u = 0 on ∂Ω × R+, (2.1)

and a sufficiently smooth and bounded initial function

u(x, 0) = u0(x) in Ω. (2.2)

We show that the blow-up phenomenon essentially depends on the size of
domain. Beforehand, we note that the diffusion operator on the right-hand
side of (1.1) is a monotone operator in H−m(Ω), so that the unique local
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solvability of the problem in suitable Sobolev spaces follow by the classical
theory of monotone operators (see [21, Chapt. 2]). We show that, under
certain conditions, some of these solutions are global in time, whereas some
ones cannot be globally extended and blow-up in finite time.

For the sake of convenience, we use the natural substitution

v = |u|nu =⇒ v0(x) = |u0(x)|nu0(x) (2.3)

which leads to the following parabolic equation with a standard linear oper-
ator on the right-hand side:

(ψ(v))t = (−1)m+1Δmv + v in R
N × R+, ψ(v) = |v|− n

n+1 v, (2.4)

where v satisfies the Dirichlet boundary conditions (2.1).
Multiplying (2.4) by v in L2(Ω) and integrating by parts with the help of

(2.1), we find

n + 1
n + 2

d
dt

∫

Ω

|v|
n+2
n+1 dx = −

∫

Ω

|D̃mv|2dx +
∫

Ω

v2dx ≡ E(v), (2.5)

where we used the notation: D̃m = Δ
m
2 for even m and D̃m = ∇Δ

m−1
2

for odd m. By Sobolev’s embedding theorem, Hm(Ω) ⊂ L2(Ω) compactly;
moreover, the following sharp estimate holds:

∫

Ω

v2dx � 1
λ1

∫

Ω

|D̃mv|2dx in Hm0 (Ω), (2.6)

where λ1 = λ1(Ω) > 0 is the first eigenvalue of the polyharmonic operator
(−Δ)m with the Dirichlet boundary conditions (2.1):

(−Δ)me1 = λ1e1 in Ω, e1 ∈ H2m
0 (Ω). (2.7)

In the case m = 1, since (−Δ) > 0 is strictly positive in the L2(Ω)-metric in
view of the classical Jentzsch theorem (1912) about the positivity of the first
eigenfunction for linear integral operators with positive kernels, we have

e1(x) > 0 in Ω. (2.8)

In the case m � 2, the inequality (2.8) remains valid, for example, for the unit
ball Ω = B1. Indeed, if Ω = B1, then the Green function of the polyharmonic
operator (−Δ)m with the Dirichlet boundary conditions is positive (see the
first results dues to Boggio (1901-1905) [4, 5]). Using again the Jentzsch
theorem, we conclude that (2.8) holds.

From (2.5) and (2.6) it follows that
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n + 1
n + 2

d
dt

∫

Ω

|v|
n+2
n+1 dx �

( 1
λ1

− 1
)∫

Ω

|D̃mv|2dx.

Global existence for λ1 > 1

Thus, we obtain the inequality

n + 1
n + 2

d
dt

∫

Ω

|v|
n+2
n+1 dx +

(

1− 1
λ1

)∫

Ω

|D̃mv|2dx � 0. (2.9)

Consequently, for
λ1(Ω) > 1 (2.10)

(2.9) yields good a priori estimates of solutions in Ω × (0, T ) for arbitrarily
large T > 0. By the standard Galerkin method [21, Chapt. 1], we get the
global existence of solutions of the initial-boundary value problem (2.4), (2.1),
(2.2). This means that there is no finite-time blow-up for the initial-boundary
value problem provided that (2.10) holds, meaning that the size of domain is
sufficiently small.

Global existence for λ1 = 1

For λ1 = 1 the inequality (2.9) also yields an a priori uniform bound. How-
ever, the proof of global existence becomes more tricky and requires extra
scaling (this is not related to our discussion here and we omit details). In this
case, we have the conservation law

∫

Ω

ψ(v(t))e1 dx = c0 =
∫

Ω

ψ(v0)e1 dx for all t > 0. (2.11)

By the gradient system property (see below), the global bounded orbit must
stabilize to a unique stationary solution which is characterized as follows
(recall that λ1 is a simple eigenvalue, so the eigenspace is 1D):

v(x, t) → C0e1(x) as t → +∞, where
∫

Ω

ψ(C0e1)e1 dx = c0. (2.12)

Blow-up for λ1 < 1

We show that, in the case of the opposite inequality

λ1(Ω) < 1, (2.13)
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the solutions blow-up in finite time.

Blow-up of nonnegative solutions
in the case m = 1

We begin with the simple case m = 1. By the maximum principle, we can
restrict ourselves to the class of nonnegative solutions

v = v(x, t) � 0, i.e., assuming u0(x) � 0. (2.14)

In this case, we can directly study the evolution of the first Fourier coefficient
of the function ψ(v(·, t)). Multiplying (2.4) by the positive eigenfunction e1

in L2(Ω), we obtain

d
dt

∫

Ω

ψ(v)e1dx = (1− λ1)
∫

Ω

ve1dx. (2.15)

Taking into account (2.14) and using the Hölder inequality in the right-hand
side of (2.15), we derive the following ordinary differential inequality for the
Fourier coefficient:

dJ
dt

� (1− λ1)c2Jn+1,

where J(t) =
∫

Ω

v
1

n+1 (x, t)e1(x) dx, c2 =
( ∫

Ω

e1 dx
)−n

.
(2.16)

Hence for any nontrivial nonnegative initial data

u0(x) �≡ 0 =⇒ J0 =
∫

Ω

v0e1 dx > 0

we have finite-time blow-up of the solution with the following lower estimate
of the Fourier coefficient:

J(t) � A(T − t)−
1
n ,

where A =
( 1
nc2(1− λ1)

) 1
n

, T =
J−n

0

nc2(1− λ1)
.

(2.17)

Unbounded orbits and blow-up
in the case m � 2

It is curious that we do not know a similar simple proof of blow-up for the
higher order equations with m � 2. The main technical difficulty is that the
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set of nonnegative solutions (2.14) is not an invariant of the parabolic flow, so
we have to deal with solutions v(x, t) of changing sign. Then (2.16) cannot be
derived from (2.15) by the Hölder inequality. Nevertheless, we easily obtain
the following result as the first step to blow-up of orbits.

Proposition 2.1. Assume that m � 2, the inequality (2.13) holds, and

E(v0) > 0. (2.18)

Then the solution of the initial-boundary value problem (2.4), (2.1), (2.2) is
not uniformly bounded for t > 0.

Proof. We use the obvious fact that (2.4) is a gradient system in Hm0 (Ω).
Indeed, multiplying (2.4) by vt, on sufficiently smooth local solutions we
have

1
2

d
dt

E(v(t)) =
1

n + 1

∫

Ω

|v|− n
n+1 (vt)2 dx � 0. (2.19)

Therefore, under the assumption (2.18), from (2.5) we obtain

E(v(t)) � E(v0) > 0 =⇒ n + 1
n + 2

d
dt

∫

Ω

|v|
n+2
n+1 dx = E(v) � E(v0) > 0,

(2.20)
i.e., ∫

Ω

|v(t)|
n+2
n+1 dx � n + 2

n + 1
E(v0) t → +∞ as t → +∞. (2.21)

The proof is complete. 
�

Concerning the assumption (2.18), we recall that, by the classical theory of
dynamical systems [16], the ω-limit set of bounded orbits of gradient systems
consists only of equilibria, i.e.,

ω(v0) ⊆ S = {V ∈ Hm0 (Ω) : −(−Δ)mV + V = 0}. (2.22)

Therefore, stabilization to a nontrivial equilibrium is possible if

λl = 1 for some l � 2;

otherwise,
S = {0} (λl �= 1 for any l � 1). (2.23)

By the gradient structure of (2.4), one should take into account solutions
that decay to 0 as t → +∞. One can check (at least formally, the necessary
functional framework could take some time) that the trivial solution 0 has
the empty stable manifold. Hence, under the assumption (2.23), the assertion
of Proposition 2.1 is naturally expected to be true for any nontrivial solution.
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Thus, in the case (2.18), i.e., for a sufficiently large domain Ω, solutions
become arbitrarily large in any suitable metric (including the Hm0 (Ω)- or
uniform C0(Ω)-metric). Then it is a technical matter to show that such large
solutions must blow-up in finite time.

Blow-up for a similar modified model
in the case m � 2

The above arguments can be easily adapted to the slightly modified equation
(2.4):

(ψ(v))t = (−1)m+1Δmv + |v|, (2.24)

where the source term is replaced by |v|. For “positively dominant” solutions

(i.e., for solutions with a nonzero integral
∫

u(x, t) dx) the argument is sim-

ilar. The most of our self-similar patterns exist for (2.24) and the oscillatory
properties of solutions near interfaces remain practically the same (since the
source term plays no role there).

Let Ω = B1. Then (2.8) holds. Instead of (2.15), we obtain the following
similar inequality:

d
dt

∫

Ω

ψ(v)e1dx =
∫

Ω

|v|e1dx− λ1

∫

Ω

ve1dx � (1− λ1)
∫

Ω

|v|e1dx > 0, (2.25)

where J(t) is defined without the positivity sign restriction;

J(t) =
∫

Ω

(|v|− n
n+1 v)(x, t)e1(x) dx. (2.26)

From (2.25) it follows that for λ1 < 1

J(0) > 0 =⇒ J(t) > 0 for t > 0. (2.27)

By the Hölder inequality,
∫

|v|e1 dx � c2

(∫

|v| 1
n+1 e1 dx

)n+1

� c2

( ∫

|v|− n
n+1 ve1 dx

)n+1

≡ c2J
n+1. (2.28)

Hence we can obtain the inequality (2.16) for the function (2.26) and the
blow-up estimate (2.17) is valid. The same result holds in a general domain
Ω in the case of the Navier boundary conditions

u = Δu = · · · = Δm−1u = 0 on ∂Ω × R+.
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2.2 Blow-up data for higher order parabolic and
hyperbolic PDEs

We have seen that blow-up can occur for some initial data since small data
can lead to globally existing sufficiently small solutions (if 0 has a nontrivial
stable manifold).

Now, we introduce classes of “blow-up data,” i.e., initial functions gener-
ating finite-time blow-up of solutions. To deal with such crucial data, we need
to study the corresponding elliptic systems with non-Lipschitz nonlinearities
in detail.

Parabolic equations

We begin with the transformed parabolic equation (2.4) and consider the
separate variable solutions

v(x, t) = (T − t)−
n+1

n F (x). (2.29)

Then F (x) solves the elliptic equation (1.7) in Ω, i.e.,

(−1)m+1ΔmF + F − 1
n
|F |− n

n+1F = 0 in Ω,

F = DF = . . . = Dm−1F = 0 on ∂Ω.
(2.30)

Let F (x) �≡ 0 be a solution of the problem (2.30). From (2.29) it follows that
the initial data

v0(x) = CF (x), (2.31)

where C �= 0 is an arbitrary constant to be scaled out, generate blow-up of
the solution of (2.4) according to (2.29).

Hyperbolic equations

For the hyperbolic counterpart of (2.4)

(ψ(v))tt = (−1)m+1Δmv + v (2.32)

we consider the initial data

v(x, 0) = cF (x) and vt(x, 0) = c1F (x), (2.33)

where c and c1 are constants such that cc1 > 0. Then the solution blows up
in finite time. In particular, taking
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c > 0 and c1 =
2(n + 1)

n
B

1
β c1−

1
β ,

with β = −2(n + 1)
n

and B =
(2(n + 2)

n2

)n+1
n

, we obtain the blow-up solution

of (2.32) in the separable form

v(x, t) = (T − t)βBF (x), where T =
( c

B

) 1
β

.

2.3 Blow-up rescaled equation as a gradient system:
towards the generic blow-up behavior for parabolic
PDEs

Let us briefly discuss another important issue associated with the scaling
(2.29). We consider a general solution v(x, t) of the initial-boundary value
problem for (2.4) which blows up first time at t = T . Introducing the rescaled
variables

v(x, t) = (T−t)−
n+1

n w(x, τ), τ = − ln(T−t) → +∞ as t → T−, (2.34)

we see that w(x, τ) solves the rescaled equation

(ψ(w))τ = (−1)m+1Δmw + w − 1
n
|w|− n

n+1w, (2.35)

where the right-hand side contains the same operator with non-Lipschitz
nonlinearity as in (1.7) or (2.30). By an analogous argument, (2.35) is a
gradient system and admits a Lyapunov function that is strictly monotone
on non-equilibrium orbits:

d
dτ

(

− 1
2

∫

|D̃w|2 +
1
2

∫

w2 − n + 1
n(n + 2)

∫

|w|
n+2
n+1

)

=
1

n + 1

∫

|w|− n
n+1 |wt|2 > 0. (2.36)

Therefore, an analog of (2.22) holds, i.e., all bounded orbits can approach
only stationary solutions:

ω(w0) ⊆ S =
{

F ∈ Hm0 (Ω) : (−1)m+1ΔmF +F − 1
n
|F |− n

n+1F = 0
}

. (2.37)

Moreover, since under natural smoothness parabolic properties, ω(w0) is
connected and invariant [16], the omega-limit set reduces to a single equilib-
rium provided that S consists of isolated points. Here, the structure of the
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stationary rescaled set S is very important for understanding the blow-up
behavior of general solutions of the higher order parabolic flow (1.1).

Thus, the above analysis again shows that the “stationary” elliptic prob-
lems (1.7) and (2.30) are crucial for revealing various local and global evolu-
tion properties of all three classes of PDEs involved. We begin this study by
applying the classical variational techniques.

3 Existence Problem: Variational Approach and
Countable Families of Solutions by
Lusternik–Schnirelman Category and Fibering Theory

3.1 Variational setting and compactly supported
solutions

Thus, we need to study, in a general multi-dimensional geometry, the exis-
tence and multiplicity of compactly supported solutions of the elliptic prob-
lem (1.7).

Since all the operators in (1.7) are potential, the problem admits a varia-
tional setting in L2. Hence solutions can be obtained as critical points of the
C1 functional

E(F ) = −1
2

∫

|D̃mF |2 +
1
2

∫

F 2 − 1
β

∫

|F |β , β =
n + 2
n + 1

∈ (1, 2), (3.1)

where D̃m = Δ
m
2 for even m and D̃m = ∇Δ

m−1
2 for odd m. In general,

we have to look for critical points in W 2
m(RN ) ∩ L2(RN ) ∩ Lβ(RN ). Bear-

ing in mind compactly supported solutions, we choose a sufficiently large
radius R > 0 of the ball BR and consider the variational problem for (3.1)
in W 2

m,0(BR) with the Dirichlet boundary conditions on SR = ∂BR. Then
both spaces L2(BR) and Lp+1(BR) are compactly embedded into W 2

m,0(BR)
in the subcritical Sobolev range

1 < p < pS =
N + 2m
N − 2m

(β < pS). (3.2)

In general, we have to use the following preliminary result.

Proposition 3.1. Let F be a continuous weak solution of Eq. (1.7) such that

F (y) → 0 as |y| → ∞. (3.3)

Then F is compactly supported in R
N .

Note that the continuity of F is guaranteed by the Sobolev embedding
Hm(RN ) ⊂ C(RN ) for N < 2m and the local elliptic regularity theory for
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the whole range (3.2) (necessary information about embeddings of function
spaces can be found in [22, Chapt. 1]).

Proof. We consider the parabolic equation with the same elliptic operator

wt = (−1)m+1Δmw + w − |w|− n
n+1w in R

N × R+ (3.4)

and the initial data F (y). Setting w = etŵ, we obtain the equation

ŵt = (−1)m+1Δmŵ − e−
n

n+1 t |ŵ|p−1ŵ, p =
1

n + 1
∈ (0, 1),

where the operator is monotone in L2(RN ). Therefore, the Cauchy problem
with initial data F has a unique weak solution [21, Chapt. 2]. Thus, (3.4)
has a unique solution w(y, t) ≡ F (y) which must be compactly supported for
arbitrarily small t > 0. Such nonstationary instant compactification phenom-
ena for quasilinear absorption-diffusion equations with singular absorption
−|u|p−1u, p < 1, were known since the 1970s. These phenomena, called the
instantaneous shrinking of the support of solutions, were proved for quasi-
linear higher order parabolic equations with non-Lipschitz absorption terms
[34]. 
�

Thus, to provide compactly supported patterns F (y), we can consider the
problem in sufficiently large bounded balls since, by (3.1), nontrivial solutions
are impossible in small domains.

3.2 The Lusternik–Schnirelman theory and direct
application of fibering method

Since the functional (3.1) is of class C1, uniformly differentiable, and weakly
continuous, we can use the classical Lusternik–Schnirelman (LS) theory of
calculus of variations [20, Sect. 57] in the form of the fibering method [25, 26],
which can be regarded as a convenient generalization of the previous versions
[7, 27] of variational approaches.

Following the LS theory and fibering approach [26], the number of criti-
cal points of the functional (3.1) depends on the category (or genus) of the
functional subset where the fibering takes place. Critical points of E(F ) are
obtained by spherical fibering

F = r(v)v (r � 0), (3.5)

where r(v) is a scalar functional and v belongs to a subset of W 2
m,0(BR)

defined by the formula
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H0 =
{

v ∈ W 2
m,0(BR) : H0(v) ≡ −

∫

|D̃mv|2 +
∫

v2 = 1
}

. (3.6)

The new functional

H(r, v) =
1
2
r2 − 1

β
rβ
∫

|v|β (3.7)

has an absolute minimum point, where

H ′
r ≡ r − rβ−1

∫

|v|β = 0 =⇒ r0(v) =
(∫

|v|β
) 1

2−β

. (3.8)

Then we obtain the functional

H̃(v) = H(r0(v), v) = −2− β

2β
r2
0(v) ≡ −2− β

2β

( ∫

|v|β
) 2

2−β

. (3.9)

The critical points of the functional (3.9) on the set (3.6) coincide with the
critical point of the functional

H̃(v) =
∫

|v|β . (3.10)

Hence we obtain an even, nonnegative, convex, and uniformly differentiable
functional, to which the LS theory can be applied [20, Sect. 57] (see also
[9, p. 353]). Following [26], to find critical points of H̃ on the set H0, it is
necessary to estimate the category ρ of the set H0, see the notation and basic
results in [3, p. 378]. Note that the Morse index q of the quadratic form Q
in Theorem 6.7.9 therein is precisely the dimension of the space where the
corresponding form is negative definite. This includes all the multiplicities
of eigenfunctions involved in the corresponding subspace (see definitions of
genus and cogenus, as well as applications to variational problems in [1] and
[2]).

By the above variational construction, F is an eigenfunction,

(−1)m+1ΔmF + F − μ|F |− n
n+1F = 0,

where μ > 0 is the Lagrange multiplier. Then, scaling F �→ μ(n+1)/nF , we
obtain the original equation in (1.7).

For further discussion of geometric shapes of patterns we recall that, by
Berger’s version [3, p. 368] of this minimax analysis of the LS category theory
[20, p. 387], the critical values {ck} and the corresponding critical points {vk}
are determined by the formula

ck = inf
F∈Mk

sup
v∈F

H̃(v). (3.11)
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Here, F ⊂ H0 is a closed set, Mk is the set of all subsets of the form BSk−1 ⊂
H0, where Sk−1 is a sufficiently smooth (k− 1)-dimensional manifold (say, a
sphere) in H0, and B is an odd continuous map. Then each member of Mk

is of genus at least k (available in H0). It is also important to note that the
definition of genus [20, p. 385] assumes that ρ(F) = 1 if no component of
F ∪ F∗, where F∗ = {v : v∗ = −v ∈ F} is the reflection of F relative to 0,
contains a pair of antipodal points v and v∗ = −v. Furthermore, ρ(F) = n
if each compact subset of F can be covered by at least n sets of genus one.
According to (3.11),

c1 � c2 � . . . � cl0 ,

where l0 = l0(R) is the category of H0 (see an estimate below) such that

l0(R) → +∞ as R →∞. (3.12)

Roughly speaking, since the dimension of F involved in the construction of
Mk increases with k, the critical points delivering critical values (3.11) are
all different. By (3.6), the category l0 = ρ(H0) of the set H0 is equal to the
number (with multiplicities) of the eigenvalues λk < 1,

l0 = ρ(H0) = �{λk < 1} (3.13)

of the linear polyharmonic operator (−1)mΔm > 0,

(−1)mΔmψk = λkψk, ψk ∈ W 2
m,0(BR) (3.14)

(see [3, p. 368]). Since the dependence of the spectrum on R is expressed as

λk(R) = R−2mλk(1), k = 0, 1, 2, . . . , (3.15)

the category ρ(H0) can be arbitrarily large for R � 1, and (3.12) holds. We
formulate this as the following assertion.

Proposition 3.2. The elliptic problem (1.7) has at least a countable set
{Fl, l � 0} of different solutions obtained as critical points of the functional
(3.1) in W 2

m,0(BR) with sufficiently large R = R(l) > 0.

Indeed, in view of Proposition 3.1, we choose R� 1 such that suppFl⊂BR.

3.3 On a model with an explicit description of the
Lusternik–Schnirelman sequence

As we will see below, detecting the LS sequence of critical values for the orig-
inal functional (3.1) is a hard problem. To this end, the numerical estimates
of the functional play a key role. However, for some similar models this can be
done much easier. Now, we slightly modify (3.1) and consider the functional
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E1(F ) = −1
2

∫

|D̃mF |2 +
1
2

∫

F 2 − 1
β

(∫

F 2
) β

2
(

β =
n + 2
n + 1

∈ (1, 2)
)

(3.16)
corresponding to the nonlocal elliptic problem

−(−Δ)mF + F − F
(∫

F 2
)β

2 −1

= 0 (in BR, etc.) (3.17)

Denoting by {λk} the spectrum in (3.14) and by {ψk} the corresponding
eigenfunction set, we can solve the problem (3.17) explicitly, looking for so-
lutions

F =
∑

(k�1)

ckψk =⇒ ck

[

−λk+1−
( ∑

(j�1)

c2j

)β
2 −1]

= 0, k = 1, 2, . . . . (3.18)

The algebraic system in (3.18) is easy and yields precisely the number (3.13)
of various nontrivial basic solutions Fl of the form

Fl(y) = clψl(y), where |cl|β−2 = −λl + 1 > 0, l = 1, 2, . . . , l0. (3.19)

3.4 Preliminary analysis of geometric shapes of
patterns

The forthcoming discussions and conclusions should be understood in con-
junction with the results obtained in Sect. 5 by numerical and other analytic
and formal methods. In particular, we use here the concepts of the index and
Sturm classification of patterns.

Thus, we now discuss key questions of the spatial structure of patterns
constructed by the LS method. Namely, we would like to know how the genus
k of subsets involved in the minimax procedure (3.11) can be attributed to
the “geometry” of the critical point vk(y) obtained in such a manner. In
this discussion, we assume to explain how to merge the LS genus variational
aspects with the actual practical structure of “essential zeros and extrema” of
basic patterns {Fl}. Recall that, in the second order case m = 1, N = 1, this is
easy: by the Sturm theorem, the genus l, which can be formally “attributed”
to the function Fl, is equal to the number of zeros (sign changes) l − 1 or
the number l of isolated local extremum points. Though, even for m = 1,
this is not that univalent: there are other structures that do not obey the
Sturmian order (think about the solution via gluing {F0, F0, . . . , F0} without
sign changes); see more comments below.

For m � 2 this question is more difficult, and seems does not admit a clear
rigorous treatment. Nevertheless, we will try to clarify some aspects.
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Given a solution F of (1.7) (a critical point of (3.1)), let us calculate the
corresponding critical value cF of (3.10) on the set (3.6) by taking

v = CF ∈ H0 =⇒ C =
1

√

−
∫
|D̃mF |2 +

∫
F 2

so that cF ≡ H̃(v) =
∫

|F |β

(−
∫

|D̃mF |2 +
∫

F 2)β/2

(

β =
n + 2
n + 1

)

.

(3.20)

This formula is important in what follows.

Genus one

As usual in many variational elliptic problems, the first pattern F0 (typically,
called a ground state) is always of the simplest geometric shape, is radially
symmetric, and is a localized profile such as those in Fig. 8. Indeed, this simple
shape with a single dominant maximum is associated with the variational
formulation for F0:

F0 = r(v0)v0, with v0 : inf H̃(v) ≡ inf
∫

|v|β , v ∈ H0. (3.21)

This is (3.11) with the simplest choice of closed sets as points, F = {v}.
Let us illustrate why a localized pattern like F0 delivers the minimum to

H̃ in (3.21). Take, for example, a two-hump structure

v̂(y) = C[v0(y) + v0(y + a)], C ∈ R,

with sufficiently large |a| � diamsuppF0, so that supports of these two func-
tions do not overlap. Then, evidently, v̂ ∈ H0 implies that C = 1√

2
and, since

β ∈ (1, 2),
H̃(v̂) = 2

2−β
2 H̃(v0) > H̃(v0).

By a similar reason, F0(y) and v0(y) cannot have “strong nonlinear oscilla-
tions” (see next sections for related concepts developed in this direction), i.e.,
the positive part (F0)+ must be dominant, so that the negative part (F0)−
cannot be considered as a separate dominant 1-hump structure. Otherwise,
deleting it will diminish H̃(v) as above. In other words, essentially nonmono-
tone patterns such as in Fig. 10 or 11 cannot correspond to the variational
problem (3.21), i.e., the genus of the functional sets involved is ρ = 1.

Radial symmetry of v0 is pretty standard in elliptic theory, though not
straightforward in view of the lack of the maximum principle and moving
planes/spheres tools. We just note that small nonradial deformations of this
structure, v0 �→ v̂0 will more essentially affect (increase) the first differential

term
∫

|D̃mv̂0|2 rather than the second one in the formula for C in (3.20).
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Therefore, a standard scaling to keep this function in H0 would mean taking
Cv̂0 with a constant C > 1. Hence

H̃(Cv̂0) = CβH̃(v̂0) ≈ CβH̃(v0) > H̃(v0),

so infinitesimal nonradial perturbations do not provide us with critical points
of (3.21).

For N = 1 this shows that c1 cannot be attained at another “positively
dominant” pattern F+4, with a shape shown in Fig. 17(a). See Tabl. 1 below,
where for n = 1

cF+4 = 1.9488 . . . > c2 = cF1 = 1.8855 . . . > c1 = cF0 = 1.6203 . . . .

Genus two

Let N = 1 for the sake of simplicity, and let F0 obtained above for the genus
ρ = 1 be a simple compactly supported pattern as in Fig. 8. We denote by
v0(y) the corresponding critical point given by (3.21). We take the function
corresponding to the difference (5.7),

v̂2(y) =
1√
2

[−v0(y − y0) + v(y + y0)] ∈ H0 (supp v0 = [−y0, y0]) (3.22)

which approximates the basic profile F1 given in Fig. 10. One can see that

H̃(v̂2) = 2
2−β
2 H̃(v0) = 2

2−β
2 c1, (3.23)

so that, by (3.11) with k = 2

c1 < c2 � 2
2−β
2 c1. (3.24)

On the other hand, the sum as in (5.6) (see Fig. 11)

ṽ2(y) =
1√
2

[v0(y − y0) + v(y + y0)] ∈ H0 (3.25)

also delivers the same value (3.23) to the functional H̃. It is easy to see
that the patterns F1 and F+2,2,+2, as well as F+4 and many others with two
dominant extrema, can be embedded into a 1D subset of genus two on H0.

It seems that, with such a huge, at least, countable variety of similar
patterns, we first distinguish a profile that delivers the critical value c2 given
by (3.11) by comparing the values (3.20) for each pattern. The results are
presented in Tabl. 1 for n = 1, for which the critical values (3.20) are
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cF = H̃(CF ) =

∫

|F |3/2

(

−
∫

|D̃mF |2 +
∫

F 2
)3/4

(

β =
3
2

)

. (3.26)

The corresponding profiles are shown in Fig. 1. Calculations have been per-
formed with the enhanced values Tols= ε = 10−4. Comparing the critical
values in Tabl. 1, we thus arrive at the following conclusion based on this
analytical–numerical evidence:

for genus k = 2, the LS critical
value c2 = 1.855 . . . is delivered by F1.

(3.27)

Note that the critical values cF for F1 and F+2,2,+2 are close by just two
percents.

Table 1 Critical values of H̃(v); genus two

F cF
F0 1.6203 . . . = c1
F1 1.8855 . . . = c2
F+2,2,+2 1.9255 . . .
F−2,3,+2 1.9268 . . .
F+2,4,+2 1.9269 . . .
F+2,∞,+2 1.9269 . . .
F+4 1.9488 . . .

Thus, according to Tabl. 1, the second critical value c2 is achieved at the
1-dipole solution F1(y) having the transversal zero at y = 0, i.e., without
any part of the oscillatory tail for y ≈ 0. Therefore, the neighboring profile
F−2,3,+2 (see the dotted line in Fig. 1) which has a small remnant of the
oscillatory tail with just 3 extra zeros, delivers another, worse value (see
Sect. 4)

cF = 1.9268 . . . for F = F−2,3,+2.

In addition, the lines from second to fifth in Tabl. 1 clearly show how H̃
increases with the number of zeros in between the ±F0-structures involved.

Remark 3.1. Even for m = 1 profiles are not variationally recognizable.

Recall that for m = 1, i.e., for the ODE (5.5), the F0(y) profile is not
oscillatory at the interface, so that the future rule (3.31) fails. This does
not explain the difference between F1(y) and, say, F+2,0,+2, which, obviously
deliver the same critical LS values by (3.11). This is the case where we should
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conventionally attribute the LS critical point to F1. Of course, for m = 1 the
existence of profiles Fl(y) with precisely l zeros (sign changes) and l + 1
extrema follows from the Sturm theorem.

Checking the accuracy of numerics and using (3.23), we take the critical
values in the first and fifth lines in Tabl. 1 to get for the profile F+2,∞,+2,
consisting of two independent F0’s, to within 10−4,

cF = 2
2−β

2 H̃(v0) = 2
1
4 c1 = 1.1892 . . .× 1.6203 . . . = 1.9269 . . . .
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m=2, n=1:  profiles associated with genus ρ=2
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F
1
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2

Fig. 1 Seven patterns F (y) indicated in Tabl. 1; m = 2 and n = 1.

Genus three

Similarly, for k = 3 (genus ρ = 3), there are also several patterns that can
pretend to deliver the LS critical value c3 (see Fig. 2).

The corresponding critical values (3.26) for n = 1 are shown in Tabl. 2,
which allows us to conclude:

k = 3 : the LS critical value c3 = 2.0710 . . .

is again delivered by the basic F2.
(3.28)
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Fig. 2 Five patterns F (y) indicated in Tabl. 2; m = 2 and n = 1.

All the critical values in Tabl. 2 are very close to each other. Again, check-
ing the accuracy of numerics and taking the critical values c1 in Tabl. 1 and
cF for F+2,∞,+2,∞,+2 in Tabl. 2, consisting of three independent F0’s, we
obtain, to within 10−4,

cF = 3
2−β
2 H̃(v0) = 3

1
4 c1 = 1.31607 . . .× 1.6203 . . . = 2.1324 . . . .

Table 2 Critical values of H̃(v); genus three

F cF
F2 2.0710 . . . = c3
F+2,2,+2,2,+2 2.1305 . . .
F+2,3,−2,3,+2 2.1322 . . .
F+2,∞,+2,∞,+2 2.1324 . . .
F+6 2.1647 . . .

Note that the LS category-genus construction (3.11) itself guarantees that
all solutions {vk} as critical points will be (geometrically) distinct (see [20,
p. 381]). Here we stress upon two important conclusions:
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(I) First, what is key for us, is that closed subsets in H0 of functions of
the sum type in (3.25) do not deliver LS critical values in (3.11);

(II) On the other hand, patterns of the {F0, F0}-interaction, i.e., those
associated with the sum structure as in (3.25) do exist (see Fig. 11 for m = 2),
and

(III) Hence these patterns (different from the basic ones {Fl}) as well as
many others are not obtainable by a direct LS approach. Therefore, we will
need another version of the LS theory and fibering approach, with different
type of decomposition of function spaces to be introduced below.

Genus k

Similarly taking a proper sum of shifted and reflected functions ±v0(y± ly0),
we obtain from (3.11) that

ck−1 < ck � k
2−β
2 c1. (3.29)

Conclusions: conjecture and open problem

In spite of the closeness of the critical values cF , the above numerics con-
firm that there is a geometrical–algebraic way to distinguish the LS patterns
delivering (3.11). It can be seen from (3.26) that if we destroy the internal
oscillatory “tail” or even any two-three zeros between two F0-like patterns in
the complicated pattern F (y) then

two main terms −
∫

|D̃mF |2 and
∫

|F | 32 in cF in (3.20) decrease. (3.30)

Recall that precisely these terms in the ODE

F (4) = −|F |− 1
2F + . . . (see (5.2) for n = 1)

are responsible for the formation of a tail, as shown in Sect. 4, while the

F -term, giving
∫

F 2, is negligible in the tail. Decreasing both terms, i.e.,

eliminating the tail between F0’s, we decrease cF since, in (3.20), the numer-
ator becomes less and the denominator becomes larger. Therefore, composing
a complicated pattern Fl(y) from several elementary profiles like F0(y) and
using (k − 1)-dimensional manifolds of genus k, we follow

Formal rule for composing patterns. By maximazing H̃(v) of any (k−1)-
dimensional manifold F ∈ Mk,
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the LS point Fk−1(y) is obtained by
minimizing all the internal tails and zeros,

(3.31)

i.e., making the minimal number of the internal transversal zeros between
single structures.

Regardless such a simple variational-oscillatory meaning (3.30) of this for-
mal rule, we do not know how to make it more rigorous.

Concerning the actual critical LS points, we formulate a conjecture which
well corresponds to (3.31):

Conjecture 1. For N = 1 and any m � 2 the critical LS value (3.11),
k � 1, is delivered by the basic pattern Fk−1 obtained by the minimization
over the corresponding (k − 1)-dimensional manifold F ∈ Mk, which is the
interaction

Fk−1 = (−1)k−1{+F0,−F0,+F0, . . . , (−1)k−1F0}, (3.32)

where each neighboring pair {F0,−F0} or {−F0, F0} has a single transversal
zero between the structures.

We also formulate an assertion (as an open problem) which is associated
with the specific structure of the LS construction (3.11) over suitable subsets
F as smooth (k − 1)-dimensional manifolds of genus k:

Open problem. For N = 1 and m � 2 there are no purely geometrical–
topological arguments confirming the validity of Conjecture 1. The same is
true in R

N .

In other words, the metric analysis of “tails’ for the functionals involved
in (3.31) cannot be provided by any geometrical type arguments. On the
other hand, the geometrical analysis is nicely applied to the case m = 1,
and this is perfectly covered by the Sturm theorem about zeros for second
order ODEs. If the assertion of the Sturm theorem does not hold for the
variational problem under consideration, this means that the problem is not
of geometrical-topological (or purely homotopical if the tails are oscillatory)
nature.

4 Oscillation Problem: Local Oscillatory Structure of
Solutions Close to Interfaces and Periodic
Connections with Singularities

As we have seen, the first principal feature of the ODEs (1.8) (and the elliptic
counterparts) is that these admit compactly supported solutions. This was
proved in Proposition 3.1 in a general elliptic setting.
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Therefore, we will study the typical local behavior of solutions of the ODE
(1.8) close to singular points, i.e., to finite interfaces. We will reveal the ex-
tremely oscillatory structure with that well corresponds to the global oscilla-
tory behavior of solutions obtained above by variational techniques.

The phenomenon of the oscillatory changing sign behavior of solutions of
the Cauchy problem was detected for various classes of evolution PDEs (see
a general view in [15, Chapts. 3–5] and various results for different PDEs in
[10, 11, 12]). For the present 2mth order equations the oscillatory behavior
exhibits special features to be revealed.

4.1 Autonomous ODEs for oscillatory components

Assume that a finite interface of F (y) is situated at the origin y = 0. Then
we can use the trivial extension F (y) ≡ 0 to y < 0. Since we are interested in
describing the behavior of solutions as y → 0+, we consider the ODE (1.8)
written in the form

F (2m) = (−1)m+1|F |−αF + (−1)mF for y > 0,

F (0) = 0
(

α =
n

n + 1
∈ (0, 1)

)

.
(4.1)

In view of the scaling structure of the first two terms, we make extra rescaling
and introduce the oscillatory component ϕ(s) of F by the formula

F (y) = yγϕ(s), where s = ln y and γ =
2m
α

≡ 2m(n + 1)
n

. (4.2)

Since s → −∞ (the new interface position) as y → 0−, the monotone function
yγ in (4.2) plays the role of the envelope to the oscillatory function F (y).
Substituting (4.2) into (4.1), we obtain the following equation for ϕ:

P2m(ϕ) = (−1)m+1|ϕ|−αϕ + (−1)me2msϕ. (4.3)

Here, Pk, k � 0, are linear differential operators defined by the recursion

Pk+1(ϕ) = (Pk(ϕ))′ + (γ − k)Pk(ϕ) for k = 0, 1, . . . , P0(ϕ) = ϕ. (4.4)

We write out the first four operators, which is sufficient for our purposes:

P1(ϕ) = ϕ′ + γϕ;
P2(ϕ) = ϕ′′ + (2γ − 1)ϕ′ + γ(γ − 1)ϕ;

P3(ϕ) = ϕ′′′ + 3(γ − 1)ϕ′′ + (3γ2 − 6γ + 2)ϕ′ + γ(γ − 1)(γ − 2)ϕ;



Higher Order Nonlinear Evolution PDEs 175

P4(ϕ) = ϕ(4) + 2(2γ − 3)ϕ′′′ + (6γ2 − 18γ + 11)ϕ′′

+ 2(2γ3 − 9γ2 + 11γ − 3)ϕ′ + γ(γ − 1)(γ − 2)(γ − 3)ϕ.

According to (4.2), the interface at y = 0 corresponds to s = −∞, so that
(4.3) is an exponentially (as s → −∞) perturbed autonomous ODE

P2m(ϕ) = (−1)m+1|ϕ|−αϕ in R

(

α =
n

n + 1

)

. (4.5)

By the classical ODE theory [8], one can expect that for s � −1 the typical
(generic) solutions of (4.3) and (4.5) asymptotically differ by exponentially
small factors. Of course, we must admit that (4.5) is a singular ODE with
a non-Lipschitz term, so the results on continuous dependence need extra
justification in general.

Thus, in two principal cases, the ODEs for the oscillatory component ϕ(s)
are as follows:

m = 2 : P4(ϕ) = −|ϕ|−αϕ, (4.6)

m = 3 : P6(ϕ) = +|ϕ|−αϕ, (4.7)

which show rather different properties because comprise even and odd m.
For instance, (4.5) for any odd m � 1 (including (4.7)) has two constant
equilibria since

γ(γ − 1) . . . (γ − (2m− 1))ϕ = |ϕ|−αϕ =⇒
ϕ(s) = ±ϕ0 ≡ ±[γ(γ − 1) . . . (γ − (2m− 1))]−

1
α for all n > 0.

(4.8)

For even m including (4.6) such equilibria for (4.5) do not exist, at least for
n ∈ (0, 1]. We show how this fact affects the oscillatory properties of solutions
for odd and even m.

4.2 Periodic oscillatory components

Now, we look for periodic solutions of (4.5) which are the simplest nontrivial
bounded solutions admitting the continuation up to the interface at s = −∞.
Periodic solutions, together with their stable manifolds, are simple connec-
tions with the interface, as a singular point of the ODE (1.8).

Note that (4.5) does not admit variational setting, so we cannot apply the
well-developed potential theory (see [23, Chapt. 8] for existence–nonexistence
results and further references therein) or the degree theory [19, 20]. For m = 2
the existence of ϕ∗ can be proved by shooting (see [10, Sect. 7.1]), which can
be extended to the case m = 3 as well. Nevertheless, the uniqueness of a
periodic orbit is still an open question. Therefore we formulate the following
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assertion supported by various numerical and analytical results [15, Sect. 3.7]
as a conjecture.

Conjecture 2. For any m � 2 and α ∈ (0, 1] the ODE (4.5) admits a unique
nontrivial periodic solution ϕ∗(s) of changing sign.

4.3 Numerical construction of periodic orbits; m = 2

Numerical results clearly suggest that (4.6) possesses a unique periodic solu-
tion ϕ∗(s) and this solution is stable in the direction opposite to the interface,
i.e., as s → +∞ (see Fig. 3). The exponential stability and hyperbolicity of
ϕ∗ is proved by estimating the eigenvalues of the linearized operator. This
agrees with the obviously correct similar result for n = 0; namely, for the
linear equation (4.1) with α = 0

F (4) = −F as y → −∞. (4.9)

Here, the interface is infinite, so its position corresponds to y = −∞. In-
deed, setting F (y) = eμy, we obtain the characteristic equation and a unique
exponentially decaying pattern

μ4 = −1 =⇒ F (y) ∼ ey/
√

2
[

A cos
( y√

2

)

+ B sin
( y√

2

)]

. (4.10)

The continuous dependence on n � 0 of typical solutions of (4.5) with
“transversal” zeros only will be the key of our analysis. In fact, this prop-
erty means the existence of a “homotopic” connection between the nonlinear
equation and the linear (n = 0) one. The passage to the limit as n → 0 in
similar degenerate ODEs from the thin film equation theory is discussed in
[10, Sect. 7.6].

The oscillation amplitude becomes very small for n ≈ 0, so we perform
extra scaling.

Limit n → 0

This scaling is

ϕ(s) =
(n

4

) 4
n

Φ(η), where η =
4s
n

, (4.11)

where Φ solves a simpler limit binomial ODE

e−η(eηΦ)(4) ≡ Φ(4) + 4Φ′′′ + 6Φ′′ + 4Φ′ + Φ = −|Φ|− n
n+1Φ. (4.12)
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The stable oscillatory patterns of (4.12) are shown in Fig. 4. For such small
n in Fig. 4(a) and (b), by scaling (4.11), the periodic components ϕ∗ become
really small, for example,

max |ϕ∗(s)| ∼ 3 · 10−4
(
n
4

) 4
n ∼ 3 · 10−30 for n = 0.2 in (a),

and max |ϕ∗(s)| ∼ 10−93 for n = 0.08 in (b).

Limit n → ∞

Then α → 1, so the original ODE (4.6) approaches the following equation
with a discontinuous sign-nonlinearity:

ϕ(4)
∞ + 10ϕ′′′

∞ + 35ϕ′′
∞ + 50ϕ′

∞ + 24ϕ∞ = −signϕ∞. (4.13)

This also admits a stable periodic solution, as shown in Fig. 5.

4.4 Numerical construction of periodic orbits; m = 3

We consider Eq. (4.7) which admits constant equilibria (4.8) existing for all
n > 0. It is easy to check that the equilibria ±ϕ0 are asymptotically stable
as s → +∞. Then the necessary periodic orbit is situated between of these
stable equilibria, so it is unstable as s → +∞.

Such an unstable periodic solution of (4.7) is shown in Fig. 6 for n = 15.
It was obtained by shooting from s = 0 with prescribed Cauchy data.

As for m = 2, in order to reveal periodic oscillations for smaller n (actually,
numerical difficulties arise already in the case n � 4), we apply the scaling

ϕ(s) =
(n

6

) 6
n

Φ(η), where η =
6s
n

. (4.14)

This gives in the limit a simplified ODE with the binomial linear operator

e−η(eηΦ)(6) ≡ Φ(6) + 6Φ(5) + 15Φ(4) + 20Φ′′′ + 15Φ′′ + 6Φ′ + Φ = |Φ|− n
n+1Φ.
(4.15)

Figure 7 shows the trace of the periodic behavior for Eq. (4.15) with n = 1
2 .

According to scaling (4.14), the periodic oscillatory component ϕ∗(s) be-
comes very small,

max |ϕ∗| ∼ 1.1× 10−18 for n = 0.5.

A more detailed study of the behavior of the oscillatory component as
n → 0 was done in [11, Sect. 12].
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Fig. 3 Convergence to the stable periodic solution of (4.6) for n = 2 (a) and n = 4 (b).
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Fig. 6 Unstable periodic behavior of the ODE (4.7) for n = 15. Cauchy data are given by
ϕ(0) = 10−4, ϕ′(0) = ϕ′′′(0) = . . . = ϕ(5)(0) = 0, and ϕ′′(0) = −5.0680839826093907 . . .×
10−4 .
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Fig. 7 Unstable periodic behavior of the ODE (4.15) for n = 1
2

. Cauchy data are given

by ϕ(0) = 10−4, ϕ′(0) = ϕ′′′(0) = . . . = ϕ(5)(0) = 0, and ϕ′′(0) = −9.456770333415 . . . ×
10−4.

The passage to the limit n → +∞ leads to an equation with discontinuous
nonlinearity which is easily obtained from (4.7). This admits a periodic solu-
tion, which is rather close to the periodic orbit in Fig. 6 obtained for n = 15.

We claim that the above two cases m = 2 (even) and m = 3 (odd) exhaust
all key types of periodic behaviors in ordinary differential equations like the
ODE (1.8). Namely, periodic orbits are stable for even m and are unstable for
odd m, with typical stable and unstable manifolds as s → ±∞. So, we observe
a dichotomy relative to all orders 2m of the ODEs under consideration.

5 Numeric Problem: Numerical Construction and First
Classification of Basic Types of Localized Blow-up or
Compacton Patterns

We need a careful numerical description of various families of solutions of
the ODEs (1.8). In practical computations, we have to use the regularized
version of equations

(−1)mF (2m) = F − (ε2 + F 2)−
n

2(n+1) F in R, (5.1)
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which, for ε > 0, have smooth analytic nonlinearities. In numerical analysis,
it is typical to take ε = 10−4 or, at least, 10−3 which is sufficient to revealing
global structures.

It is worth mentioning that detecting in Sect. 4 a highly oscillatory struc-
ture of solutions close to interfaces makes it impossible to use the well-
developed homotopy theory [17, 36] which was successfully applied to other
classes of fourth order ODEs with coercive operators (see also [24]).

Roughly speaking, our nonsmooth problem cannot be used in homotopic
classifications since the oscillatory behavior close to interfaces destroys stan-
dard homotopy parameters, for example, the number of rotations on the
hodograph plane {F, F ′}. Indeed, for any solution of the ODE (1.8) the ro-
tation number about the origin is always infinite. Then, as F → 0, i.e., as
y → ±∞, the linearized equation is (4.5) which admits the oscillatory behav-
ior (4.2).

5.1 Fourth order equation: m = 2

We describe the main families of solutions.

First basic pattern and structure of zeros

For m = 2 the ODE (1.8) takes the form

F (4) = F − |F |− n
n+1F in R. (5.2)

We are looking for compactly supported patterns F (see Proposition 3.1)
such that

meas supp F > 2R∗, where R∗ > π
2 is the first

positive root of the equation tanhR = − tanR.
(5.3)

Figure 8 presents the first basic pattern denoted by F0(y) for various n ∈
[ 1
10 , 100]. Concerning the last profile n = 100, we note that (5.2) admits a

natural passage to the limit as n → +∞, which leads to an ODE with a
discontinuous nonlinearity

F (4) = F − signF ≡
{
F − 1 for F > 0,
F + 1 for F < 0. (5.4)

A unique oscillatory solution of (5.4) can be treated by an algebraic approach
(see [10, Sect. 7.4]). For n = 1000 and n = +∞ the profiles are close to that
for n = 100 in Fig. 8.
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The profiles in Fig. 8 are constructed by MATLAB with extra accuracy,
where ε in (5.1) and both tolerances in the bvp4c solver have been enhanced
and took the values ε = 10−7 and Tols = 10−7. This allows us also to
check the refined local structure of multiple zeros at the interfaces. Figure 9
corresponding to n = 1 explains how the zero structure repeats itself from
one zero to another in the usual linear scale.
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Fig. 8 The first (stable) solution F0(y) of (5.2) for various n.

Basic countable family: approximate Sturm property

Figure 10 presents the basic family {Fl, l = 0, 1, 2, . . .} of solutions of (5.2)
for n = 1. Each profile Fl(y) has precisely l + 1 “dominant” extrema and
l “transversal” zeros (see the further discussion below and [13, Sect. 4] for
details). It is important that all the internal zeros of Fl(y) are transver-
sal (obviously, excluding the oscillatory endpoints of the support). In other
words, each profile Fl is approximately obtained by a simple “interaction”
(gluing together) of l + 1 copies of the first pattern ±F0 taking with suitable
signs (see the further development below).

Actually, if we forget for a moment about the complicated oscillatory
structure of solutions near interfaces, where an infinite number of extrema
and zeros occur, the dominant geometry of profiles in Fig. 10 looks like it



184 V. Galaktionov et al.

4 5 6 7 8 9 10

−16

−14

−12

−10

−8

−6

−4

−2

0

x 10
−3

y

F(y)

m=2, n=1:  basic pattern F
0
(y), oscillations enlarged

(a)

scale 10−3

6.5 7 7.5 8 8.5 9 9.5 10

0

1

2

3

x 10
−4

y

F(y)

m=2, n=1:  basic pattern F
0
(y), oscillations enlarged

(b)

scale 10−4

Fig. 9 Enlarged zero structure of the profile F0(y) for n = 1 in the linear scale.
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approximately obeys the Sturm classical zero set property, which is true only
for m = 1, i.e., for the second order ODE

F ′′ = −F + |F |− n
n+1F in R. (5.5)

For (5.5) the basic family {Fl} is constructed by direct gluing together the
explicit patterns (1.5), i.e., ±F0. Therefore, each Fl consists of precisely l+1
patterns (1.5) (with signs ±F0), so that the Sturm property is true. In Sect.
3, we present some analytic evidence showing that precisely this basic family
{Fl} is obtained by a direct application of the LS category theory.
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Fig. 10 The first five patterns of the basic family {Fl} of the ODE (5.2) for n = 1.

5.2 Countable family of {F0, F0}-interactions

We show that the actual nonlinear interaction of the two first patterns +F0(y)
leads to a new family of profiles.

Figure 11, n = 1, shows the first profiles from this family denoted by
{F+2,k,+2}, where in each function F+2,k,+2 the multiindex σ = {+2, k,+2}
means, from left to right, +2 intersections with the equilibrium +1, then
next k intersections with zero, and final +2 stands again for 2 intersections
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Fig. 11 First patterns from the family {F+2,k,+2} of the {F0, F0}-interaction; n = 1.

with +1. Later on, we will use such a multiindex notation to classify other
patterns obtained.

In Fig. 12, we present the enlarged behavior of zeros explaining the struc-
ture of the interior layer of connection of two profiles∼ +F0(y). In particular,
(b) shows that there exist two profiles F+2,6,+2, these are given by the dashed
line and the previous one, both having two zeros on [−1, 1]. Therefore, the
identification and classification of profiles just by the successive number of
intersections with equilibria 0 and ±1 is not always possible (in view of a
nonhomotopical nature of the problem), and some extra geometry of curves
near intersections should be taken into account. In fact, precisely this proves
that a standard homotopic classification of patterns is not consistent for such
noncoercive and oscillatory equations. Anyway, whenever possible without
confusion, we will continue to use such a multiindex classification, though
now meaning that in general a profile Fσ with a given multiindex σ may de-
note actually a class of profiles with the given geometric characteristics. Note
that the last profile in Fig. 11 is F+2,6,+2, where the last two zeros are seen in
the scale ∼ 10−6 in Fig. 13. Observe here a clear nonsmoothness of two last
profiles as a numerical discrete mesh phenomenon, which nevertheless does
nor spoil at all this differential presentation.

In view of the oscillatory character of F0(y) at the interfaces, we expect
that the family {F+2,k,+2} is countable, and such functions exist for any even
k = 0, 2, 4, . . . . Then k = +∞ corresponds to the noninteracting pair
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Fig. 12 Enlarged middle zero structure of the profiles F+2,k,+2 from Fig. 11.
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Fig. 13 Enlarged middle zero structure of the profiles F+2,6,+2 from Fig. 11.

F0(y + y0) + F0(y − y0), where supp F0(y) = [−y0, y0]. (5.6)

Of course, there exist various triple {F0, F0, F0} and any multiple interactions
{F0, . . . , F0} of k single profiles, with different distributions of zeros between
any pair of neighbors.

5.3 Countable family of {−F0, F0}-interactions

We describe the interaction of −F0(y) with F0(y). In Fig. 14, n = 1, we
show the first profiles from this family denoted by {F−2,k,+2}, where for the
multiindex σ = {−2, k,+2}, the first number −2 means 2 intersections with
the equilibrium −1, etc. The zero structure close to y = 0 is presented in
Fig. 15. It follows from (b) that the first two profiles belong to the class
F−2,1,2, i.e., both have a single zero for y ≈ 0. The last solution shown is
F−2,5,+2. Again, we expect that the family {F−2,k,+2} is countable, and such
functions exist for any odd k = 1, 3, 5, . . ., and k = +∞ corresponds to the
noninteracting pair

−F0(y + y0) + F0(y − y0) (suppF0(y) = [−y0, y0]). (5.7)

There exist families of arbitrarily many interactions such as {±F0,±F0, . . . ,
±F0} consisting of any k � 2 members.
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Fig. 14 First four patterns from the family {F−2,k,+2} of the {−F0, F0}-interactions;
n = 1.

5.4 Periodic solutions in R

Before introducing new types of patterns, we need to describe other noncom-
pactly supported solutions in R. As a variational problem, Eq. (5.2) admits
an infinite number of periodic solutions (see, for example, [23, Chapt. 8]). In
Fig. 16 for n = 1, we present a special unstable periodic solution obtained by
shooting from the origin with conditions

F (0) = 1.5, F ′(0) = F ′′′(0) = 0, F ′′(0) = −0.3787329255 . . . .

We will show next that precisely the periodic orbit F∗(y) with

F∗(0) ≈ 1.535 . . . (5.8)

plays an important part in the construction of other families of compactly
supported patterns. Namely, all the variety of solutions of (5.2) that have
oscillations about equilibria ±1 are close to ±F∗(y) there.
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Fig. 15 Enlarged middle zero structure of the profiles F−2,k,+2 from Fig. 14.
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Fig. 16 An example of a periodic solution of the ODE (5.2) for n = 1.

5.5 Family {F+2k}

Such functions F+2k for k � 1 have 2k intersection with the single equilibrium
+1 only and have a clear “almost” periodic structure of oscillations about
(see Fig. 17(a)). The number of intersections denoted by +2k gives an extra
Strum index to such a pattern. In this notation, F+2 = F0.

5.6 More complicated patterns: towards chaotic
structures

Using the above rather simple families of patterns, we claim that a pattern
(possibly, a class of patterns) with an arbitrary multiindex of any length

σ = {±σ1, σ2,±σ3, σ4, . . . ,±σl} (5.9)

can be constructed. Figure 17(b) shows several profiles from the family with
the index σ = {+k, l,−m, l,+k}. In Fig. 18, we show further four different
patterns, while in Fig. 19, a single most complicated pattern is presented, for
which

σ = {−8, 1,+4, 1,−10, 1,+8, 1, 3,−2, 2,−8, 2, 2,−2}. (5.10)
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Fig. 17 Two families of solutions of (5.2) for n = 1; F+2k(y) (a) and F+k,l,−m,l,+k (b).
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All computations are performed for n = 1 as usual. Actually, we claim
that the multiindex (5.9) can be arbitrary and takes any finite part of any
nonperiodic fraction. Actually, this means chaotic features of the whole family
of solutions {Fσ}. These chaotic types of behavior are known for other fourth
order ODEs with coercive operators, [24, p. 198].
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Lq,p-Cohomology of Riemannian
Manifolds with Negative Curvature

Vladimir Gol’dshtein and Marc Troyanov

Dedicated to the memory of Sergey L’vovich Sobolev

Abstract We consider the Lq,p-cohomology of a complete simply connected
Riemannian manifold (M, g) with pinched negative curvature. The connec-
tion between the Lq,p-cohomology of (M, g) and Sobolev inequalities for
differential forms on (M, g) was established by the authors in the previous
publications.

1 Introduction

In [5], we established a connection between Sobolev inequalities for differ-
ential forms on a Riemannian manifold (M, g) and an invariant, called the
Lq,p-cohomology

(

Hkq,p(M)
)

of the manifold (M, g). In this paper, we prove
nonvanishing results for the Lq,p-cohomology of simply connected complete
manifolds with negative curvature.

1.1 Lq,p-cohomology and Sobolev inequalities

To define the Lq,p-cohomology of a Riemannian manifold (M, g), we first
recall the notion of the weak exterior differential of a locally integrable
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differential form. Denote by C∞
c (M,Λk) the space of smooth differential forms

of degree k with compact support on M .

Definition. A form θ ∈ L1
loc(M,Λk) is the weak exterior differential of a form

ϕ ∈ L1
loc(M,Λk−1) and one writes dϕ = θ if for every ω ∈ C∞

c (M,Λn−k)
∫

M

θ ∧ ω = (−1)k
∫

M

ϕ ∧ dω.

The Sobolev space W 1,p(M,Λk) of differential k-forms is defined as the
space of k-forms ϕ in Lp(M) such that dϕ ∈ Lp(M) and d(∗ϕ) ∈ Lp(M),
where ∗ : Λk → Λn−k is the Hodge star homomorphism. In this paper, we are
interested in a different “Sobolev type” space of differential forms, denoted by
Ωkq,p(M); namely, the space of all k-forms ϕ in Lq(M) such that dϕ ∈ Lp(M)
(1 � q, p � ∞). It is a Banach space relative to the graph norm

‖ω‖Ωk
q,p

:= ‖ω‖Lq + ‖dω‖Lp . (1.1)

When k = 0 and q = p, the space Ω0
p,p(M) coincides with the classical Sobolev

space W 1
p (M) of functions in Lp with gradient in Lp. Note that a more general

space Ω0
q,p(M) was considered in [10] in the context of embedding theorems

and Sobolev inequalities.
To define the Lq,p–cohomology of (M, g), we introduce the space of weakly

closed forms
Zkp (M) = {ω ∈ Lp(M,Λk) | dω = 0}

and the space of differential forms in Lp(M) having a primitive in Lq(M)

Bkq,p(M) = d(Ωk−1
q,p ).

Note that Zkp (M) ⊂ Lp(M,Λk) is always a closed subspace, but this is, in

general, not the case of Bkq,p(M), and we denote by B
k

q,p(M) its closure in

the Lp-topology. We also note that B
k

q,p(M) ⊂ Zkp (M) (by continuity and
d ◦ d = 0). Thus,

Bkq,p(M) ⊂ B
k

q,p(M) ⊂ Zkp (M) = Z
k

p(M) ⊂ Lp(M,Λk).

Definition. The Lq,p-cohomology of (M, g) (where 1 � p, q � ∞) is

Hkq,p(M) := Zkp (M)/Bkq,p(M)

and the reduced Lq,p-cohomology of (M, g) is

H
k

q,p(M) := Zkp (M)/B
k

q,p(M) .
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The reduced cohomology is a Banach space, whereas the unreduced coho-
mology is a Banach space if and only if it coincides with the reduced one.

In [5, Theorem 6.1], we established the following connection between
Sobolev inequalities for differential forms on a Riemannian manifold (M, g)
and the Lq,p–cohomology of (M, g).

Theorem 1.1. Hkq,p(M, g) = 0 if and only if there exists a constant C < ∞
such that for any closed p-integrable differential form ω of degree k there
exists a differential form θ of degree k − 1 such that dθ = ω and

‖θ‖Lq � C ‖ω‖Lp .

Suppose that k = 1. If M is simply connected (or, more generally,
H1

deRham(M) = 0), then any ω ∈ Z1
p(M) has a primitive locally inte-

grable function f , df = ω. This means that for simply connected mani-
folds the space Z1

p(M) coincides with the seminormed Sobolev space L1
p(M),

‖f‖L1
p(M) := ‖df‖Lp(M). Then Theorem 1.1 reads as follows.

Corollary 1.2. Suppose that (M, g) is a simply connected Riemannian man-
ifold. Then H1

q,p(M, g) = 0 if and only if there exists a constant C < ∞
depending only on M , (q, p), and a constant af < ∞ depending also on
f ∈ L1

p(M, g) such that

‖f − af‖Lq � C ‖df‖Lp

for any f ∈ L1
p(M, g).

In this paper, we prove nonvanishing results for the Lq,p-cohomology of
simply connected complete manifolds with negative curvature, which con-
cerns the nonexistence of Sobolev inequalities for such pairs (q, p).

1.2 Statement of the main result

The main goal of the present paper is to prove the following nonvanishing
result for the Lq,p-cohomology of simply connected complete manifolds with
negative curvature.

Theorem 1.3. Let (M, g) be an n-dimensional Cartan–Hadamard manifold1

with sectional curvature K � −1 and Ricci curvature Ric � −(1+ε)2(n−1).

(A) Assume that

1 + ε

p
<

k

n− 1
and

k − 1
n− 1

+ ε <
1 + ε

q
.

1 Recall that a Cartan-Hadamard manifold is a complete simply connected Riemannian
manifold of nonpositive sectional curvature.
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Then Hkq,p(M) �= 0.

(B) If, in addition,

1 + ε

p
<

k

n− 1
and

k − 1
n− 1

+ ε < min
{

1 + ε

q
,
1 + ε

p

}

,

then H
k

q,p(M) �= 0.

Theorem 1.3, together with Theorem 1.1, has the following (negative) con-
sequence regarding Sobolev inequalities for differential forms.

Corollary 1.4. Let (M, g) be a Cartan–Hadamard manifold as above. If q
and p satisfy assumption (A) of Theorem 1.3, then there is no finite constant
C such that any smooth closed k-form ω on M admits a primitive θ such that
dθ = ω and

‖θ‖Lq(M) � C ‖ω‖Lp(M).

The proof of Theorem 1.3 is based on the duality principle established
in [5] and a comparison argument inspired by Chapt. 8 of the book [8] by
Gromov. Now, we discuss some particular cases.

• If M is the hyperbolic plane H
2 (n = 2, ε = 0), Theorem 1.3 says that

H
1

q,p(H
2) �= 0 for any q, p ∈ (1,∞); and another proof can be found in [5,

Theorem 10.1].

• For q = p Theorem 1.3 says that H
k

p,p(M) �= 0 provided that

k − 1
n− 1

+ ε <
1 + ε

p
<

k

n− 1
; (1.2)

this result was already known [8, p. 244]. The inequalities (1.2) can also
be written in terms of k as follows:

n− τ

p
< k <

n− τ

p
+ τ

with τ = 1− ε(n− 1).

• By contrast, Pansu [11, Theorem A] proved that Hkp,p(M) = 0 if the
sectional curvature satisfies

−(1 + ε)2 � K � −1 and (1 + ε) p � n− 1
k

+ ε.

• A Poincaré duality for the reduced Lp-cohomology was proved in [2], it
says that for a complete Riemannian manifold

H
k

p,p(M) = H
n−k
p′,p′(M)
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with p′ = p/(p − 1). This duality, together with the result of Pansu and
some algebraic computations, implies that for a manifold M as in Theorem
1.3 we also have H

k

p,p(M) = 0 if

p � (n− 1) + ε(n− k)
k − 1

.

• Consider, for example, the hyperbolic space H
n. This space is a Cartan–

Hadamard manifold with constant sectional curvature K ≡ −1, and the
reduced cohomology is known. Indeed, we have ε = 0 and, by the above
three inequalities, H

k

p,p(H
n) �= 0 if and only if p ∈ (n−1

k , n−1
k−1 ) (or, equiv-

alently, n−1
p < k < n−1

p + 1). This assertion also follows from the compu-
tation of the Lp-cohomology of warped cylinders in [3, 4].

For ε > 0 there is still a gap between vanishing and nonvanishing results for
the Lp,p-cohomology. When ε � 1

n−1 , the estimate (1.2) no longer gives any
information about the Lp,p-cohomology. Note, by contrast, that Theorem 1.3
always produces some nonvanishing Lq,p-cohomology.

2 Manifolds with Contraction onto the Closed Unit Ball

Theorem 2.1 below, inspired by [8], can be regarded as an application of
the concept of almost duality in [5]. It will be used in the proof of Theorem
1.3. Recall that, by the Rademacher theorem, a Lipshitz map f : M →
N is differentiable for almost all x ∈ M and its differential dfx defines a
homomorphism

Λkfx : Λk(TfxN) → Λk(TxM).

Denote by |Λkfx| the norm of this homomorphism.

Theorem 2.1. Let (M, g) be a complete Riemannian manifold, and let f :
M → B

n
be a Lipschitz map such that

|Λkf | ∈ Lp(M) and |Λn−kf | ∈ Lq
′
(M),

where B
n

is the closed unit ball in R
n and q′ = q/(q − 1). Assume that

f∗ω ∈ L1(M) and
∫

M

f∗ω �= 0,

where ω = dx1 ∧ dx2 ∧ · · · ∧ dxn is the standard volume form on B
n

. Then
Hkq,p(M) �= 0.

Furthermore, if |Λn−kf | ∈ Lp
′
(M) for p′ = p

p−1 , then H
k

q,p(M) �= 0.
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The proof of this theorem uses the following “almost duality” result.

Proposition 2.2. Let (M, g) be a complete Riemannian manifold, and let
α ∈ Zkp (M). Assume that there exists a closed (n − k)-form γ ∈ Zn−kq′ (M)
for q′ = q

q−1 such that γ ∧ α ∈ L1(M) and

∫

M

γ ∧ α �= 0.

Then Hkq,p(M) �= 0. Furthermore, if γ ∈ Zn−kp′ (M) ∩ Zn−kq′ (M) for p′ = p
p−1

and q′ = q
q−1 , then H

k

q,p(M) �= 0.

This assertion is contained in [5, Propositions 8.4 and 8.5].
We also need some facts about locally Lipschitz differential forms.

Lemma 2.3. For any locally Lipschitz functions g, h1, . . . , hk : M → R

d(g dh1 ∧ dh2 ∧ . . . ∧ dhk) = dg ∧ dh1 ∧ dh2 ∧ . . . ∧ dhk

in the weak sense.

Denote by Lip∗(M) the algebra generated by locally Lipschitz functions
and the wedge product. By Lemma 2.3, Lip∗(M) is a graded differential
algebra. Elements of Lip∗(M) are referred to as locally Lipschitz forms.

Proposition 2.4. For any locally Lipschitz map f : M → N between two
Riemannian manifolds the pullback f∗(ω) of any locally Lipschitz form ω is
a locally Lipschitz form and d(f∗(ω)) = f∗(dω).

A proof of Lemma 2.3 and Proposition 2.4 can be found in [1] (see also [6]
for some related results).

Proof of Theorem 2.1. We set ω′ = dx1 ∧ dx2 ∧ · · · ∧ dxk and ω′′ = dxk+1 ∧
dx2 ∧ · · · ∧ dxn. Using the inequality

|(f∗ω)x| � |Λkf | ·
∣
∣ωf(x)

∣
∣ ,

we find that

‖f∗ω′‖Lp(M,Λk) =

⎛

⎝

∫

M

|(f∗ω′)x|p dx

⎞

⎠

1
p

�

⎛

⎝

∫

M

(

|Λkf |p ·
∣
∣
∣ω′
f(x)

∣
∣
∣

p)

dx

⎞

⎠

1
p

�
∥
∥Λkf

∥
∥
Lp(M)

‖ω′‖L∞(M,Λk) < ∞.

We set α = f∗ω′. Since f is a Lipschitz map, α is a Lipshitz form and,
by Proposition 2.4, we have dα = f∗dω′ = 0. The previous inequality says
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that α ∈ Lp(M,Λk). Thus, α ∈ Zkp (M). The same argument shows that
γ =∈ Zn−kq′ (M), where γ = f∗ω′′.

By assumption, α ∧ γ = f∗(ω′ ∧ ω′′) = f∗(ω) ∈ L1(M) and
∫

M

γ ∧ α =
∫

M

f∗ω �= 0.

Hence, by Proposition 2.2, we have Hkq,p(M) �= 0.
If, additionally, we assume that Λn−kfx ∈ Lp

′
(M) for p′ = p

p−1 , then

γ ∈ Zn−kp′ (M) and, by the second part of Proposition 2.2, H
k

q,p(M) �= 0. 
�

The paper [7] contains other results relating the Lq,p-cohomology and
classes of mappings.

3 Proof of the Main Result

Let (M, g) be a complete simply connected manifold of negative sectional
curvature of dimension n. Fix a base point o ∈M and identify ToM with R

n

by a linear isometry. Then the exponential map expo : R
n = ToM → M is

a diffeomorphism, and we define a map f : M → B
n
, where B

n ⊂ R
n is the

closed Euclidean unit ball, by the formula

f(x) =

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

exp−1
o (x) if | exp−1

o (x)| � 1,

exp−1
o (x)

| exp−1
o (x)|

if | exp−1
o (x)| � 1.

Using the polar coordinates (r, u) on M , i.e., writing a point x ∈ M as
x = expo(r · u) with u ∈ S

n−1 and r ∈ [0,∞), we can write this map as
f(r, u) = min(r, 1) · u. Since the exponential map is expanding, the map
f : M → B

n
is contracting and, in particular, is a Lipschitz map.

Recall that ω = dx1∧dx2 ∧· · ·∧dxn is the volume form on B
n
. It can also

be written as rn−1dr ∧ dσ0, where dσ0 is the volume form of the standard
sphere S

n−1. It follows that f∗ω = 0 on the set {x ∈ M | d(o, x) > 1}
and f∗ω has compact support and is integrable. Denote by U1 = {x ∈ M |
d(o, x) < 1} the Riemannian open unit ball in M . The restriction of f to U1

is a diffeomorphism onto B
n.

Therefore, ∫

M

f∗ω =
∫

U1

f∗ω =
∫

Bn

ω = Vol (Bn) > 0.

The next lemma implies that |Λkf | ∈ Lp(M) if
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1 + ε

p
<

k

n− 1

and |Λn−kf | ∈ Lq
′
(M) if

1 + ε

q′
<

n− k

n− 1
.

Note that the inequality
1 + ε

q′
<

n− k

n− 1

is equivalent to the inequality

k − 1
n− 1

+ ε <
1 + ε

q

since q′ = q/(q − 1). Likewise, |Λn−kf | ∈ Lp
′
(M) if

k − 1
n− 1

+ ε <
1 + ε

p
.

In conclusion, the map f satisfies all the assumptions of Theorem 2.1,
as soon as assumption (A) or (B) of Theorem 1.3 is fulfilled. The proof of
Theorem 1.3 is complete.

Lemma 3.1. The map f : M → B
n

satisfies |Λmf | ∈ Ls(M) if

1 + ε

s
<

m

n− 1
.

Proof. By the Gauss lemma from Riemannian geometry, we know that, in the
polar coordinates, M � [0,∞)× S

n−1/({0} × S
n−1), the Riemannian metric

can be written as
g = dr2 + gr,

where gr is a Riemannian metric on the sphere S
n−1. The Rauch comparison

theorem tells us that if the sectional curvature of g satisfies K � −1, then

gr � (sinh(r))2 g0, (3.1)

where g0 is the standard metric on the sphere S
n−1 (see any textbook on Rie-

mannian geometry, for example, [12, Sect. 6.2, Corollary 2.4] or [9, Corollary
4.6.1]). Using the fact that the Euclidean metric on R

n = ToM is written
in the polar coordinates as ds2 = dr2 + r2g0 and taking into account the
inequality (3.1), we find

|f∗(θ)| � r

sinh(r)
|θ|
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for any covector θ ∈ T ∗
(r,u)M , orthogonal to dr. Since f∗(dr) has compact

support, we conclude that

|f∗(ϕ)| � const
(

r

sinh(r)

)m

|ϕ|

for any m-form ϕ ∈ Λm(T ∗
(r,u)M). In other words, we have the pointwise

estimate

|Λmf |(r,u) � const
(

r

sinh(r)

)m

. (3.2)

By the Ricci curvature comparison estimate, Ric � −(1+ε)2(n−1) implies
that the volume form of (M, g) satisfies

dvol �
(

sinh((1 + ε)r)
1 + ε

)n−1

dr ∧ dσ0, (3.3)

where dσ0 is the volume form of the standard sphere S
n−1 (see, for example,

[12, Sect. 9.1.1]). The above inequalities give us a control of the growth of
|Λmf |s(r,u)dvol. To be precise, let us choose a number t such that

m(1 + ε)
n− 1

< t < s.

Then (3.2) and (3.3) imply

|Λmf |s(r,u)dvol � const e−ardr ∧ dσ0

with a = mt− (n−1)(1+ε) > 0. The last inequality implies the integrability
of |Λmf |s(r,u):

∫

M

|Λmf |s(r,u)dvol � Vol (Sn−1)

∞∫

0

e−ardr <∞.

The lemma is proved. 
�
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Volume Growth and Escape Rate of
Brownian Motion on a
Cartan–Hadamard Manifold

Alexander Grigor’yan and Elton Hsu

Abstract We prove an upper bound for the escape rate of Brownian motion
on a Cartan–Hadamard manifold in terms of the volume growth function. One
of the ingredients of the proof is the Sobolev inequality on such manifolds.

1 Introduction

Let M be a geodesically complete noncompact Riemannian manifold. We de-
note by d(x, y) the geodesic distance between x and y and by μ the Rieman-
nian volume measure. We use Px to denote the diffusion measure generated
by the Laplace–Beltrami operator Δ. Let X = {Xt, t ∈ R+} be the coordi-
nate process on the path space W (M) = C(R+,M). By definition, Px is a
probability measure on W (M) under which X is a Brownian motion starting
from x.

Fix a reference point z ∈M , and let ρ(x) = d(x, z). We say that a function
R(t) is an upper rate function for Brownian motion on M if

Pz{ρ(Xt) � R(t) for all sufficiently large t} = 1.

The purpose of this paper is to study the rate of escape of Brownian motion
on M in terms of the volume growth function. Let us first point out that the
notion of an upper rate function makes sense only if the lifetime of Brow-
nian motion is infinite. In this case, the manifold M is called stochastically
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210 A. Grigor’yan and E. Hsu

complete. The stochastic completeness is equivalent to the identity
∫

M

p (t, x, y) dμ(y) = 1,

where p(t, x, y) is the minimal heat kernel on M , which is also the transition
density function of Brownian motion on M .

Let B(z,R) be the geodesic ball of radius R centered at z. It was proved
[3] that M is stochastically complete if

∞∫
r dr

logμ(B(z,R))
= ∞. (1.1)

The integral in (1.1) will be used in this paper to construct an upper rate
function. Before we state the result, let us briefly survey the existing estimates
of escape rate.

• The classical Khinchin law of the iterated logarithm says that for a Brow-
nian motion in R

n with probability 1

lim sup
t→∞

ρ(Xt)√
4t log log t

= 1

(the factor 4 instead of the classical 2 appears because, in our setting, a
Brownian motion is generated by Δ rather than 1

2Δ). It follows that for
any ε > 0

R(t) =
√

(4 + ε)t log log t (1.2)

is an upper rate function.

• If M has nonnegative Ricci curvature, then (1.2) is again an upper rate
function on M (see [9, Theorem 1.3] and [7, Theorem 4.2]).

• If the volume growth function is at most polynomial, i.e.,

μ(B(z, r)) � CrD

for large enough r and some positive constants C and D, then the function

R(t) = const
√

t log t (1.3)

is an upper rate function (see [15, Theorem 5.1], [7, Theorem 1.1], and [9,
Theorem 1.1]). Note that the logarithm in (1.3) is single in contrast to (1.2)
and, in general, cannot be replaced by the iterated logarithm (see [1, 10]).

• If the volume growth function admits a sub-Gaussian exponential estimate

μ(B(z, r)) � exp(Crα)
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where 0 < α < 2, then the function

R(t) = const t
1

2−α

is an upper rate function (see [7, Theorem 4.1]).

Note that (1.1) is satisfied if the volume growth function admits the Gaus-
sian exponential estimate

μ(B(z, r)) � exp(Cr2) (1.4)

(under the condition (1.4), the stochastic completeness was also proved by
different methods in [15], [12], and [2]). However, none of the existing results
provided any estimates of escape rate under the condition (1.4), let alone
under the volume growth function exp(Cr2 log r) and the like.

We construct an upper rate function under the most general condition
(1.1). However, we assume, in addition, that M is a Cartan–Hadamard man-
ifold, i.e., a geodesically complete simply connected Riemannian manifold of
nonnegative sectional curvature. The property of Cartan–Hadamard man-
ifolds that we use is the Sobolev inequality: if N = dimM , then for any
function f ∈ C∞

0 (M)

(
∫

M

|f | N
N−1 dμ

)N−1
N

� CN

∫

M

|∇f |dμ, (1.5)

where CN is a constant depending only on N (see [11]). The Sobolev inequal-
ity allows us to carry through the Moser iteration argument in [14] and prove
a mean value estimate for solutions of the heat equation on M , which is one
of the ingredients of our proof.

Now, we state our main result.

Theorem 1.1. Let M be a Cartan–Hadamard manifold. Assume that the
following volume estimate holds for a fixed point z ∈ M and all sufficiently
large R :

μ(B(z,R)) � exp(f(R)), (1.6)

where f(R) is a positive, strictly increasing, and continuous function on
[0,+∞) such that

∞∫
r dr

f(r)
= ∞. (1.7)

Let ϕ(t) be the function on R+ defined by

t =

ϕ(t)∫

0

r dr

f(r)
. (1.8)
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Then R(t) = ϕ(C t) is an upper rate function for Brownian motion on M for
some absolute constant C (for example, for any C > 128).

If we set f(R) = logμ(B(z,R)) for large R, then the condition (1.7) be-
comes identical to (1.1). Under this condition, Theorem 1.1 guarantees the
existence of an upper rate function R(t). This, in particular, means that
in a finite time Brownian motion stays with probability one in a bounded
set, which implies that the life time of Brownian motion is infinite almost
surely. Hence the manifold M is stochastically complete. This recovers the
above cited result that (1.1) on geodesically complete manifolds implies the
stochastic completeness, although under the additional assumption that M
is Cartan–Hadamard.

Let us show some examples.

• If
μ(B(z,R)) � CRD (1.9)

for some constants C and D, then (1.6) holds with

f(R) = D logR + const

and (1.8) yields

t � ϕ2

2D logϕ
.

It follows that log t � logϕ2 and

ϕ(t) �
√

Dt log t.

Hence the function
R(t) =

√

CDt log t

is an upper rate function which matches the above cited results of [7, 9, 15].

• If μ(B(z,R)) � exp(Crα) for some 0 < α < 2, then (1.6) holds with
f(R) = Crα and (1.8) yields t � ϕ(t)2−α. Hence we obtain the upper rate
function

R(t) = Ct
1

2−a

which matches the above cited result [7].

• If
μ(B(z,R)) � exp(CR2),

then f(R) = CR2. Then (1.8) yields t � lnϕ(t). Hence we obtain the
upper rate function

R(t) = exp(Ct).

This result is new. Similarly, if

μ(B(z,R)) � exp(CR2 logR),



Escape Rate of Brownian Motion 213

then (1.8) yields t � log logϕ. Hence

R(t) = exp(expCt)).

The hypothesis that M is Cartan–Hadamard can be replaced by the re-
quirement that the Sobolev inequality (1.5) holds on M . Furthermore, the
method goes through also in the setting of weighted manifolds, when mea-
sure μ is not necessarily the Riemannian measure, but has a smooth positive
density, say σ(x), with respect to the Riemannian measure. Then, instead
of the Laplace–Beltrami operator, one should consider the weighted Laplace
operator

Δμ =
1
σ

div (σ∇)

which is symmetric with respect to μ. Theorem 1.1 extends to the weighted
manifolds that are geodesically complete and satisfy the Sobolev inequal-
ity (1.5).

This paper is organized as follows. Section 2 contains the proof of an upper
bound for certain positive solutions of the heat equation. In Sect. 3, we prove
the main result stated above. In Sect. 4, we compute the sharp upper rate
function on model manifold and show that, for a certain range of volume
growth functions, the upper rate function of Theorem 1.1 is sharp up to a
constant factor in front of t.

2 Heat Equation Solution Estimates

In this section, we prove a pointwise upper bound of certain solutions of
the heat equation on a Cartan–Hadamard manifold M (Theorem 2.3). It is
an easy consequence of an L2-bound for a general complete manifold and
a mean value type inequality for a Cartan–Hadamard manifold. These two
upper bounds are known, and we state them as lemmas.

For any set A ⊂ M let Ar be the open r-neighborhood of A in M .

Lemma 2.1. Let M be a geodesically complete Riemannian manifold. Sup-
pose that u(x, t) is a smooth subsolution to the heat equation in the cylinder
Ar× [0, T ], where A ⊂M is a compact set and r, T > 0 (see Fig. 1). Assume
also that 0 � u(x, t) � 1 and u(x, 0) = 0 on Ar. Then for any t ∈ (0, T ]

∫

A

u2(x, t)dμ(x) � μ(Ar)max
(

1,
r2

2t

)

exp
(

−r2

2t
+ 1
)

.

For the proof see [6, Theorem 3] (see also [7, Proposition 3.6]). Note that no
geometric assumption about M is made except for the geodesic completeness.
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A u=0Ar

t Ax{t}

T

Fig. 1 Illustration to Lemma 2.1.

The proof exploits essentially the property of the geodesic distance function
that |∇d| � 1.

Takeda [15] proved a similar estimate for
∫

A

u(x, t)dμ(x) by using a dif-

ferent probabilistic argument. However, it is more convenient for us to work
with the L2 rather than with L1 estimate in view of the following lemma.

Lemma 2.2. Let M be a Cartan–Hadamard manifold of dimension N .
Suppose that u(x, t) is a smooth nonnegative subsolution to the heat equation
in a cylinder B(y, r) × [0, T ], where r, T > 0 (see Fig. 2). Then

u(y, T )2 � CN

min(
√
T , r)N+2

T∫

0

∫

B(y,r)

u2(x, t) dμ(x)dt, (2.1)

where CN is a constant depending only on N .

Proof. As was already mentioned above, a Cartan–Hadamard manifold ad-
mits the Sobolev inequality (1.5). By a standard argument, (1.5) implies the
Sobolev–Moser inequality

∫

M

|f |2+ 4
N dμ � CN

(
∫

M

|f |2 dμ

)2/N ∫

M

|∇f |2 dμ,

which leads, by the Moser iteration argument [14], to the mean value in-
equality (2.1). Note that the value of CN may be different in all the above
inequalities.

An alternative proof of the implication (1.5)⇒(2.1) can be found in [4]
(see also [5, Theorem 3.1 and formula (3.4)]). 
�
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B(y,r)

T

0 y

(y,T)

Fig. 2 Illustration to Lemma 2.2.

With these two preliminary results, we prove the main inequality in this
section. This inequality gives an upper bound for probabilities of escaping
times not exceeding a given upper bound.

Theorem 2.3. Let M be a Cartan–Hadamard manifold of dimension N .
Suppose that u(x, t) is a smooth subsolution to the heat equation in a cylinder
B(y, 2r)× [0, T ], where r, T > 0. If 0 � u � 1 in this cylinder and u(x, 0) = 0
on B(y, 2r), then

u(y, T ) � CN
√

μ(B(y, 2r))
max(

√
T , r)

min(
√
T , r)1+N/2

exp
(

− r2

4T

)

. (2.2)

Proof. We use Lemma 2.1 with A = B(y, r). Then Ar = B(y, 2r) and for any
0 < t � T

∫

B(y,r)

u2(x, t)dμ(x) � μ(B(y, 2r))max
(

1,
r2

2t

)

exp
(

−r2

2t
+ 1
)

(see Fig. 3). Hence

T∫

T/2

∫

B(y,r)

u2(x, t)dμ(x)dt

� 2μ(B(y, 2r))T max
(

1,
r2

T

)

exp
(

− r2

2T

)

.

Applying Lemma 2.2 in the cylinder B(y, r)× [T/2, T ], we obtain
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u(y, T )2 � CNμ(B(y, 2r))
max(T, r2)

min(
√
T , r)N+2

exp
(

− r2

2T

)

.

Hence (2.2) follows. 
�

T

0

t

(y,T)

B(y,2r)B(y,r)

T/2

Fig. 3 Illustration to the proof of Theorem 2.3.

3 Escape Rate of Brownian Motion

We first explain the main idea of the proof. For any open set Ω ⊂ M we
denote by τΩ the first exit time from Ω, i.e.,

τΩ = inf{t > 0 : Xt �∈ Ω}.

Recall that B(x, r) denotes the geodesic ball of radius r centered at x. Fix a
reference point z ∈M and set ρ(x) = d(x, z).

Let {Rn}∞n=1 be a sequence of strictly increasing radii to be fixed later
such that lim

n→∞
Rn = ∞. Consider the following sequence of stopping times:

τn = τB(z,Rn).

Then τn − τn−1 is the amount of time the Brownian motion Xt takes to
cross from ∂B(z,Rn−1) to ∂B(z,Rn) for the first time (if n = 0, then we set
R0 = 0 and τ0 = 0). Let {cn}∞n=1 be a sequence of positive numbers to be
fixed later. Suppose that we can show that

∞∑

n=1

Pz{τn − τn−1 � cn} <∞. (3.1)

Then, by the Borel–Cantelli lemma, with Pz-probability 1 we have
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τn − τn−1 > cn for all large enough n. (3.2)

For any n � 1 we set

Tn =
n∑

k=1

ck.

From (3.2) it follows that for all sufficiently large n

τn > Tn − T0,

where T0 is a large enough (random) number. In other words, we have the
implication

t � Tn − T0 ⇒ ρ(Xt) � Rn if n is large enough. (3.3)

Let ψ be an increasing bijection of R+ onto itself such that

Tn−1 − ψ(Rn) → +∞ as n →∞. (3.4)

We claim that ψ−1 is an upper rate function. Indeed, for large enough t we
choose n such that

Tn−1 − T0 < t � Tn − T0.

If t is large enough, then also n is large enough so that, by (3.3),

ρ(Xt) � Rn

and, by (3.4),
Tn−1 − ψ(Rn) > T0.

It follows that
t > Tn−1 − T0 > ψ(Rn).

Hence
ρ(Xt) � Rn < ψ−1(t),

which proves that ψ−1 is an upper rate function.
Now, let us find cn such that (3.1) is true. By the strong Markov property

of Brownian motion, we have

Pz{τn − τn−1 � cn} = EzPXτn−1
{τn � cn}. (3.5)

Note that Xτn−1 ∈ ∂B(z,Rn−1). If a Brownian motion starts from a point
y ∈ ∂B(z,Rn−1), then it has to travel no less than the distance

rn = Rn −Rn−1

before it reaches ∂B(z,Rn) (see Fig. 4). Hence
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Py{τn � cn} � Py{τB(y,rn) � cn}, y ∈ ∂B(z,Rn−1).

B(z,Rn-1)

z

B(z,Rn)

y=Xτn-1

Xτn

B(y,rn)

XτB(y,rn)

Fig. 4 Brownian motion Xt exits the ball B(y, rn) before B(z, Rn).

From the above inequality and (3.5) we obtain

Pz{τn − τn−1 � cn} � sup
y∈∂B(z,Rn−1)

Py{τB(y,rn) � cn}. (3.6)

For a fixed y ∈ ∂B(z,Rn−1) we consider the function

u(x, t) = Px{τB(y,r) � t}.

Clearly, u(x, t) is the solution of the heat equation in the cylinder B(y, r)×R+.
Furthermore, 0 � u � 1 and

u(x, 0) = 0 for x ∈ B(y, r).

The probability we wanted to estimate is the value of the solution at the
center of the ball:

Py{τB(y,rn) � cn} = u(y, cn).

Applying the estimate (2.2) of Theorem 2.3 in the cylinder B(y, rn)× [0, cn]
and noting that B(y, rn) ⊂ B(z,Rn) so that

μ(B(y, rn)) � exp(f(Rn)),

we obtain

u(y, cn) � CN exp(f(Rn)/2)
max(

√
cn, rn)

min(
√
cn, rn)1+N/2

exp
(

− r2
n

16cn

)

. (3.7)

Now, we choose cn to satisfy the identity
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r2
n

16cn
= f(Rn)

i.e.,

cn =
1
16

r2
n

f(Rn)
.

Noticing that cn < r2
n for large enough n, form (3.7) we obtain

Py{τB(y,rn) � cn} � CN
rn

√
cn

1+N/2
exp(−f(Rn)/2)

= CNr−N/2n f(Rn)
2+N

4 exp(−f(Rn)/2)

� CNr−N/2n .

Set now Rn = 2n so that rn = 2n−1. The above estimate together with (3.6)
obviously implies

∞∑

n=1

Pz{τn − τn−1 � cn} � CN

∞∑

n=1

r−N/2n <∞,

i.e., (3.1).
Knowing the sequences {Rn} and {cn}, we can now determine a function

ψ that satisfies (3.4). Indeed, we have

Tn = c1 + . . . + cn =
1
16

n∑

k=1

r2
k

f(Rk)
=

1
128

n∑

k=1

Rk+1(Rk+1 −Rk)
f(Rk)

� 1
128

n∑

k=1

Rk+1∫

Rk

rdr

f(r)
=

1
128

Rn+1∫

R1

rdr

f(r)
.

Setting

ψ(r) = c

r∫

0

rdr

f(r)
,

where c < 1
128 , and using (1.7), we obtain

Tn − ψ(Rn+1) →∞ as n→∞,

which is equivalent to (3.4). Therefore, ψ−1 is an upper rate function. Clearly,
ψ−1(t) = ϕ(Ct), where ϕ is defined by (1.8) and C = c−1, which completes
the proof of our main result, Theorem 1.1.
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4 Escape Rate on Model Manifolds

In this section, we compute sharp upper rate function on model manifolds
and compare it to the one from Theorem 1.1. We first illustrate the method
in a simple case when M is a hyperbolic space.

4.1 Constant curvature

Let M be the hyperbolic space H
N
K of dimension N and of the constant

sectional curvature −K. Then μ(B(z, r)) � Ce(N−1)Kr so that we can take
f(r) = (N − 1)Kr. Theorem 1.1 yields the following upper rate function:

R(t) = CK(N − 1)t.

In this case, a sharp upper rate function can be computed as follows. The
radial process rt = ρ(Xt) satisfies the identity (see [13])

rt =
√

2Wt + (N − 1)

t∫

0

K cothKrs ds,

where Wt is a one-dimensional Brownian motion. We have

rt →∞ and
Wt
t
→ 0

as t →∞. Therefore,
rt
t
→ (N − 1)K.

Hence a sharp upper rate function is

R(t) = (1 + ε)K(N − 1)t,

where ε > 0.

4.2 General model manifolds

Here, M is not necessarily Cartan–Hadamard, but we do assume that M has
a pole z, i.e., the exponential map exp : TzM → M is a diffeomorphism.
Then the polar coordinates (ρ, θ) are defined on M \ {z}. The manifold M is
said to be a model if the Riemannian metric of M is spherically symmetric,
i.e., has the form
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ds2 = dr2 + h(r)2dθ2, (4.1)

where h(r) is a smooth positive function of r > 0 and dθ2 is the canonical
metric on S

N−1 (note that θ varies in S
N−1). For example, R

N is a model with
h(r) = r and the hyperbolic space H

N
K is a model with h(r) = K−1 sinhKr.

The volume growth function of the metric (4.1) is

V (r) := μ(B(z, r)) = ωN

r∫

0

h(s)N−1ds,

where ωN is the (N−1)-volume of the unit sphere S
N−1. The Laplace operator

of the metric (4.1) is represented in the polar coordinates as follows:

Δ =
∂2

∂r2
+ m(r)

∂

∂r
+

1
h2(r)

ΔSn−1 ,

where ΔSn−1 is the Laplacian in the variable θ with respect to the canonical
metric of S

N−1 and

m(r) := (N − 1)
h′

h
=

V ′′

V ′ .

The function m(r) plays an important role in what follows. Clearly, m satisfies
the identity

V ′(r) = V ′(r0) exp

( r∫

r0

m(s)ds

)

(4.2)

for all r > r0 > 0. We assume in the sequel that

m(r) > 0 and m′(r) � 0 for large enough r (4.3)

and ∞∫
dr

m(r)
= ∞. (4.4)

For example, we have m(r) = N−1
r in R

N and m(r) = (N − 1)K cothKr in
H
N
K . In neither case is the hypothesis (4.3) satisfied. On the other hand, if

V ′(r) = exp(rα), then m(r) = αrα−1, and both (4.3) and (4.4) are satisfied
provided that 1 � α � 2. If V ′(r) = exp(r2 logβ r), then (4.3) and (4.4) hold
for all 0 � β � 1.

We claim that, under the condition (4.3), the Brownian motion on M is
transient and, under the conditions (4.3)–(4.4), M is stochastically complete.
We use the following well-known results (see [8]) that for model manifolds
the transience is equivalent to
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∞∫
dr

V ′(r)
= ∞ (4.5)

and the stochastic completeness is equivalent to

∞∫
V (r)
V ′(r)

dr = ∞. (4.6)

Clearly, (4.3) implies m(r) � c for some positive constant c and all large
enough r. From (4.2) it follows that V ′(r) grows at least exponentially as
r →∞, which implies (4.5). To prove (4.6), we observe that for large enough
r > r0

V (r) − V (r0) =

r∫

r0

V ′(s)ds =

r∫

r0

V ′′(s)
m(s)

ds

� 1
m(r)

r∫

r0

V ′′(s)ds =
1

m(r)
(V ′(r) − V (r0)).

Therefore,
1

m(r)
� V (r) − V (r0)

V ′(r) − V ′(r0)
∼ V (r)

V ′(r)
as r →∞.

Hence (4.6) follows from (4.4).
Let us define the function r(t) by the identity

t =

r(t)∫

0

ds

m(s)
. (4.7)

Our main result in this section is as follows.

Theorem 4.1. Under the above assumptions, the function r((1 + ε)t) is the
upper rate function for Brownian motion on M for any ε > 0, and is not for
any ε < 0.

Let us compare the function r(t) with the upper rate function R(t) given
by Theorem 1.1, which is defined by the identity

R(t)∫

0

rdr

logV (r)
= Ct.

For “nice” functions V (r) we have
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V ′′

V ′ �
V ′

V
= (log V )′ � logV (r)

r
, (4.8)

which means that the functions r(t) and R(t) are comparable up to a constant
multiple in front of t. For example, (4.8) holds for functions like V (r) =
exp(rα) and V (t) = exp(rα logβ r), where α > 0, etc. On the other hand, it
is easy to construct an example of V (r) where r(t) may be significantly less
than R(t) because one can modify a “nice” function V (r) to make the second
derivative V ′′(r) very small in some intervals without affecting too much the
values of V ′ and V . Then the function r(t) in (4.7) will drop significantly,
while R(t) will not change very much.

Proof of Theorem 4.1. By the Ito decomposition, the radial process rt =
ρ(Xt) satisfies the identity

rt =
√

2Wt +

t∫

0

m(rs) ds, (4.9)

where Wt is a one-dimensional Brownian motion (see [13]). Since the process
Xt is transient, rt → ∞ as t → ∞ with probability 1. Hence m(rt) � c for
large enough t so that the second term on the right-hand side of (4.9) grows
at least linearly in t. Since Wt = o(t) as t →∞, we have with probability 1

rt ∼
t∫

0

m(rs) ds as t →∞. (4.10)

Consider the function

u(t) =

t∫

0

m(rs)ds

From (4.10) it follows that for any C > 1 and large enough t

rt � Cu(t). (4.11)

Hence, by the monotonicity of m,

m(rt) � m(Cu(t)).

Since
du

dt
(t) = m(rt), we obtain the differential inequality for u(t)

du

dt
� m(Cu(t)).

Solving it by separation of variables, for large enough t0 and all t > t0 we
obtain
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Cu(t)∫

Cu(t0)

dξ

m(ξ)
� C(t− t0).

Hence
Cu(t)∫

0

dξ

m(ξ)
� Ct + C0, (4.12)

where C0 is a large enough (random) constant. Comparing (4.12) with (4.7)
and using again (4.11), we obtain

rt � Cu(t) � r(Ct + C0) � r(C2t)

for large enough r with probability 1. Since C > 1 was arbitrary, this proves
that r((1 + ε)t) is an upper rate function for any ε > 0. In the same way,
one proves that rt � r(C−2t) for large enough t so that r((1 − ε)t) is not an
upper rate function. 
�
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Sobolev Estimates for the Green
Potential Associated with the
Robin–Laplacian in Lipschitz Domains
Satisfying a Uniform Exterior Ball
Condition

Tünde Jakab, Irina Mitrea, and Marius Mitrea

Dedicated to the memory of S.L. Sobolev

Abstract We show that if u = Gλf is the solution operator for the Robin
problem for the Laplacian, i.e., Δu = f in Ω, ∂νu + λu = 0 on ∂Ω (with
0 � λ � ∞), then Gλ : Lp(Ω) → W 2,p(Ω) is bounded if 1 < p � 2
and Ω ⊂ R

n is a bounded Lipschitz domain satisfying a uniform exterior
ball condition. This extends the earlier results of V. Adolfsson, B.Dahlberg,
S. Fromm, D. Jerison, G. Verchota, and T. Wolff, who have dealt with Dirich-
let (λ = ∞) and Neumann (λ = 0) boundary conditions. Our treatment
of the end-point case p = 1 works for arbitrary Lipschitz domains and is
conceptually different from the proof given by the aforementioned authors.

1 Introduction

Let Ω be a bounded Lipschitz domain in R
n. We consider the Poisson problem

for the Laplacian with Dirichlet and Neumann boundary conditions, i.e.,

(D)

{
Δu = f in Ω,

Tru = 0 on ∂Ω,
(1.1)
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and

(N)

{

Δu = f in Ω,

∂νu = 0 on ∂Ω.
(1.2)

Above, Tr stands for the boundary trace operator and ∂ν denotes the direc-
tional derivative along ν, the outward unit normal to ∂Ω. A natural question
arising in this setting is whether there are numbers p ∈ (1,∞) for which the
following implication holds:

f ∈ Lp(Ω) =⇒ u ∈W 2,p(Ω). (1.3)

Here and elsewhere, W s,p(Ω), 1 � p � ∞, s ∈ R, stands for the Lp-based
Sobolev space of order s in Ω. It has long been understood that this regularity
issue is intimately linked to the analytic and geometric properties of the
underlying domain Ω. To illustrate this point, let us briefly consider the case
where Ω ⊂ R

2 is a polygonal domain with at least one re-entrant corner.
In this scenario, let ω1, . . . , ωN be the internal angles of Ω satisfying π <
ωj < 2π, 1 � j � N . Denote by P1, . . . , PN the corresponding vertices. Then
the solution to the Poisson problem equipped with a homogeneous Dirichlet
boundary condition

Δu = f ∈ L2(Ω), u ∈W 1,2
0 (Ω) := closure of C∞

0 (Ω) in W 1,2(Ω), (1.4)

permits the representation

u =
N∑

j=1

λjvj + w, λj ∈ R, (1.5)

where w ∈ W 2,2(Ω) ∩W 1,2
0 (Ω) and, for each j, vj is a function exhibiting a

singular behavior at Pj of the following nature. Given j ∈ {1, . . . , N}, choose
polar coordinates (rj , θj) taking Pj as the origin and so that the internal
angle is spanned by the half-lines θj = 0 and θj = ωj . Then

vj(rj , θj) = ϕj(rj , θj)r
π/ωj

j sin(πθj/ωj), 1 � j � N, (1.6)

where ϕj is a C∞-smooth cut-off function of small support, which is identi-
cally one near Pj . In this scenario, vj ∈ W s,2(Ω) for every s < 1 + (π/ωj),
though vj /∈W 1+(π/ωj),2(Ω). This implies that the best regularity statement
regarding the solution of (1.4) is

u ∈W s,2(Ω) for every s < 1 +
π

max {ω1, . . . , ωN}
(1.7)

and this fails for the critical value of s. In particular, this provides a quan-
tifiable way of measuring the failure of the implication (1.3) when p = 2 for
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Lipschitz, piecewise C∞ domains exhibiting inwardly directed irregularities.
The interested reader is referred to the monograph [10] for a first-rate survey
of the state of the art of this area, as well as for pertinent references to the
rather vast literature dealing with partial differential equations in domains
with isolated singularities.

From a different perspective, the W 2,p-regularity result (1.3) holds (both
for (1.1) and (1.2)) whenever Ω is sufficiently smooth. For example, it is not
too difficult to show that for a given p ∈ (1,∞)

∂Ω ∈ C1,r for some r > 1− 1/p =⇒ (1.3) holds. (1.8)

For near optimal conditions of this nature, see the excellent monograph [17]
by Maz’ya and Shaposhnikova.

In this paper, we, however, are interested in the case where Ω is an ir-
regular domain. More specifically, we assume that Ω ⊂ R

n is a bounded
Lipschitz domain (i.e., a bounded open set lying on just one side of its topo-
logical boundary which, in turn, is a surface locally described as the graph
of a real-valued Lipschitz function defined in R

n−1). As apparent from (1.7),
the implication (1.3) fails in non-convex polygons when p = 2 so, in this
case, extra conditions on Ω need to be imposed. More specifically, besides
being Lipschitz, we require that Ω satisfies a uniform exterior ball condition.
Heuristically, this ensures that all the singularities of ∂Ω are directed out-
wardly. This class of domains contains all (geometrically) convex domains
Ω ⊂ R

n.
In the class of convex domains, fairly simple counterexamples (see, for

example, the discussion in [2]) show that (1.3) is actually false if p > 2.
Hence p = 2 is shaping up as a critical exponent in this class. As regards
the end-point case p = 1 a more sophisticated counterexample was produced,
originally, by Dahlberg [4], and subsequently sharpened by Jerison and Kenig
[8], to the effect that there exist a bounded C1 domain in Ω along with some
function f ∈ C∞(Ω), such that the Lax–Milgram solution of (1.1) satisfies

u /∈ W 2,1(Ω). (1.9)

In particular, this shows that the case p = 1 and r = 0 of (1.8) is, generally
speaking, false.

Turning to positive results for irregular domains, in the case where 1 <
p � 2 and Ω is convex the question was affirmatively answered by Dahlberg,
Verchota and Wolff, and Adolfsson, Fromm (see the discussion in [1], [6]) for
the Dirichlet problem (1.1) and Adolfsson and Jerison [2] for the Neumann
problem (1.2).

The aim of this work is to generalize the results in [1, 2, 4, 6], by proving
W 2,p estimates for the solution of the Poisson problem for the Laplacian with
Robin boundary conditions in bounded Lipschitz domains in R

n satisfying a
uniform exterior ball condition. Our main result reads as follows:
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Theorem 1.1. Let Ω be a bounded Lipschitz domain in R
n satisfying a

uniform exterior ball condition (see Definition 2.1 below). Also, assume that
1 < p � 2 and 0 � λ � ∞. Then the boundary value problem

(Rλ)

⎧

⎪⎪⎨

⎪⎪⎩

Δu = f ∈ Lp(Ω),

u ∈W 2,p(Ω),

∂νu + λTru = 0 on ∂Ω,

(1.10)

is well posed. In particular, there exists a finite constant C = C(Ω, λ, p) > 0
such that

‖u‖W 2,p(Ω) � C‖f‖Lp(Ω). (1.11)

As a corollary, if u = Gλf denotes the solution operator for the Robin problem
(1.10), then

Gλ : Lp(Ω) −→ W 2,p(Ω) (1.12)

is well defined, linear, and bounded.

It should be mentioned that (1.1) and (1.2) are special cases of (1.10)
corresponding to the cases λ = ∞ and λ = 0 respectively. Thus, from this
perspective, the inhomogeneous Dirichlet and Neumann problems are partic-
ular instances (indeed, end-point cases) of the above Robin problem, which
naturally bridges between the two as the parameter λ ranges in [0,∞]. The
results of Adolfsson, Dahlberg, Fromm, Jerison, Verchota and Wolff, quoted
earlier, correspond to the statement that (1.12) holds if Ω ⊂ R

n is a bounded
convex domain, 1 < p � 2, and λ ∈ {0,∞} (parenthetically, we wish to point
out that, in contrast to Theorem 1.1, this is not a well-posedness statement,
per se).

For the sake of this introduction, let us now heuristically describe the main
steps that go into the proof of Theorem 1.1 in the special case where Ω is a
convex domain of class C2 (our constants will, however, not depend on the
smoothness of ∂Ω, but rather only on the diameter and Lipschitz character
of Ω).

Step I. The operator (1.12) is bounded when p = 2.

In this scenario, we recall the following useful integral identity. If u ∈
W 2,2(Ω), then

∫

Ω

|Δu|2 dx =
n∑

j,k=1

∫

Ω

(
∂2u

∂xj∂xk

)2

dx− 2
∫

∂Ω

∇tan(∂νu) · ∇tanu dσ
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− 2
∫

∂Ω

{

K(∇tanu,∇tanu) + (trK)(∂νu)2
}

dσ. (1.13)

Above, dσ denotes the surface measure on ∂Ω, ∇tan stands for the tangential
gradient, K is the second fundamental quadratic form on ∂Ω, regarded as
C2-submanifold of R

n, and trK stands for trace of K. More specifically, if
xo ∈ ∂Ω, then K at xo is the bilinear form

K(ξ, η) := −
n−1∑

i,j=1

〈 ∂ν

∂si
, Θj

〉

ξi ηj = −
〈∂ν

∂ξ
, η
〉

, (1.14)

where ξ, η are tangent vectors to ∂Ω at xo with components {ξ1, · · · , ξn−1},
{η1, · · · , ηn−1} in the basis {Θ1, · · · , Θn−1} provided by the tangent vectors
at xo to n−1 curves Λ1, · · · , Λn−1 which pass through xo and are orthogonal
at xo. Furthermore, s1, · · · , sn−1 denote the arc lengths along Λ1, · · · , Λn−1

and
〈

·, ·
〉

denotes the scalar product. The trace of this form is then defined
as

trK := −
n−1∑

i=1

〈 ∂ν

∂si
, Θi

〉

(1.15)

For a proof of (1.13) we refer, for example, to [7].
The crux of the matter is that, if ∂Ω ∈ C2, then

Ω convex =⇒ K � 0 and trK � 0 pointwise on ∂Ω. (1.16)

For the purposes we have in mind, we use this in conjunction with the ob-
servation that, if u satisfies the Robin boundary condition ∂νu + λu = 0 on
∂Ω, then

∇tan(∂νu) · ∇tanu = −λ|∇tanu|2 � 0. (1.17)

In concert, (1.16) and (1.17) allow one to conclude that if u ∈ W 2,2(Ω)
satisfies the Robin boundary condition in (1.10) then

‖∇2u‖L2(Ω) � ‖Δu‖L2(Ω). (1.18)

In turn, this entails

∇2Gλ : L2(Ω) −→ L2(Ω) (1.19)

is bounded, which is the key ingredient in ensuring that the claim made in
the formulation of Step I holds. For related results see [15, 16].

Moving on, one would naturally be tempted to try to show that the op-
erator (1.12) is also bounded when p = 1, with a bound for operator norm
independent of smoothness. However, the correct point of view is to actually
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treat the case where p < 1, in which scenario one has to replace the standard
(Lebesgue-based) Sobolev space W 2,p(Ω) by the Hardy-based Sobolev-like
space h2,p(Ω). Specifically, we prove the following:

Step II. For any bounded Lipschitz domain Ω there exists ε > 0 depending
only on the Lipschitz character of Ω such that the operator

Gλ : hp0(Ω) −→ h2,p(Ω) (1.20)

is well defined, linear, and bounded whenever 1− ε < p < 1.

Here, hp0(Ω) is the space of distributions in Ω consisting of the restrictions
to Ω of those distributions in the Triebel–Lizorkin space F p,20 (Rn) which are
supported in Ω. Also, h2,p(Ω) is the Hardy-based Sobolev-like space of order
2 (see the body of the paper for more details).

This step is based on work developed in connection to the solution of
Chang–Krantz–Stein conjecture from [13, 14]. It is important to point out
that our result in the second step holding for 1− ε < p � 1 has been estab-
lished for the entire class of bounded Lipschitz domains in R

n. In particular,
this result does not depend on the convexity, nor on the uniform exterior ball
condition property of the domain Ω. Under the assumption of convexity or a
uniform exterior ball condition property, it is conceivable that a better lower
endpoint, in the class of Hardy spaces, can be established. This is a problem
we plan to return to on a different occasion.

Step III. The problem (1.10) is well posed whenever Ω is a bounded Lips-
chitz domain satisfying a uniform exterior ball condition and 1 < p � 2.

Existence and estimates are obtained by relying on the fact that the Green
operator (1.12) is well defined, linear, and bounded if 1 < p � 2. The latter
claim is a consequence of Steps I-II and interpolation. Finally, uniqueness is
proved by relying on the fundamental work of Dahlberg and Kenig [5].

2 Preliminaries

We call a bounded open set Ω ⊂ R
n a bounded Lipschitz domain if there

exists a finite open covering {Oj}1�j�N of ∂Ω with the property that, for
every j ∈ {1, . . . , N}, Oj ∩ Ω coincides with the portion of Oj lying in the
upper graph of a Lipschitz function ϕj : R

n−1 → R (where R
n−1×R is a new

system of coordinates obtained from the original one via a rigid motion). As
is well known, for a Lipschitz domain Ω the surface measure dσ is well defined
on ∂Ω and there exists an outward pointing normal vector ν = (ν1, . . . , νn)
at almost all points on ∂Ω.

Given α > 0, we set
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Γα(x) := {y ∈ Ω : |x− y| � (1 + α) dist (y, ∂Ω)} (2.1)

and denote by M = Mα the nontangential maximal operator associated with
Ω, i.e., for a function u defined in Ω we set

(Mu)(x) := sup
y∈Γα(x)

|u(y)|, x ∈ ∂Ω. (2.2)

Also, define the nontangential pointwise trace by

u
∣
∣
∂Ω

(x) := lim
y∈Γα(x)
y→x

u(y), x ∈ ∂Ω. (2.3)

For a Lipschitz domain Ω ⊂ R
n we introduce the tangential gradient of a

real-valued function f defined on ∂Ω by

∇tanf :=
( n∑

k=1

νk∂τkj
f
)

1�j�n
, (2.4)

where ∂τjk
:= νj∂k − νk∂j , 1 � j, k � n, are tangential derivative operators

on ∂Ω.
Next, we discuss layer potential operators associated with a given Lipschitz

domain Ω ⊂ R
n. To set the stage, we denote by Γ the canonical fundamental

solution for the Laplacian Δ =
n∑

j=1

∂2
j in R

n, i.e.,

Γ (x) :=

⎧

⎪⎪⎨

⎪⎪⎩

1
ωn−1(2− n)

1
|x|n−2

, if n � 3,

1
2π

log |x|, if n = 2,
x ∈ R

n \ {0}, (2.5)

where ωn is the surface measure of the unit sphere Sn−1 in R
n. Next, we

recall the harmonic single layer and its boundary version given respectively
by the formulas

Sf(x) :=
∫

∂Ω

Γ (x− y)f(y) dσ(y), x ∈ Ω, (2.6)

Sf(x) :=
∫

∂Ω

Γ (x− y)f(y) dσ(y), x ∈ ∂Ω. (2.7)

We also recall here that

Sf
∣
∣
∂Ω

= Sf on ∂Ω (2.8)

and the following jump-formula for the normal derivative of the single layer
potential operator holds:
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∂νSf =
(

− 1
2I + K∗)f on ∂Ω, (2.9)

where, with p.v. denoting principal value, we have set

K∗f(x) :=
1

ωn−1
p.v.

∫

∂Ω

〈x− y, ν(x)〉
|x− y|n f(y) dσ(y), x ∈ ∂Ω. (2.10)

Moving on, we briefly recall the Newtonian volume potential for the Lapla-
cian. Specifically, for a given function f ∈ L1(Ω) we set

Πf(x) :=
∫

Ω

Γ (x− y)f(y) dy, x ∈ R
n, (2.11)

and note that

ΔΓf = f in Ω. (2.12)

Finally, we record here the following definition.

Definition 2.1. An open set Ω ⊂ R
n is said to satisfy a uniform exterior

ball condition (abbreviated by UEBC) if there exists r > 0 with the following
property: For each x ∈ ∂Ω there exists a point y = y(x) ∈ R

n such that

B(y, r)
∖

{x} ⊆ R
n\Ω and x ∈ ∂B(y, r). (2.13)

The largest radius r satisfying the above property is referred to as the UEBC
constant of Ω.

3 Smoothness Spaces on Lipschitz Boundaries and
Lipschitz Domains

We begin by briefly reviewing the Besov and Triebel–Lizorkin scales in R
n.

One convenient point of view is offered by the classical Littlewood–Paley
theory (see, for example, [21, 23]). More specifically, let Ξ be the collection
of all systems {ζj}∞j=0 of Schwartz functions with the following properties:

(i) there exist positive constants A, B, C such that

supp (ζ0) ⊂ {x : |x| � A};
supp (ζj) ⊂ {x : B2j−1 � |x| � C2j+1} if j ∈ N;

(3.1)

(ii) for every multiindex α there is a positive, finite constant Cα such that

sup
x∈Rn

sup
j∈N

2j|α||∂αζj(x)| � Cα; (3.2)
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(iii)
∞∑

j=0

ζj(x) = 1 for every x ∈ R
n. (3.3)

Let s ∈ R, 0 < q � ∞. Fix some family {ζj}∞j=0 ∈ Ξ. Also, let F and
S′(Rn) denote the Fourier transform and the class of tempered distributions
in R

n respectively. Then the Triebel–Lizorkin space F p,qs (Rn) is defined for
each 0 < p < ∞ as

F p,qs (Rn) :=
{

f ∈ S′(Rn) : ‖f‖Fp,q
s (Rn)

:=
∥
∥
∥

( ∞∑

j=0

|2sjF−1(ζjFf)|q
)1/q∥

∥
∥
Lp(Rn)

<∞
}

. (3.4)

If 0 < p � ∞ then the Besov space Bp,qs (Rn) can be defined as

Bp,qs (Rn) :=
{

f ∈ S′(Rn) : ‖f‖Bp,q
s (Rn)

:=
( ∞∑

j=0

‖2sjF−1(ζjFf)‖qLp(Rn)

)1/q

< ∞
}

. (3.5)

A different choice of the system {ζj}∞j=0 ∈ Ξ yields the same spaces (3.4)-
(3.5), albeit equipped with equivalent norms. Furthermore, the class of
Schwartz functions in R

n is dense in both Bp,qs (Rn) and F p,qs (Rn) provided
that s ∈ R and 0 < p, q < ∞.

It has long been known that many classical smoothness spaces are encom-
passed by the Besov and Triebel–Lizorkin scales. For example,

Cs(Rn) = B∞,∞
s (Rn), 0 < s /∈ Z, (3.6)

Lp(Rn) = F p,20 (Rn), 1 < p < ∞, (3.7)

Lps(R
n) = F p,2s (Rn), 1 < p < ∞, s ∈ R, (3.8)

W k,p(Rn) = F p,2k (Rn), 1 < p < ∞, k ∈ N, (3.9)

hp(Rn) = F p,20 (Rn), 0 < p � 1, (3.10)

hk,p(Rn) = F p,2k (Rn), 0 < p � 1, k ∈ Z, (3.11)

bmo(Rn) = F∞,2
0 (Rn). (3.12)

Above, given 1 < p < ∞ and s ∈ R, Lps(R
n) stands for the Bessel potential

space defined by
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Lps(R
n) :=

{

(I −Δ)−s/2g : g ∈ Lp(Rn)
}

=
{

F−1(1 + |ξ|2)−s/2Fg : g ∈ Lp(Rn)
}

, (3.13)

equipped with the norm

‖f‖Lp
s(Rn) := ‖F−1(1 + |ξ|2)s/2Ff‖Lp(Rn). (3.14)

As is well known, when the smoothness index is a natural number, say s =
k ∈ N, this can be identified with the classical Sobolev space

W k,p(Rn) :=
{

f ∈ Lp(Rn) : ‖f‖Wk,p(Rn) :=
∑

|γ|�k
‖∂γf‖Lp(Rn) < ∞

}

,

(3.15)
i.e.,

Lpk(R
n) = W k,p(Rn), k ∈ No, 1 < p < ∞. (3.16)

Also, Cs(Rn), hp(Rn), hk,p(Rn) stand for the Hölder, (local) Hardy, and
Hardy-based Sobolev-like spaces in R

n.
We next wish to adapt some of these smoothness classes to the situation

where the Euclidean space is replaced by the boundary of a Lipschitz domain
Ω. To get started, for each 1 < p < ∞, the space Lp(∂Ω) is the space of p-
integrable functions on ∂Ω with respect to the surface measure dσ. For a ∈ R

we set (a)+ := max{a, 0}. Consider three parameters p, q, and s subject to

0 < p, q � ∞, (n− 1)(1/p− 1)+ < s < 1 (3.17)

and assume that Ω ⊂ R
n is the upper graph of a Lipschitz function

ϕ : R
n−1 → R. We then define Bp,qs (∂Ω) as the space of locally integrable

functions f on ∂Ω for which the assignment R
n−1  x �→ f(x, ϕ(x)) belongs

to Bp,qs (Rn−1), the classical Besov space in R
n−1. We equip this space with

the (quasi) norm

‖f‖Bp,q
s (∂Ω) := ‖f(·, ϕ(·))‖Bp,q

s (Rn−1). (3.18)

As far as Besov spaces with a negative amount of smoothness are concerned,
in the same context as above we set

f ∈ Bp,qs−1(∂Ω) ⇐⇒ f(·, ϕ(·))
√

1 + |∇ϕ(·)|2 ∈ Bp,qs−1(R
n−1), (3.19)

‖f‖Bp,q
s−1(∂Ω) := ‖f(·, ϕ(·))

√

1 + |∇ϕ(·)|2‖Bp,q
s−1(R

n−1). (3.20)

As is well known, the case where p = q = ∞ corresponds to the usual
(inhomogeneous) Hölder spaces Cs(∂Ω), defined by the requirement that
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‖f‖Cs(∂Ω) := ‖f‖L∞(∂Ω) + sup
x �=y

x,y∈∂Ω

|f(x)− f(y)|
|x− y|s < +∞, (3.21)

i.e.,

B∞,∞
s (∂Ω) = Cs(∂Ω) for s ∈ (0, 1). (3.22)

All the above definitions then readily extend to the case of (bounded)
Lipschitz domains in R

n via a standard partition of unity argument.
We now proceed to discuss Triebel–Lizorkin spaces defined on the bound-

ary of a bounded Lipschitz domain Ω ⊂ R
n, denoted in the sequel by

F p,qs (∂Ω). Compared with the Besov scale, the most important novel as-
pect here is the possibility of allowing the endpoint case s = 1 as part of the
general discussion if q = 2. To discuss this in more detail, assume that either

0 < p <∞, 0 < q � ∞, (n− 1)
( 1

min {p, q} − 1
)

+
< s < 1, (3.23)

or

n− 1
n

< p <∞, q = 2, s = 1. (3.24)

In this scenario, the Triebel–Lizorkin scale in R
n−1 is invariant under point-

wise multiplication by Lipschitz maps, as well as composition by Lipschitz
diffeomorphisms. When s, p, and q are as above and Ω is a Lipschitz domain
in R

n lying above the graph of a Lipschitz function ϕ : R
n−1 → R, we may

therefore define the space F p,qs (∂Ω) as the collection of all locally integrable
functions f on ∂Ω such that

f(·, ϕ(·)) ∈ F p,qs (Rn−1), (3.25)

endowed with the norm

‖f‖Fp,q
s (∂Ω) := ‖f(·, ϕ(·))‖Fp,q

s (Rn−1). (3.26)

Also, if Lip0 (∂Ω) stands for the collection of all compactly supported Lips-
chitz functions on ∂Ω, the space F p,qs−1(∂Ω) is defined as the collection of all
functionals f ∈ (Lip0 (∂Ω))′ such that

f(·, ϕ(·))
√

1 + |∇ϕ(·)|2 ∈ F p,qs−1(R
n−1), (3.27)

and we equip it with the quasinorm

‖f‖Fp,q
s−1(∂Ω) := ‖f(·, ϕ(·))

√

1 + |∇ϕ(·)|2‖Fp,q
s−1(R

n−1). (3.28)

Hereafter, we introduce
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Hs(∂Ω) := F 2,2
s (∂Ω), −1 � s � 1. (3.29)

In particular, the following duality result holds:
(

Hs(∂Ω)
)∗ = H−s(∂Ω), −1 � s � 1. (3.30)

When Ω ⊂ R
n is a bounded Lipschitz domain and (s, p, q) are as in (3.23)-

(3.24), we define F p,qs (∂Ω) and F p,qs−1(∂Ω) via localization (using a smooth,
finite partition of unity) and pull-back to R

n−1 (in the manner described
above, for graph-Lipschitz domains). When equipped with the natural quasi-
norms, the Triebel–Lizorkin spaces just introduced are quasi-Banach, and
different partitions of unity yield equivalent quasinorms.

Going further, we adapt the Besov and Triebel–Lizorkin spaces Bp,qs (Rn),
F p,qs (Rn), 0 < p, q � ∞, s ∈ R, originally defined in the entire Euclidean
setting, to arbitrary open subsets of R

n. Concretely for a given arbitrary
open subset Ω of R

n we denote by f |Ω the restriction of a distribution f
in R

n to Ω. For 0 < p, q � ∞ and s ∈ R, both Bp,qs (Rn) and F p,qs (Rn) are
spaces of (tempered) distributions, hence it is meaningful to define

Ap,qs (Ω) := {f distribution in Ω : ∃ g ∈ Ap,qs (Rn) such that g|Ω = f},

‖f‖Ap,q
s (Ω) := inf {‖g‖Ap,q

s (Rn) : g ∈ Ap,qs (Rn), g|Ω = f}, f ∈ Ap,qs (Ω),
(3.31)

where A = B or A = F . Throughout the paper, the subscript loc appended
to one of the function spaces already introduced indicates the local version
of that particular space.

The existence of an universal extension operator for Besov and Triebel–
Lizorkin spaces in an arbitrary Lipschitz domain Ω ⊂ R

n was established
by Rychkov [22]. This allows one transferring a number of properties of the
Besov-Triebel–Lizorkin spaces in the Euclidean space R

n to the setting of a
bounded Lipschitz domain Ω ⊂ R

n. Here, we only wish to mention a few of
these properties. First, if 0 < p � ∞, 0 < q <∞, and s ∈ R, then

Bp,min (p,q)
s (Ω) ↪→ F p,qs (Ω) ↪→ Bp,max (p,q)

s (Ω) (3.32)

and

Bp0,ps0 (Ω) ↪→ F p,qs (Ω) ↪→ Bp1,ps1 (Ω) (3.33)

if 0 < p0 < p < p1 � ∞ and
1
p0
− s0

n
=

1
p
− s

n
=

1
p1
− s1

n
. Second, if k is a

nonnegative integer and 1 < p < ∞, then

F p,2k (Ω) = W k,p(Ω) := {f ∈ Lp(Ω) : ∂αf ∈ Lp(Ω), |α| � k}, (3.34)

the classical Sobolev spaces in Ω. Third, if k ∈ N0 and 0 < s < 1, then
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B∞,∞
k+s (Ω) = Ck+s(Ω), (3.35)

where

Ck+s(Ω) :=
{

u ∈ Ck(Ω) : ‖u‖Ck+s(Ω) < ∞ and ‖u‖Ck+s(Ω) :=

k∑

j=0

‖∇ju‖L∞(Ω) +
∑

|α|=k
sup
x 
=y∈Ω

|∂αu(x)− ∂αu(y)|
|x− y|s

}

. (3.36)

Going further, for 0 < p, q � ∞, s ∈ R, we set

Ap,qs,0(Ω) := {f ∈ Ap,qs (Rn) : supp f ⊆ Ω},
‖f‖Ap,q

s,0(Ω) := ‖f‖Ap,q
s (Rn), f ∈ Ap,qs,0(Ω),

(3.37)

where we use the convention that either A = F and p < ∞ or A = B.
Thus, Bp,qs,0 (Ω) and F p,qs,0 (Ω) are closed subspaces of Bp,qs (Rn) and F p,qs (Rn)
respectively.

Next we record an assertion from [14] which extends work done in [8].

Theorem 3.1. Let Ω be a bounded Lipschitz domain in R
n. Assume that

the indices p, s satisfy n−1
n < p � ∞ and (n− 1)( 1

p − 1)+ < s < 1. Then the
following holds.

(i) The restriction to the boundary extends to a linear, bounded operator

Tr : Bp,q
s+ 1

p

(Ω) −→ Bp,qs (∂Ω) for 0 < q � ∞. (3.38)

Moreover, for this range of indices, Tr is onto and has a bounded right inverse

Ex : Bp,qs (∂Ω) −→ Bp,q
s+ 1

p

(Ω). (3.39)

(ii) Similar considerations hold for

Tr : F p,q
s+ 1

p

(Ω) −→ Bp,ps (∂Ω) (3.40)

with the convention that q = ∞ if p = ∞. More specifically, Tr in (3.40) is a
linear, bounded, operator which has a linear, bounded right inverse

Ex : Bp,ps (∂Ω) −→ F p,q
s+ 1

p

(Ω). (3.41)

Denote by (·, ·)θ,q and [·, ·]θ the real and complex method of interpolation
respectively. A proof of the following result can be found in [9].

Theorem 3.2. Suppose that Ω is a bounded Lipschitz domain in R
n. Let

α0, α1 ∈ R, α0 �= α1, 0 < q0, q1, q � ∞, 0 < θ < 1, α = (1 − θ)α0 + θα1.
Then
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(F p,q0α0
(Ω), F p,q1α1

(Ω))θ,q = Bp,qα (Ω), 0 < p <∞, (3.42)

(Bp,q0α0
(Ω), Bp,q1α1

(Ω))θ,q = Bp,qα (Ω), 0 < p � ∞. (3.43)

Furthermore, if α0, α1 ∈ R, 0 < p0, p1 � ∞ and 0 < q0, q1 � ∞ are such that

either max {p0, q0} < ∞ or max {p1, q1} <∞, (3.44)

then
[F p0,q0α0

(Ω), F p1,q1α1
(Ω)]θ = F p,qα (Ω), (3.45)

where 0 < θ < 1, α = (1− θ)α0 + θα1,
1
p

=
1− θ

p0
+

θ

p1
and

1
q

=
1− θ

q0
+

θ

q1
.

On the other hand, if α0, α1 ∈ R, 0 < p0, p1, q0, q1 � ∞ are such that

min {q0, q1} < ∞, (3.46)

then also
[Bp0,q0α0

(Ω), Bp1,q1α1
(Ω)]θ = Bp,qα (Ω), (3.47)

where θ, α, p, q are as above.
Finally, the same interpolation results are valid if the spaces Bp,qs (Ω),

F p,qs (Ω) are replaced by Bp,qs,0 (Ω) and F p,qs,0 (Ω) respectively.

The following is a collection of mapping and invertibility properties of
the layer potential operators introduced at the end of the previous section
which will be useful in the sequel. Specifically, we have the following assertion
from [14].

Theorem 3.3. Let Ω be a bounded Lipschitz domain in R
n. Then for each

0 < p < ∞ and (n − 1)(1/p − 1)+ < s < 1 the following operators are well
defined, linear, and bounded:

K∗ : Bp,ps−1(∂Ω) −→ Bp,ps−1(∂Ω), (3.48)

S : Bp,ps−1(∂Ω) −→ Bp,ps (∂Ω), (3.49)

S : Bp,ps−1(∂Ω) −→ F p,2
s+ 1

p

(Ω). (3.50)

Regarding the invertibility of boundary harmonic layer potentials, we
record here the following version of Theorem 1.5 of [12] (see also [14]).

Theorem 3.4. For each bounded Lipschitz domain Ω in R
n there exists ε =

ε(Ω) ∈ (0, 1] with the following significance. Assume that
n− 1
n

< p � ∞,

(n− 1)(1/p− 1)+ < s < 1, are such that either one of the four conditions

(I) : n−1
n−1+ε < p � 1 and (n− 1)

(
1
p − 1

)

+ 1− ε < s < 1;
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(II) : 1 � p � 2
1+ε and 2

p − 1− ε < s < 1; (3.51)

(III) : 2
1+ε � p � 2

1−ε and 0 < s < 1;

(IV ) : 2
1−ε � p � ∞ and 0 < s < 2

p + ε,

is satisfied if n � 3, and either one of the following three conditions

(I ′) : 2
1+ε � p � 2

1−ε and 0 < s < 1;

(II ′) : 2
3+ε < p < 2

1+ε and 1
p −

1+ε
2 < s < 1; (3.52)

(III ′) : 2
1−ε < p � ∞ and 0 < s < 1

p + 1+ε
2 ,

is satisfied if n = 2. Then, with 0 < q � ∞, the operators

± 1
2I +K∗ : Bp,qs−1(∂Ω) −→ Bp,qs−1(∂Ω) are Fredholm with index zero. (3.53)

Let us also record here the fact (see [24] for a proof) that

S : L2(∂Ω) −→ H1(∂Ω) is an isomorphism. (3.54)

We conclude this section by discussing finite energy solutions for the in-
homogeneous problem for the Laplacian with Robin boundary conditions in
a bounded Lipschitz domain Ω ⊂ R

n. To set the stage, let X∗〈·, ·〉X denote
the duality pairing between a Banach space X and its dual X∗. Then for a
given bounded Lipschitz domain with outward unit normal ν we consider the
Neumann trace operator

∂ν : {u ∈ W 1,2(Ω) : Δu ∈ L2(Ω)} −→ H−1/2(∂Ω) (3.55)

given by

(H1/2(∂Ω))∗〈∂νu, ϕ〉H1/2(∂Ω) :=
∫

Ω

∇u · ∇Φdx +
∫

Ω

(Δu)Φdx. (3.56)

Above, ϕ ∈ H1/2(∂Ω) is arbitrary and Φ ∈ W 1,2(Ω) is such that TrΦ =
ϕ on ∂Ω. Then (3.55)-(3.56) is a well-defined operator (whose definition is
unaffected by the particular extension Φ of ϕ ∈ H1/2(∂Ω) to a function in
W 1,2(Ω)), which is linear and bounded.

Proposition 3.5. Let Ω be a bounded Lipschitz domain, and let λ > 0. Then
the boundary value problem
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⎧

⎪⎪⎨

⎪⎪⎩

Δu = f ∈ L2(Ω) in Ω,

∂νu + λu = g ∈ H−1/2(∂Ω) on ∂Ω,

u ∈W 1,2(Ω),

(3.57)

is uniquely solvable. In addition, the solution satisfies

‖u‖W 1,2(Ω) � C‖f‖L2(Ω) + C‖g‖H−1/2(∂Ω) (3.58)

for some C > 0 which depends only on the Lipschitz character of Ω and λ,
and

u ∈ W 2,2
loc (Ω). (3.59)

Proof. It is well known that the Neumann trace operator (3.55)-(3.56) is onto.
Granted this, there is no loss of generality in assuming that g = 0. Assuming
that this is the case, the idea is now to implement the standard Lax–Milgram
lemma. Specifically, let

B : W 1,2(Ω)×W 1,2(Ω) −→ R (3.60)

be given by

B(u, v) :=
∫

Ω

∇u · ∇v dx + λ

∫

∂Ω

Tr uTr v dσ. (3.61)

Then B is bilinear, bounded, symmetric and coercive, where this last property
follows from the Poincaré inequality (see, for example, [3]). Then, according
to the Lax–Milgram lemma, for each function f ∈ L2(Ω) ↪→

(

W 1,2(Ω)
)∗

there exists a unique u ∈ W 1,2(Ω) such that

‖u‖W 1,2(Ω) � C(Ω, λ)‖f‖L2(Ω), (3.62)

for some finite C = C(Ω, λ) > 0 and

−B(u, v) =(W 1,2(Ω))∗ 〈f, v〉W 1,2(Ω) ∀ v ∈W 1,2(Ω). (3.63)

Thus,
∫

Ω

∇u · ∇v dx + λ

∫

∂Ω

Tr uTr v dσ = −
∫

Ω

fv dx ∀ v ∈W 1,2(Ω). (3.64)

Specializing this to the case v ∈ C∞
0 (Ω), we prove that Δu = f in Ω. With

this in hand, then (3.55)-(3.56) show that also ∂νu+λTru = 0 in H−1/2(∂Ω),
from which the conclusion in the first part of the proposition follows.

As for the membership of u to W 2,2
loc (Ω), we pick an arbitrary function

η ∈ C∞
0 (Ω) and consider a domain D ⊂ Ω of class C∞ such that supp η ⊂ D.
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Then Δ(ηu) ∈ L2(D) and ηu ∈ W 1,2
0 (D). Since ∂D is of class C∞, well-

known elliptic estimates in smooth domains imply that ηu ∈W 2,2(D). Thus,
u ∈W 2,2

loc (Ω), as required. 
�

4 The Case of C2 Domains

Throughout this section, Ω is a bounded C2 domain in R
n with a C2 defining

function ρ, i.e.,

ρ < 0 in Ω, ρ > 0 in R
n \Ω, ∇ρ �= 0 on ∂Ω = {ρ = 0}. (4.1)

In particular, ν =
∇ρ

|∇ρ| is the outward unit normal vector to ∂Ω. Define the

Hessian matrix of ρ:

Hess (ρ) :=
∑

1�j,k�n

∂2ρ

∂xj∂xk
ej ⊗ ek ≡

(
∂2ρ

∂xj∂xk

)

1�j,k�n
, (4.2)

where (ej)1�j�n is the standard orthonormal basis for R
n.

Theorem 4.1. Consider Ω and ρ as above and assume that w ∈ W 2,2(Ω).
Then, with σ denoting the surface area on ∂Ω, ν denoting the outward unit
normal, ∂ν the normal derivative and ∇tan the tangential gradient on ∂Ω,
one has

∫

Ω

|Δw|2 dx =
n∑

j,k=1

∫

Ω

(
∂2w

∂xj∂xk

)2

dx

+
∫

∂Ω

[Tr (Hess (ρ))− 〈Hess (ρ)ν, ν〉] (∂νw)2 dσ

+
∫

∂Ω

〈Hess (ρ)∇tanw,∇tanw〉 dσ

−2H1/2(∂Ω)

〈

∇tanw,∇tan(∂νw)
〉

H−1/2(∂Ω)
, (4.3)

where H1/2(∂Ω)〈f, g〉H−1/2(∂Ω) is the duality pairing between f ∈ H1/2(∂Ω)
and g ∈ H−1/2(∂Ω) =

(

H1/2(∂Ω)
)∗ with respect to the pivotal space L2(∂Ω).

Proof. This follows by specializing results from [18] where a similar formula
was established in a more general framework of differential forms. Below, we
employ relatively standard notation and terminology inherent to the language
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of differential forms in R
n. For example, d is the exterior derivative operator,

∧ stands for the exterior product of forms, and δ is its formal adjoint. Also,
∨ denotes the interior product of forms (which happens to be the adjoint of
“wedging”). Generally speaking, for a given differential form ω in Ω we define
its normal and tangential components respectively by

ωnor := ν ∧ (ν ∨ ω), ωtan := ν ∨ (ν ∧ ω), (4.4)

where the outward unit normal ν = (ν1, . . . , νn) is identified with the 1-form

ν =
n∑

j=1

νjdxj .

Following [18], we also introduce the boundary versions of the operators
d, δ:

d∂ := −ν ∧ d(ν ∨ ·) and δ∂ := −ν ∨ δ(ν ∧ ·). (4.5)

Then, according to Theorem 4.1 in [18], for each � ∈ {0, . . . , n} and any two
differential �-forms u =

∑

|I|=�
uIdx

I , v =
∑

|I|=�
vIdx

I (where
∑

|I|=�
indicates

that the sum is performed over increasing multiindices I of length �), with
coefficients in W 1,2(Ω), we have
∫

Ω

[

〈du, dv〉+ 〈δu, δv〉
]

dx

=
∑

|I|=�

n∑

j=1

∫

Ω

∂uI
∂xj

∂vI
∂xj

dx +
∫

∂Ω

n∑

j,k=1

∂2ρ

∂xj∂xk
〈dxj ∧ unor, dxk ∧ vnor〉 dσ

+
∫

∂Ω

n∑

j,k=1

∂2ρ

∂xj∂xk
〈dxj ∨ utan, dxk ∨ vtan〉 dσ

−H1/2(∂Ω) 〈ν ∨ u, δ∂vtan〉H−1/2(∂Ω) +H1/2(∂Ω) 〈ν ∧ u, d∂vnor〉H−1/2(∂Ω).

(4.6)

We use (4.6) in a special case where u = v := dw ∈ W 1,2(Ω), regarded as
1-form. This allows us to make the natural identifications

(

dw
)

nor
≡ (∂νw)ν,

(

dw
)

tan
≡ ∇tanw. (4.7)

Also, it is straightforward to check that d∂(dw)nor = −ν ∧ d(∂νw) so that
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H1/2(∂Ω)〈ν ∧ dw,d∂(dw)nor〉H−1/2(∂Ω)

= −H1/2(∂Ω)〈dw, ν ∨ (ν ∧ d(∂νw))〉H−1/2(∂Ω)

= −H1/2(∂Ω)〈∇w,∇tan(∂νw)〉H−1/2(∂Ω)

= −H1/2(∂Ω)〈∇tanw,∇tan(∂νw)〉H−1/2(∂Ω). (4.8)

Also, with Div denoting the surface divergence operator on ∂Ω (i.e., the
formal adjoint of the tangential gradient introduced in (2.4)), we may write

H1/2(∂Ω)〈ν ∨ dw,δ∂(dw)tan〉H−1/2(∂Ω)

= −H1/2(∂Ω)〈∂νw,Div(∇tanw)〉H−1/2(∂Ω)

= −H1/2(∂Ω)〈∇tanw,∇tan(∂νw)〉H−1/2(∂Ω). (4.9)

Finally, using that d2 = 0, δ(dw) = div(∇w) = Δw, and the fact that unor =
vnor = (∂νw)ν, identity (4.3) follows from (4.6) and the above identifications
in a straightforward fashion, once we note that

〈dxj ∧ unor, dxk ∧ vnor〉 = (∂νw)2〈dxj ∧ ν , dxk ∧ ν〉

= (∂νw)2(δjk − νjνk) (4.10)

and

〈dxj ∨∇tanw , dxk ∨∇tanw〉 = (∇tanw)j(∇tanw)k (4.11)

for every j, k ∈ {1, . . . , n}. 
�

Proposition 4.2. Assume that the domain Ω ⊂ R
n is given as the upper

graph of a C2 function ϕ : R
n−1 → R, and satisfies an uniform exterior ball

condition. Then there exists ρ ∈ C2 defining function for Ω (in the sense
of (4.1)) such that Hess (ρ) is bounded from below by a negative constant.
More specifically, there exists C0 > 0, depending only on the Lipschitz and
UEBC constants of Ω, such that

〈Hess (ρ)ξ, ξ〉 � −C0|ξ|2 ∀ ξ ∈ R
n. (4.12)

Proof. Define

ρ(x) := ϕ(x′)− xn, x = (x′, xn) ∈ R
n−1 × R = R

n, (4.13)

so that
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∂2ρ

∂xj∂xk
(x) =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂2ϕ

∂xj∂xk
(x′), 1 � j, k � n− 1,

0, 1 � j � n− 1 and k = n,

0, j = k = n.

(4.14)

Thus, based on (4.13) and (4.14), we have

〈Hess (ρ)(x)ξ, ξ〉 =
〈(

Hess (ϕ)(x′)ξ′, 0
)

, ξ
〉

= 〈Hess (ϕ)(x′)ξ′, ξ′〉 � −C0|ξ′|2 � −C0|ξ|2, (4.15)

where the next-to-last inequality follows from Lemma 6.3 in [18]. 
�

Lemma 4.3. If H is an n×n symmetric matrix which is bounded from below
by some possibly negative constant −C0 in the sense of (4.12), then

trH − 〈Hν, ν〉 � −C0(n− 1) (4.16)

for any unit vector ν ∈ R
n.

Proof. Diagonalizing H , we obtain H = U−1DU , where D is an n×n diagonal
matrix with entries dij := δijdj , i, j ∈ {1, . . . , n}, and U is a unitary matrix
(i.e., U−1 = U∗). Since, by assumption, H is bounded from below by −C0,
it readily follows that

dj � −C0 ∀ j ∈ {1, . . . , n}. (4.17)

Let ν be a unit vector in R
n. Introducing ξ := Uν, we have

trH − 〈Hν, ν〉 =
n∑

j=1

dj − 〈Dξ, ξ〉

=
n∑

j=1

dj(1− ξ2
j ) � −C0

n∑

j=1

(1 − ξ2
j ) = −C0(n− 1), (4.18)

where the inequality above follows from (4.17) and the fact that for each
j ∈ {1, . . . , n} we have 1 − ξ2

j � 0 as |ξ| = |Uν| = |ν| = 1. The last equality
in (4.18) also uses the fact that |ξ| = 1. 
�

5 Approximation Scheme

In principle, the approximation scheme discussed in this section is known
(see, for example, [18, 19, 7] for the case of convex domains). Nonetheless,
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since this plays an important role in our analysis, for the benefit of the reader
we describe it here in some detail.

Proposition 5.1. Given Ω ⊂ R
n a Lipschitz domain satisfying a uniform

exterior ball condition, there exist smooth domains Ωε, ε > 0, with Lipschitz
character bounded in ε such that Ωε ↗ Ω and each Ωε has a defining function
ρε satisfying

Hess (ρε) � −C0 In×n for C0 > 0 independent of ε, (5.1)

where In×n is the n× n identity matrix. In addition, for each ξ ∈ C∞
0 (Rn)

∫

∂Ωε

ξ dσε →
∫

∂Ω

ξ dσ as ε → 0, (5.2)

where dσ and dσε stand for the surface measures on ∂Ω and ∂Ωε respectively.

Property (5.2) is typically not explicitly mentioned, but it follows from an
inspection of the specific way Ωε’s are constructed. To shed more light on this,
below we briefly review the construction and check (5.2) in the technically
somewhat simpler case where Ω is a graph Lipschitz domain satisfying a
uniform exterior ball condition (the case of a bounded domain is handled
similarly by patching together local results). With this goal in mind, let Ω
be a graph Lipschitz domain which satisfies a uniform exterior ball condition
in the sense of Definition 2.1. In particular

Ω := {(x′, xn) ∈ R
n : xn > ϕ(x′)}, (5.3)

where ϕ : R
n−1 → R is a Lipschitz function.

Pick Φ ∈ C∞
0 (Rn−1), 0 � Φ � 1, Φ ≡ 0 for |x′| > 1 and

∫

Rn−1

Φ(x′) dx′ = 1

and for each ε > 0 let Φε(x′) := ε−(n−1)Φ(x′/ε). Going further, for each ε > 0
we consider

ϕε(x′) := Cε +
∫

Rn−1

Φε(y′)ϕ(x′ − y′) dy′, x′ ∈ R
n−1, (5.4)

where C is a sufficiently large constant, to be specified momentarily. Note
that ϕε ∈ C∞(Rn−1) and ‖∇ϕε‖L∞(Rn−1) � ‖∇ϕ‖L∞(Rn−1) for all ε > 0. A
direct calculation shows that if we take C > ‖∇ϕ‖L∞(Rn−1), then

d

dε
[ϕε(x′)] > 0 ∀x′ ∈ R

n−1. (5.5)

Hence for each x′ ∈ R
n−1 we have ϕε(x′) ↘ ϕ(x′) as ε ↘ 0. Setting

Ωε := {(x′, xn) : xn > ϕε(x′)}, (5.6)
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by Lemma 6.2 in [18], we conclude that Ωε ∈ C∞ is Lipschitz uniformly in
ε, satisfies a uniform exterior ball condition uniformly in ε, and Ωε ↗ Ω as
ε ↘ 0. Note that ρε(x) := ϕε(x′)− xn is the defining function for Ωε in the
sense of (4.1). Denote by σε the surface measure on ∂Ωε.

Lemma 5.2. With the notation introduced above, for each ξ ∈ C∞
0 (Rn) we

have
∫

∂Ωε

ξ dσε →
∫

∂Ω

ξ dσ, as ε → 0. (5.7)

Proof. Indeed,
∫

∂Ωε

ξ dσε =
∫

Rn−1

ξ(x′, ϕε(x′))
√

1 + |∇ϕε(x′)|2 dx′ (5.8)

ε→0−→
∫

Rn−1

ξ(x′, ϕ(x′))
√

1 + |∇ϕ(x′)|2 dx′ =
∫

∂Ω

ξ dσ,

where the convergence above follows from invoking the Lebesgue dominated
convergence theorem (note that ϕε → ϕ, ∇ϕε → ∇ϕ pointwise almost ev-
erywhere, and ‖ξ‖L∞(Rn)

√

1 + |∇ϕ|2L∞(Rn−1)χsupp ξ provides uniform domi-

nation). 
�

Finally, we present a corollary of Lemma 5.2 which will be useful in the
sequel.

Corollary 5.3. Let Ωε ↗ Ω as ε ↘ 0 be as constructed above. Denote by
Trε the trace operator corresponding to ∂Ωε and by dσε the surface measure
on ∂Ωε. Then for all u ∈W 1,2(Ω) and ξ ∈ C∞(Ω)

∫

∂Ωε

Trε(u)ξ
∣
∣
∣
∂Ωε

dσε −→
∫

∂Ω

Tr(u)ξ dσ as ε→ 0. (5.9)

Proof. Let u ∈ W 1,2(Ω) be arbitrary. Fix ψ ∈ C∞(Ω). We write Trε(u) =
Trε(u− ψ) + Trε(ψ). Further,

∫

∂Ωε

Trε(u)ξ
∣
∣
∣
∂Ωε

dσε = I + II, (5.10)

where

I :=
∫

∂Ωε

Trε(u− ψ)ξ
∣
∣
∣
∂Ωε

dσε (5.11)
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and

II :=
∫

∂Ωε

Trε(ψ)ξ
∣
∣
∣
∂Ωε

dσε. (5.12)

Next, H1/2(∂Ωε) ↪→ L2(∂Ωε) with accompanying bounds for the inclusion
maps independent of ε. Also, denoting by Rε the restriction operator from Ω
to Ωε, we find that

Trε : W 1,2(Ωε) −→ H1/2(∂Ωε) and Rε : W 1,2(Ω) −→ W 1,2(Ωε) (5.13)

are bounded operators with bounds controlled uniformly in ε > 0. Thus,
there exists C > 0 independent of ε such that

|I| � ‖Trε(u − ψ)‖L2(Ωε)‖ξ|∂Ωε‖L2(∂Ωε) � C‖u− ψ‖W 1,2(Ω). (5.14)

Recall now that C∞(Ω) is densely embedded into W 1,2(Ω) and note that
∫

∂Ω

Tr(ψ)ξ dσ −→
∫

∂Ω

Tr(u)ξ dσ as ψ → u in W 1,2(Ω). (5.15)

As for II in (5.12), we invoke Lemma 5.2 to conclude that

lim
ε→0

II =
∫

∂Ω

Tr(ψ)ξ dσ. (5.16)

Finally, the conclusion of the Corollary follows from (5.10), (5.14), and
(5.15) by letting ψ → u in W 1,2(Ω). 
�

6 Proof of Step I

Let Ω be a bounded Lipschitz domain in R
n satisfying an exterior ball con-

dition in the sense of Definition 2.1. Fix λ > 0, f ∈ L2(Ω), and assume that
u solves

⎧

⎪⎪⎨

⎪⎪⎩

Δu = f ∈ L2(Ω) in Ω,

∂νu + λu = 0 on ∂Ω,

u ∈W 1,2(Ω),

(6.1)

and satisfies

‖u‖W 1,2(Ω) � C‖f‖L2(Ω), (6.2)
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for some C > 0 which depends only on the Lipschitz character of Ω and λ
(see Proposition 3.5). Next, for each ε > 0 let Ωε be the domain constructed
as in (5.6) with outward unit normal vector νε, and surface measure dσε.
Also, we denote by Trε the trace operator on ∂Ωε. By once again relying on
Proposition 3.5, we then solve

⎧

⎪⎪⎨

⎪⎪⎩

Δuε = 0 in Ωε,

∂νεuε + λTrε uε = ∂νεu + λTrε u ∈ H−1/2(∂Ωε) on ∂Ωε,

uε ∈W 1,2(Ωε).

(6.3)

From (3.62) we know that ‖uε‖W 1,2(Ωε) is controlled uniformly in ε > 0. Since
the Robin data of uε in (6.3) is the Robin data of the function u ∈ W 2,2(Ωε)
(this, however, without control of the norm in ε) and ∂Ωε is of class C∞,
standard elliptic regularity results give that uε ∈ W 2,2(Ωε) (without control
of the norm with respect to ε). Consider

wε := u
∣
∣
Ωε
− uε, ε > 0, (6.4)

where uε is the same as in (6.3). Then
⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

wε ∈ W 2,2(Ωε) (without control in ε),

wε ∈ W 1,2(Ωε) (with control in ε),

Δwε = f |Ωε in Ωε,

∂νεwε + λTrε wε = 0 on ∂Ωε.

(6.5)

Next, denoting by ρε the defining function of Ωε, using (5.1) and Lemma 4.3,
we conclude that there exists C0 finite positive constant which is independent
of ε and

tr(Hess (ρε))− 〈Hess (ρε)ν, ν〉 � −C0 ∀ ε > 0. (6.6)

Applying Theorem 4.1 to the domain Ωε, with defining function ρε, and to
the function wε, using (4.3) and the boundary condition in (6.5), we find

n∑

j,k=1

∫

Ωε

(
∂2wε

∂xj∂xk

)2

dx �
∫

Ωε

|Δwε|2 dx + C0

∫

∂Ωε

|∇wε|2 dσε (6.7)

=
∫

Ωε

|f |2 dx + C0

∫

∂Ωε

|∇wε|2 dσε.

On the other hand, Proposition 3.5 gives that
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∫

Ωε

[

|∇wε|2 + |wε|2
]

dx � C

∫

Ω

|f |2 dx (6.8)

for some C > 0 independent of ε > 0. Combining (6.7) and (6.8), we may
then conclude that

‖wε‖2
W 2,2(Ωε) � C

∫

Ωε

|f |2 dx + C

∫

∂Ωε

|∇wε|2 dσε (6.9)

for some C > 0 independent of ε > 0.
At this point, we bring in the following boundary trace inequality. For

each θ > 0 there exists Cθ depending on θ (and the Lipschitz character of Ωε
which is controlled uniformly in ε > 0) such that

∫

∂Ωε

|∇wε|2 dσε � θ‖wε‖2
W 2,2(Ωε) + Cθ‖wε‖2

W 1,2(Ωε). (6.10)

To prove (6.10), we fix j ∈ {1, . . . , n} and set v := ∂jwε ∈ W 1,2(Ωε). Also, fix
h ∈ [C∞

0 (Rn)]n, a transversal vector field to ∂Ωε, uniformly in ε, i.e., there
exists κ > 0 such that

h · νε � κ a.e. on ∂Ωε ∀ ε > 0. (6.11)

Then for a given θ > 0 the divergence theorem yields
∫

∂Ωε

|v|2 dσε � κ
−1

∫

∂Ωε

〈v2h, νε〉 dσε = κ
−1

∫

Ωε

div (v2h) dx

= κ
−1

∫

Ωε

[v2(div h) + 2v(∇v · h)] dx

� θ‖∇v‖2
L2(Ωε) + Cθ‖v‖2

L2(Ωε). (6.12)

From this, (6.10) readily follows. Thus, making use of (6.5) and (3.58), we
obtain

∫

∂Ωε

|∇wε|2 dσε � θ‖wε‖2
W 2,2(Ωε) + Cθ‖f‖2

L2(Ω). (6.13)

Employing (6.13) for, say θ = 1
2C , together with (6.9), allows us to obtain

‖wε‖W 2,2(Ωε) � C‖f‖L2(Ω), (6.14)

where C > 0 is independent of ε > 0. Consequently,
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∃w ∈ L2
loc(Ω) such that for every α ∈ N

n
0 with |α| � 2

∂αwε −→ ∂αw as ε → 0 L2-weakly on compact sets of Ω.
(6.15)

Moving on, let K ⊂ Ω be an arbitrary fixed compact set. Using (6.15), we
further infer that for some finite C > 0 independent of K

∫

K

|∂αw|2 dx � lim sup
ε→0

∫

K

|∂αwε|2 dx � C

∫

Ω

|f |2 dx. (6.16)

This follows from the general simple fact to the effect that if (X, ‖ · ‖X) is a
Banach space and X∗ is its dual, then vε ∈ X∗ converges weekly to v ∈ X∗

implies ‖v‖X∗ � lim sup
ε→0

‖vε‖X∗ . Indeed, let x ∈ X with ‖x‖X = 1. Then

|X∗〈v, x〉X | = lim
ε→0

|X∗〈vε, x〉X | � lim sup
ε→0

‖vε‖X∗

which implies the desired conclusion.
Now, using (6.16), we let K ↗ Ω and conclude that w ∈W 2,2(Ω) and

‖w‖2
W 2,2(Ω) =

∑

|α|�2

∫

Ω

|∂αw|2 dx � C

∫

Ω

|f |2 dx. (6.17)

Our goal is to show that w = u which, in light of the above estimate,
completes the proof of Step I. To this end, thanks to (6.4), it suffices to show
that

uε −→ 0 as ε → 0 L2-weakly on compact subsets of Ω. (6.18)

Since ‖uε‖W 1,2(Ωε) is controlled independently in ε > 0 it follows that there
exists ω ∈W 1,2(Ω) such that for each compact subset K of Ω we have

∂αuε −→ ∂αω weakly in L2(K) ∀α ∈ N
n
0 , |α| � 1. (6.19)

Note that

Δω = 0 in Ω (6.20)

in the sense of distributions. Indeed, let ϕ ∈ C∞
0 (Ω). Select a compact subset

K of Ω such that suppϕ is a subset of the interior of K. Using (6.19), we are
then able to write

〈ω,Δϕ〉L2(Ω) = 〈ω,Δϕ〉L2(K) = lim
ε→0

〈uε, Δϕ〉L2(K)

= lim
ε→0

〈Δuε, ϕ〉L2(K) = 0. (6.21)

If we show that



The Regularity of Green Potentials 253

∂νω + λTrω = 0 in H−1/2(∂Ω), (6.22)

then, by Proposition 3.5, we have ω ≡ 0 in Ω. Then the claim (6.18) follows
from (6.19).

At this point, we are left with showing that (6.22) holds and start by
considering a function ϕ ∈ H1/2(∂Ω) along with some Φ ∈ W 1,2(Ω) such
that TrΦ = ϕ. From (3.56) we have

(H1/2(∂Ω))∗〈∂νω, ϕ〉H1/2(∂Ω) =
∫

Ω

〈∇ω,∇Φ〉 dx = lim
ε→0

∫

Ωε

〈∇ω,∇Φ〉 dx. (6.23)

Fix for the moment δ > 0. Let Kδ be a compact subset of Ω for which
‖∇Φ‖L2(Ω\Kδ) � δ. Using (6.23), we obtain

(H1/2(∂Ω))∗〈∂νω, ϕ〉H1/2(∂Ω)

= lim
ε→0

[ ∫

Ωε\Kδ

〈∇ω,∇Φ〉 dx +
∫

Kδ

〈∇ω,∇Φ〉 dx
]

=: lim
ε→0

[I + II]. (6.24)

Due to the choice of Kδ,

lim sup
ε→0

|I| � ‖∇Φ‖L2(Ω\Kδ)‖∇ω‖L2(Ω) � δ ‖∇ω‖L2(Ω). (6.25)

Also, using (6.19), we may write

II = lim
ε→0

∫

Kδ

〈∇uε,∇Φ〉 dx

= lim
ε→0

[ ∫

Ωε

〈∇uε,∇Φ〉 dx −
∫

Ωε\Kδ

〈∇uε,∇Φ〉 dx
]

=: lim
ε→0

[III − IV ]. (6.26)

Since ‖uε‖W 1,2(Ω) is controlled uniformly in ε > 0, we conclude that there
exists a constant C > 0 independent of ε such that

lim sup
ε→0

|IV | � ‖∇uε‖L2(Ω)‖∇Φ‖L2(Ω\Kδ) � Cδ. (6.27)

Thus, using (6.23)-(6.27), we obtain (employing the usual “big O” notation)

(H1/2(∂Ω))∗〈∂νω, ϕ〉H1/2(∂Ω) = lim
ε→0

∫

Ωε

〈∇uε,∇Φ〉 dx + O(δ). (6.28)

Thus, by letting δ → 0, we conclude
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(H1/2(∂Ω))∗〈∂νω, ϕ〉H1/2(∂Ω) = lim
ε→0

∫

Ωε

〈∇uε,∇Φ〉 dx. (6.29)

Going further, we use the integration by parts formula (3.56) in order to
write

∫

Ωε

〈∇uε,∇Φ〉 dx = (H1/2(∂Ωε))∗〈∂νεuε,TrεΦ〉H1/2(∂Ωε)

= λ

∫

∂Ωε

(Trε u− Trε uε)Trε Φdσε

+(H1/2(∂Ωε))∗〈∂νεu,Trε Φ〉H1/2(∂Ωε), (6.30)

where the last equality follows from the boundary condition in (6.3). We
claim next that

∫

∂Ωε

Trε uεTrε Φdσε −→
∫

∂Ω

Trω ϕdσ as ε → 0, (6.31)

∫

∂Ωε

Trε uTrε Φdσε −→
∫

∂Ω

Truϕdσ as ε→ 0, (6.32)

and

(H1/2(∂Ωε))∗〈∂νεu,Trε Φ〉H1/2(∂Ωε) −→ (H1/2(∂Ω))∗〈∂νu, ϕ〉H1/2(∂Ω) (6.33)

as ε → 0.
Turning our attention to proving (6.31), for each ε > 0 we consider the

extension operator (i.e., a right-inverse for the restriction operator mapping
distributions in Ω to distributions in Ωε)

Eε : W 1,2(Ωε) −→ W 1,2(Ω). (6.34)

Matters can be arranged so that the operator norm of (6.34) is bounded
uniformly in ε > 0 (see [22]). Relying on this and the fact that ‖uε‖W 1,2(Ω) is
controlled uniformly in ε > 0, we may deduce that the sequence {Eεuε}ε>0 is
bounded in W 1,2(Ω). Thus, by the Rellich selection lemma, we may further
conclude that there exists a function v ∈ W 1,2(Ω) with the property that for
each r ∈ (1/2, 1)

Eεuε −→ v as ε → 0 with convergence in W 1−r,2(Ω). (6.35)

Now, from (6.35) and (6.19) we deduce that v = ω. Next, for each function
ξ ∈ C∞(Ω) we write
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∫

∂Ωε

Trε uε ξ dσε =
∫

∂Ωε

Trε(Eεuε) ξ dσε (6.36)

=
∫

∂Ωε

Trε(Eεuε − ω) ξ dσε +
∫

∂Ωε

Trε ω ξ dσε.

Analogously to the argument leading to (5.14) in Corollary 5.3, we infer that
∣
∣
∣
∣
∣
∣

∫

∂Ωε

Trε(Eεuε − ω)ξ dσε

∣
∣
∣
∣
∣
∣

� Cξ ‖Trε(Eεuε − ω)‖L2(∂Ωε) (6.37)

� Cξ ‖Eεuε − ω‖W 1−r,2(Ω) −→ 0 as ε → 0.

For the second term in the second line of (6.36) we employ Corollary 5.3
in order to conclude that

∫

∂Ωε

Trε ω ξ dσε −→
∫

∂Ω

Trω ξ dσ. (6.38)

With this in hand, (6.31) follows from (6.36)-(6.38) and a simple density
argument (involving approximating Φ ∈ W 1,2(Ω) with functions ξ ∈ C∞(Ω)
in W 1,2(Ω)). Furthermore, (6.32) follows from Corollary 5.3 and the same
type of density argument as above. Finally, as regards (6.33), we write

(H1/2(∂Ωε))∗〈∂νεu,Trε Φ〉H1/2(∂Ωε) =
∫

Ωε

∇u · ∇Φdx +
∫

Ωε

fΦdx

ε→0−→
∫

Ω

∇u · ∇Φdx +
∫

Ω

f Φdx

= (H1/2(∂Ω))∗〈∂νu, ϕ〉H1/2(∂Ω). (6.39)

At this stage, using (6.31)-(6.33) and (6.30) as passing to the limit in
(6.29), we conclude that

(H1/2(∂Ω))∗〈∂νω, ϕ〉H1/2(∂Ω) = λ

∫

∂Ω

Truϕdσ − λ

∫

∂Ω

Trω ϕdσ

+(H1/2(∂Ω))∗〈∂νu, ϕ〉H1/2(∂Ω)

= −λ

∫

∂Ω

Trω ϕdσ (6.40)
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since ∂νu + λTru = 0 on ∂Ω. Hence (6.22) immediately follows. As already
remarked, this finishes the proof of Step I. Here, we only wish to point out
that, as a corollary,

Gλ : L2(Ω) −→ W 2,2(Ω) (6.41)

is well defined and bounded.

7 Proof of Step II

For this segment in our analysis we assume that Ω ⊂ R
n is a bounded

Lipschitz domain. We seek a solution for the inhomogeneous Robin boundary
value problem

{
Δu = f in Ω,

∂νu + λu = 0 on ∂Ω,
(7.1)

in the form u = Πf − w, where Π is as in (2.11) and w solves
{

Δw = 0 in Ω,

∂νw + λw = ∂νΠf + λTrΠf on ∂Ω.
(7.2)

Formally, a solution for (7.2) is given by

w := S(− 1
2I + K∗ + λS)−1(∂νΠf + λTr (Πf)). (7.3)

Our goal is to show that if f ∈ hp0(Ω) := F p,20,0 (Ω) for 1 − ε < p < 1
(for some small ε = ε(Ω) > 0), then w above is well defined and satisfies
∇2w ∈ hp(Ω) plus a natural estimate. To this end, we first claim that

− 1
2I + K∗ + λS is one-to-one on L2(∂Ω). (7.4)

In order to show (7.4), let g ∈ L2(∂Ω) be such that (− 1
2I + K∗ + λS)g = 0,

and let v := Sg in Ω. Then from the standard Calderón–Zygmund theory we
have

⎧

⎪⎪⎨

⎪⎪⎩

Δv = 0 in Ω,

M(∇v) ∈ L2(∂Ω),

∂νv + λv = 0 on ∂Ω,

(7.5)

where the nontangential maximal operator M was introduced in (2.2). As
a consequence of this and Green’s formula (which holds in this degree of
generality), we find
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0 �
∫

Ω

|∇v|2 dx =
∫

∂Ω

∂νv · v dσ = −λ

∫

∂Ω

|v|2dσ � 0. (7.6)

This forces v ≡ c in Ω and v|∂Ω ≡ 0, which further implies that v ≡ 0 in Ω.
Thus, Sg ≡ 0 in Ω and, consequently, Sg = 0 on ∂Ω in view of (2.8). With
this in hand, a reference to (3.54) then yields g = 0, finishing the proof of
(7.4).

Taking into account that − 1
2I+K∗ is Fredholm with index zero on L2(∂Ω)

and S is compact on L2(∂Ω), we may conclude that the operator − 1
2I+K∗+

λS is Fredholm with index zero on L2(∂Ω). In concert with (7.4), this further
implies that

− 1
2I + K∗ + λS : L2(∂Ω) −→ L2(∂Ω) is an isomorphism. (7.7)

Recalling (3.53) and observing that S : Bp,ps−1(∂Ω) → Bp,ps−1(∂Ω) is compact
for any p ∈ (n−1

n ,∞) and s ∈ (0, 1), we conclude that

− 1
2I + K∗ + λS is Fredholm with index zero on Bp,ps−1(∂Ω)

for all pairs of indices s, p as in the statement of Theorem 3.4.
(7.8)

With (7.8) in hand, the global stability result presented in Theorem 2.10
of [11], together with (7.7), gives

− 1
2I + K∗ + λS is invertible on Bp,ps−1(∂Ω)

for s, p as in the statement of Theorem 3.4.
(7.9)

In order to proceed from here, we recall from [14] that the Newtonian poten-
tial has the property that its normal derivative

∂νΠ : F p,q
s+ 1

p−2,0
(Ω) −→ Bp,ps−1(∂Ω) (7.10)

is a bounded operator whenever n−1
n < p � ∞, (n−1)(1/p−1)+ < s < 1 and

0 < q � ∞. Based on this, Theorem 3.1, and the fact that the Newtonian
potential is smoothing of order two on the Triebel–Lizorkin scale, we then
conclude that, whenever s and p are the same as in Theorem 3.4 and f ∈
F p,2s+1/p−2,0(Ω), the function

h := ∂νΠf + λTr (Πf) ∈ Bp,ps−1(∂Ω) (7.11)

is meaningfully defined and satisfies a natural estimate. Consequently, when-
ever s and p are the same as in Theorem 3.4, from (7.9) it follows that
g := (− 1

2I +K∗+λS)−1h ∈ Bp,ps−1(∂Ω) is meaningfully defined and satisfies a
natural estimate. If we now recall the mapping properties of the single layer
potential operator from Theorem 3.3, we may conclude that
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w := Sg ∈ F p,2
s+ 1

p

(Ω) (7.12)

satisfies a natural estimate.
When f ∈ hp0(Ω) = F p,20,0 (Ω), the above considerations hold if 1−ε < p < 1

since for such p’s the pair s, p with s := 2 − 1
p satisfies the conditions in

Theorem 3.4. Thus, in this particular scenario,

w ∈ h2,p(Ω) = F p,22 (Ω) and ‖w‖h2,p(Ω) � C‖f‖hp
0(Ω). (7.13)

Since we also have

Πf ∈ h2,p(Ω) and ‖Πf‖h2,p(Ω) � C‖f‖hp
0(Ω), (7.14)

we may finally conclude that u = Πf − w ∈ h2,p(Ω) and

‖u‖h2,p(Ω) � C‖f‖hp
0(Ω) (7.15)

whenever u solves (7.1) with f ∈ hp0(Ω) for some 1− ε < p < 1 (where ε > 0
is as in Theorem 3.4). Hence, as a corollary, the Green operator

Gλ : F p,20 (Ω) −→ F p,22 (Ω) (7.16)

is well defined and bounded whenever 1 − ε < p < 1. This completes the
proof of Step II. �

8 Proof of Step III

Granted (6.41) and (7.16), the interpolation results in the last part of Theo-
rem 3.2 imply that

Gλ : F p,20,0 (Ω)→F p,22 (Ω) is well defined and bounded if 1− ε<p� 2.(8.1)

In light of the identifications in (3.6)-(3.12), when further restricted to the
range 1 < p � 2, this shows that the Green operator Gλ in (1.12) is well
defined and bounded. Granted this, a routine argument shows that the inho-
mogeneous Robin boundary value problem (1.10) is solvable, for a solution
which satisfies (1.11).

Thus, at this point, it remains to establish the uniqueness part for the
boundary value problem (1.10). To this end, we find it useful to recall the
following general regularity result from [20].

Theorem 8.1. Let Ω be a bounded Lipschitz domain in R
n, n � 2. Assume

that L is a homogeneous, constant (real) coefficient, symmetric, strongly el-
liptic differential operator of order 2m, m ∈ N. Then if w ∈ F p,qm−1+1/p(Ω)
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for some n−1
n < p � 2, 0 < q < ∞, and Lw = 0 in Ω, it follows that

M(∇m−1w) ∈ Lp(∂Ω) and a natural estimate holds.

Based on this theorem (applied with w = ∇u, q = 2, 1 < p � 2, m = 1,
and L = Δ; note that W 1,p(Ω) ↪→ F p,21/p(Ω)), we may then deduce that if u

is a null-solution of (1.10) for some 1 < p � 2, then M(∇u) ∈ Lp(∂Ω). With
this in hand, the results in [5] then give that, necessarily,

u = Sg in Ω for some g ∈ Lp(∂Ω). (8.2)

Hence, on the boundary,

0 = ∂νu + λu = (− 1
2I + K∗ + λS)g. (8.3)

Thus, we may conclude that g = 0 and, further, u = 0, as soon as we show
that

− 1
2I + K∗ + λS : Lp(∂Ω) → Lp(∂Ω) is an isomorphism, if 1 < p � 2.

(8.4)

This, however, follows by observing that (8.4) holds when λ = 0 (see [5]) and
then proceeding as in the case of (7.7).
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Properties of Spectra of Boundary
Value Problems in Cylindrical and
Quasicylindrical Domains

Sergey Nazarov

To the memory of S.L. Sobolev

Abstract General formally self-adjoint boundary value problems with spec-
tral parameter are investigated in domains with cylindrical and quasicylin-
drical (periodic) outlets to infinity. The structure of the spectra is studied for
operators generated by the corresponding sesquilinear forms. In addition to
general results, approaches and methods are discussed to get a piece of infor-
mation on continuous, point, and discrete spectra, in particular, for specific
problems in the mathematical physics.

1 Statement of Problems and Preliminary Description
of Results

1.1 Introduction

We consider one particular question in the theory of waves; namely, cylindri-
cal and periodic (quasicylindrical) waveguides, acoustic, elastic, and piezo-
electric. The formulation of the corresponding problems in the mathematical
physics usually, but not always (see Subsect. 3.8 below) leads to a formally
self-adjoint boundary value problem for a system of partial differential equa-
tions with spectral parameter λ proportional to the squared oscillation fre-
quency. The subject of the investigation becomes a structure of the spectrum
of the operator of the boundary value problem since a wave can propagate
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only in the case where the point λ belongs to the continuous spectrum. We
also pay attention to particular features of the spectra such as the point spec-
trum and opening gaps in the continuous spectrum which have clear physical
interpretation.

There are two methods for investigating boundary value problems in cylin-
drical and quasicylindrical domains. The first one was formed within the
framework of the theory of elliptic boundary value problems in domains with
piecewise smooth boundaries (see the key works [25, 36, 37, 44]), and the sec-
ond one (see reviews [29, 31]) is related with the operator theory in Hilbert
spaces. These methods usually provide results of equal strength. However,
certain specific questions may become prerogative for one in the couple. For
example, the lost of the Fredholm property by the problem operator in a
proper Sobolev space is equivalent to the fact that the point λ belongs to
the essential spectrum of a self-adjoint unbounded operator in the Lebesgue
space, but asymptotic expansions of solutions at infinity ought to be con-
cluded by means of the first method and the segmental structure of the
spectrum by means of the second one.

In the paper, we employ both methods and also many of both, widely used
and little known approaches providing an additional information on spectra.

1.2 Spectral boundary value problem

Let n � 2, and let Σ be a domain in the Euclidian space R
n included into

the layer {x = (x′, xn) ∈ R
n : xn ∈ (0, 1)}. We introduce the periodic set Π

(the quasicylinder, see Fig. 1) as the interior of the union of the closures of
periodicity cells

⋃

j∈Z

Σj.

Here, Z = {0,±1, . . .} and Σj = {x : (x′, xn − j) ∈ Σ}. We assume that Π
is a domain with Lipschitz boundary ∂Π , in particular, Π is a connected set.
Let also Ω be a subdomain of R

n with Lipschitz boundary ∂Ω which, outside
the ball B

n
R0 = {x : |x| < R0} of a large radius R0 > 1, coincides with the

half-cylinder Π+ = {x ∈ Π : xn > 0} (see Fig. 2).
We introduce an (N × k)-matrix D(∇x) of homogeneous differential first

order operators with constant, in general complex, coefficients where N, k ∈
N := {1, 2, . . .} and N � k. We assume that this matrix is algebraically
complete [54], i.e., there exists a number τD ∈ N such that, for any τ � τD
and any row P (ξ) = (P1(ξ), . . . , Pk(ξ)) of homogeneous polynomials of degree
τ , one may find a polynomial string Q(ξ) = (Q1(ξ), . . . , QN (ξ)) satisfying the
relation

P (ξ) = Q(ξ)D(ξ), ξ = (ξ1, . . . , ξn) ∈ R
n. (1.1)
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Let A and B be Hermitian matrix-valued functions of size N ×N and k × k
respectively. They have measurable entries and satisfy the following positivity
and “stabilization” conditions:

cA|a|2 � a�A(x)a � CA|a|2, cB|b|2 � b
�B(x)b � CB|b|2

for a ∈ C
N , b ∈ C

k anda.a.x ∈ Ω,
(1.2)

|Ajl(x) −A0
jl(x)| + |Bpq(x)− B0

pq(x)| � c0 exp(−δ0xn)

for a.a.x ∈ Ω \ B
n
R.

(1.3)

Here, & stands for transposition and the bar for complex conjugation; fur-
thermore, cA, CA, cB, CB and c0, δ0 are positive constants. The matrix-valued
functions A0 = (A0

jl) and B0 = (B0
pq) are Hermitian, measurable, bounded,

and positive definite as well. Moreover, they are periodic1 in xn and the in-
equalities (1.2) are valid with positive constants cA0 , CA0 and cB0 , CB0 . We
determine the following (k×k)-matrix L of second order differential operators

L(x,∇x) = D(∇x)∗A(x)D(∇x), (1.4)

where D(∇x)∗ = D(−∇x)
�

is the formal adjoint differential matrix oper-
ator for D(∇x). By the requirements made on the matrices D and A, the
operator (1.4) is formally positive [54] and possesses the polynomial property
[41, 44], hence it is elliptic and formally self-adjoint. We emphasize that the
radius vector x and the gradient operator ∇x are interpreted as the columns
(x1, . . . , xn)� and (∂/∂x1, . . . , ∂/∂xn)� respectively.

Fig. 1 Quasicylinder.

In the domain Ω, we consider the spectral problem

L(x,∇x)u(x) = λB(x)u(x), x ∈ Ω, (1.5)

T (x,∇x)u(x) = 0, x ∈ ∂Ω. (1.6)

Here, λ ∈ C is the spectral parameter and T is a matrix operator of
the boundary conditions. The classical formulation of the problem expects
smooth data and in the sequel we give its variational formulation. We now

1 The period is equal to one if another period is not announced in advance.
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Fig. 2 Periodic waveguide.

describe a procedure [35] to construct the matrix operator T , which provides
a symmetric operator of the boundary value problem in the Sobolev space
H1(Ω)k. Let S be a unitary matrix-valued function with measurable entries
on the boundary ∂Ω while

S(x) = S0(x) for a.a. x ∈ ∂Ω \ BR, (1.7)

and S0 depends periodically on xn. We determine the rows T(q) and Q(q) of
the matrices T and Q by one of the following couples of formulas:

T(q)(x,∇x) = S(q)(x), Q(q)(x,∇x) = −S(q)(x)D(ν(x))
�A(x)D(∇x)

or

T(q)(x,∇x) = S(q)(x)D(ν(x))
�A(x)D(∇x), Q(q)(x,∇x) = S(q)(x).

(1.8)

Here, ν stands for the unit vector (column) of the outer normal on the bound-
ary of the domain Ω which is properly defined for almost all x ∈ ∂Ω. Again,
under additional smoothness of the data, the symmetric Green formula

(Lu, v)Ω + (T u,Qv)∂Ω(u,Lv)Ω + (Qu, T v)∂Ω (1.9)

is valid, where ( , )Ξ is the natural inner product in the Lebesgue space L2(Ξ),
either scalar or vector, and the test functions u and v belong to the linear
space C∞

c (Ω)k, i.e., they are smooth and have compact support. Furthermore,
the problem (1.5), (1.6) can be reformulated as the integral identity [33]

a(u, v;Ω) := (AD(∇x)u,D(∇x)v)Ω = λ(Bu, v)Ω, v ∈ H(Ω), (1.10)

where H(Ω) is the subspace of vector-valued functions v = (v1, . . . , vk)� ∈
H1(Ω)k satisfying the stable boundary conditions (see [35] for terminology),
i.e., T(q)(x)v(x) = S(q)(x)v(x) = 0, x ∈ ∂Ω, for q = 1, . . . , k such that the first
couple in the definition (1.8) is chosen. We emphasize that vector functions
u ∈ H2(Ω)k and v ∈ H1(Ω)k satisfy the following “halved” variant of the
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Green formula:
(Lu, v)Ω + (Nu, v)∂Ωa(u, v;Ω). (1.11)

By N (x,∇x) we understand the operator D(ν(x))
�A(x)D(∇x) of the Neu-

mann boundary conditions. If the inclusions u, v ∈ H(Ω) are valid in addition,
then

(Nu, v)∂Ω =
k∑

q=1
(S(q)N(q)u,S(q)v)∂Ω = 0 (1.12)

since for all q = 1, . . . , k and any choice of operators in (1.8) one of the
multipliers in each inner product vanishes. Formulas (1.11) and (1.12) provide
the variational formulation (1.10) of the problem.

Apart from the spectral problem (1.10), the corresponding inhomogeneous
problem with the fixed parameter λ

a(u, v;Ω)− λ(Bu, v)Ω = f(v), v ∈ H(Ω) (1.13)

is of further use as well. Here, f ∈ H(Ω)∗ is a linear functional in the space
H(Ω).

Remark 1.1. It is allowed to set different couples of boundary conditions in
(1.8) on disjoint parts of the boundary ∂Ω. However, outside the ball with a
certain large radius, the collision surfaces for different boundary conditions
must follow the periodic structure of the quasicylinder ∂Π . To simplify the
notation, the possible simple generalization is ignored in Sects. 1 and 2; how-
ever, in Sect. 3, we employ it in the simplest situation; namely, the Dirichlet
or Neumann conditions at the end of a straight cylinder are accompanied
with boundary conditions of other type on the lateral side. Moreover, in Sub-
sects. 3.5 and 3.6, we permit a cylindrical collision submanifold of dimension
n− 2. �

Remark 1.2. Further results keep the validity in the case where the set Ω\BR0

is an exponentially decaying perturbation of the set Π+ \ BR0 . The same is
true for the matrix S (the condition (1.7) can be weakened) and the collision
surfaces mentioned in Remark 1.1. To simplify the presentation, we do not
pay attention to this possible generalization. �

1.3 Polynomial property and the Korn inequality

We formulate the above-mentioned polynomial property [41, 44]. It means
that for any domain Ξ ⊂ R

n the assertion

a(u, u;Ξ) = 0, u ∈ C∞(Ξ)k ⇔ u ∈ P (1.14)
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is valid, where P is a finite dimensional subspace of vector polynomials p(x) =
(p1(x), . . . , pk(x))�. It is clear that

P = {p : D(∇x)p(x) = 0} (1.15)

due to the algebraic completeness of the matrix D and the positive definite-
ness of the matrix A. Furthermore, according to (1.1), the degree of a scalar
polynomial pj in the column p ∈ P cannot exceed τD (see [41] and [44] for
details). The subspace P figures in the description of attributes and main
properties of an operator of an elliptic problem {L, T } in either bounded do-
mains with smooth or piecewise smooth boundaries or unbounded domains
with conical, cylindrical or periodic outlets to infinity (see [44, 53]).

The following proposition based on the condition (1.1) is proved in [54].

Proposition 1.1. For any domain Ξ ⊂ R
n with a Lipschitz boundary and a

compact closure the Korn inequality

‖∇xu;L2(Ξ)‖ � C(Ξ) (‖D(∇x)u;L2(Ξ)‖+ ‖u;L2(Ξ)‖), (1.16)

is valid while the factor C(Ξ) does not depend on the vector-valued function
u ∈ H1(Ξ)k.

The review [44] contains plenty of examples of specific problems in the
mathematical physics which fulfills the above requirements, but in the intro-
duction we mention only two simplest ones. In Subsect. 3.8, we also discuss
the piezoelectricity model in mechanics of continuous media.

Example 1.1. Let k = 1 and N = n. Then D(∇x) = ∇x and L(x,∇x) =
−∇�

xA(x)∇x is a scalar second order differential operator in the divergence
form. The linear space (1.15) consists of constants. If A is the unit matrix
and B = const, then the system (1.5) turns into the Helmgoltz equation. �

Example 1.2. The operator L of the three-dimensional elasticity system, de-
scribing deformation of an anisotropic and inhomogeneous solid with the
stiffness matrix A(x) gets the numbers k = 3, N = 6 and the matrix

D(ξ)� =

⎛

⎝

ξ1 0 0 0 2−1/2ξ3 21/2ξ2
0 ξ2 0 2−1/2ξ3 0 2−1/2ξ1
0 0 ξ3 2−1/2ξ2 2−1/2ξ1 0

⎞

⎠ . (1.17)

It is straightforward to verify the algebraic completeness (1.1) with τD = 2
of the (6× 3)-matrix D. By the factors 2−1/2, the strain column

D(∇x)u =
(

ε11(u), ε22(u), ε33(u), 21/2ε23(u), 21/2ε31(u), 21/2ε12(u)
)�

(1.18)
(see monographs [34, 45]) has the same natural norm as the strain tensor
(εjk(u))3j,k=1 with the Cartesian components



Spectra of Boundary Value Problems 267

εjk(u) =
1
2

(
∂uj
∂xk

+
∂uk
∂xj

)

and, therefore, any orthogonal transform of the Cartesian coordinates leads
to an orthogonal transform of column (1.18) (see [45]).

Similarly to (1.18), the column

AD(∇x)u =
(

σ11(u), σ22(u), σ33(u), 21/2σ23(u), 21/2σ31(u), 21/2σ12(u)
)�

(1.19)
contains components of the strain tensor so that the rule (1.8) provides all
physically meaningful boundary conditions. The inequality (1.16) implies the
Korn inequality [27] which plays an important role in elasticity problems
(see, for example, [54, 26, 7, 45]). Finally, the linear space P in formula
(1.15) consists but of rigid motions a + x× b and gets dimension six; here, a
and b are columns in R

3 and the cross stands for the vector product in R
3.

The term a gives rise to a translation while x× b is a rotation. �

1.4 Formulation of the problem in the operator form

Applying the inequality (1.16) on the cells Σj , j = j0, j0 + 1, . . . , and the
set Ω ∩ BR0 , which all together cover the domain Ω, yields the following
assertion.

Lemma 1.1. For any vector-valued function u ∈ H1(Ω)k the Korn inequality
(1.16) is valid in the infinite domain Ξ = Ω whilst C(Ω) = max{C(Ω ∩
BR0), C(Σ)}.

Taking Lemma 1.1 and the inequality (1.2) into account, we endow the
Hilbert space H(Ω) with the specific inner product

〈u, v〉 = a(u, v;Ω) + b(u, v;Ω). (1.20)

We also introduce a positive, continuous and symmetric, therefore self-adjoint
operator K by the formula

〈Ku, v〉 = b(u, v;Ω) := (Bu, v)Ω, u, v ∈ H(Ω). (1.21)

The operator K cannot be compact and its spectrum cannot consist of the
only point μ = 0 because the set Ω is not bounded.

The variational formulation (1.10) is equivalent to the abstract spectral
equation

Ku = μu (1.22)

with the new spectral parameter

μ = (1 + λ)−1. (1.23)
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By the definitions (1.20) and (1.21), the norm of the operator K does not
exceed one, i.e., C \ {μ : Imμ = 0,Reμ ∈ [0, 1]} is certainly belongs to the
resolvent field of the operator. Owing to the relation (1.23) the λ-spectrum
of the problem (1.10) (or the problem (1.5), (1.6) if the data are smooth)
inherits all the properties of the μ-spectrum of the operator K, except for
those attributed to the point μ = 0. Thus, in the sequel, we mainly study the
spectrum of the operator K on the segment (0, 1] of the real axis and only
reformulate the obtained results for the problem (1.10) itself.

1.5 Contents of the paper

In many situations, the process of wave propagation in cylindrical and qua-
sicylindrical (periodic) waveguides admits a stationary formulation which re-
quires to investigate the spectrum of a formally self-adjoint boundary value
problem for an elliptic system of partial differential equations. Since the ge-
ometrical domain is unbounded, the boundary value problem gets a continu-
ous spectrum whose points give rise to propagating waves which drive energy
to/from infinity. The discrete and point spectra bring about exponentially
decaying waves, i.e., the so-called trapped modes. At bottom of fact, the iden-
tification of the above-mentioned spectra becomes the subject of investigation
in many applicable disciplines.

One may allot the following two approaches to study solutions of ellip-
tic boundary value problems in domains with cylindrical and quasicylin-
drical outlets to infinity. Within the framework of elliptic boundary value
problems, in domains with piecewise smooth boundaries (see the key works
[25, 36, 37, 44] and, for example, monographs [53, 28]), the first approach
delivers results on the Fredholm property of the problem operator in stan-
dard and weighted Sobolev spaces, asymptotic expansions for solutions at
infinity, and a correct formulation of problems with asymptotic conditions at
infinity in function spaces with detached asymptotics. Moreover, the model
problem (2.8) in the periodicity cell Σ is interpreted as the polynomial pencil
η �→ A(η;λ) in the dual variable arising from either the Gel’fand transform
(2.1) or the Fourier transform (2.37) while the parameter λ has to be fixed.
Usually, the theory under discussion deals with boundary value problems in
the classical formulation (see the differential expressions (1.5), (1.6)), i.e.,
their data, the boundary and coefficients of differential operators, are sup-
posed smooth. However, to employ the variational formulation of the prob-
lems (see the integral identities (1.10) and (1.13)) does not causes a serious
impediment due to the Parseval theorem for both transforms (see formula
(2.3) for the Gel’fand transform). At the same time, the author does not know
a publication where variational problems are consistently studied within this
framework, and in Sect. 2 we shortly present necessary calculations and argu-
ments following the standard scheme (see again [25, 36, 37, 44] and [53, 28]).
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The second approach appeals to the theory of operators in Hilbert space.
This approach is expounded, for example, in [29, 59, 30] and requires to
fix the dual variable η and to take λ as a spectral parameter. The model
problem (2.8) in the periodicity cell Σ gives rise to an unbounded self-adjoint
operator in the space L2(Σ)k generated by the Hermitian form (2.6) and the
discrete spectrum of this operator provides an inference on the structure of
the spectrum in problem Ω with an outlet to infinity.

In the present paper, it is convenient to employ both approaches. Since the
right-hand side of the system (1.5) includes the variable matrix B(x), we are
forced to deal with the specific inner product (1.20) in the Hilbert spaceH(Ω)
and the self-adjoint, positive and continuous operator K : H(Ω) → H(Ω).
The continuity of the operator does not bring any profit, but encumbers the
application of the maxmin principle (see, for example, [1, Theorem 10.2.2])
which becomes one of the main tools in Sect. 3. We stress that the above-
mentioned innovation is accepted with the only purpose; namely, to consider
bodies and media with inhomogeneous and anisotropic densities B(x) which
are quite often in applications, for example, in mechanics of composite ma-
terials.

In addition to the main theorem (Theorem 2.1) on the Fredholm property
of the operator of the problem (1.13) and the essential spectrum of the opera-
tor K, in Sect. 2 we establish the exponential decay for vector eigenfunctions
(Corollary 2.1) and the finite dimension of the kernel in the problem (1.13)
which occurs independently of the spectrum of the problem in the periodic-
ity cell (Proposition 2.3). The latter fact, in particular, shows that all points
μ ∈ (0, 1] in the essential spectrum of the operator K actually lie in the
continuous spectrum. Finally, in Proposition 2.4 (see also Remark 2.2), we
discuss the particular case of the straight cylinder

Π = ω × R, (1.24)

the cross-section ω of which is a domain in the space R
n−1 with Lipschitz

boundary ∂ω and compact closure ω = ω ∪ ∂ω. We prove that the essential
spectrum of the operator K coincides with the segment [0, μ†] and, thus,
cannot have a gap. The cut-off μ† belongs to the segment (0, 1].

In Sect. 3, we describe certain approaches and tricks which give a piece
of information about the spectrum structure of the problem (1.5), (1.6) in
sufficiently general, however still particular situations. Let us list these ap-
proaches and tricks while indicating the corresponding primary source and
the section of the paper where it is described.

i. The absence of the point spectrum ([56] and Subsect. 3.3).
ii. The comparison principles ([18] and Subsect. 3.3).
iii. Artificial boundary conditions and the point spectrum in the con-

tinuous spectrum ([8] and Subsect. 3.4).
iv. Concentration of the discrete and point spectra ([48] and Sub-

sects. 3.2 and 3.4).
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v. The variational approach for searching eigenvalues below the cut-off
([20, 21] and Subsect. 3.5).

vi. Opening gaps in the continuous spectrum ([50] and Subsect. 3.6).
If an approach or a trick works in the general situation, we treat the

boundary value problem (1.5), (1.6). However, in the impediment case, we
turn to particular problems in the mathematical physics in Examples 1.1
and 1.2. In the last two subsections, we consider two issues in mechanics of
continuous media; namely, cracks and piezoelectricity.

2 The Model Problem and the Operator Pencil

2.1 Model problem in the quasicylinder

The Gel’fand transform (a discrete Fourier transform; see [12] and, for exam-
ple, [29, 53, 30]) is defined by the formula

v(x) �→ v̂(x′, z, η) = (2π)−1/2
∑

j∈Z

exp(−iη(j + z))v(x′, j + z), (2.1)

where x ∈ Π and (x′, z) ∈ Σ, η ∈ [0, 2π) and i is the imaginary unit. This
transform establishes the isometric isomorphism

L2(Π) ∼= L2(0, 2π;L2(Σ)).

Here, L2(0, 2π; B) is a space of abstract functions with the norm

‖v;L2(0, 2π; B)‖ =
( 2π∫

0

‖v(η); B‖2 dη

)1/2

.

and B is a Banach space. The inverse transform is given by the formula

v̂(x′, z, η) �→ v(x′, z) = (2π)−1/2

2π∫

0

exp(iηz)v̂(x′, z − [z], η) dη, (2.2)

where [z] = max{q ∈ Z : q � z} is the integral part of a number z ∈ R. Since
v̂(x′, 0, η) = v̂(x′, 1, η) for v ∈ C∞

c (Π) and

P̂ (∇x)v(x′, z, η) = P (∇x′ , ∂z + iη)v̂(x′, z, η), ∂z = ∂/∂z,

the transform (2.1) gives rise to the isomorphism

H1(Π) ≈ L2(0, 2π;H1
per(Σ)),
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where H1
per(Σ) is the subspace of functions in the Sobolev space which are

periodic in the variable z on the cell Σ.
The Parseval formula

(u, v)Π =

2π∫

0

(û(·, η), v̂(·, η))Σ dη (2.3)

is valid and, thus, the Gel’fand transform establishes the isomorphism for
spaces of functionals

H1(Π)∗ ≈ L2(0, 2π;H1
per(Σ)∗).

We “freeze” coefficients of the differential operators L and T at infinity,
i.e., perform the changes A �→ A0, B �→ B0 and S �→ S0. According to
the stabilization conditions (1.3) and (1.7), from (1.13) we derive the model
problem in the quasicylinder

a0(0, u, v;Π)− λb0(u, v;Π) = f(v), v ∈ H(Π). (2.4)

Applying the transform (2.1) and formula (2.3), we obtain the family of model
problems in the periodicity cell

a0(η, U, V ;Σ)−λb0(U, V ;Σ)=F (η;V ), V ∈ Hper(Σ), for a.a. η ∈ (0, 2π).
(2.5)

Here, H(Π) is the subspace of vector-valued functions in H1(Π)k which are
subject to the condition S0

(q)v = 0 on the surface ∂Π for q = 1, . . . , k such that
the first couple is chosen in (1.8). In addition to the condition S0

(q)V = 0 on
∂Σ∩∂Π , elements in the subspace Hper(Σ) ⊂ H1(Σ)k satisfy the periodicity
conditions on the bases ∂Σ ∩Π of the cell. Finally, f and F = f̂ are linear
functionals on the above-mentioned subspaces and the forms on the left-hand
side of the integral identities are defined as follows:

a0(η, U, V ;Σ) = (A0D(∇x′ , ∂z + iη)U,D(∇x′ , ∂z + iη)V )Σ , (2.6)

b0(u, v;Π) = (B0u, v)Π . (2.7)

The parameter λ is fixed, and the complex conjugate η will be used below.
In the case F = 0, from (2.5) we obtain the spectral problem

a0(η, U, V ;Σ)− λb0(U, V ;Σ) = 0, V ∈ Hper(Σ), for a.a. η ∈ (0, 2π),
(2.8)

which involves the squared spectral parameter η. According to the Riesz
representation theorem, the problem (2.8) generates the quadratic pencil

C  η �→ A(η;λ) : Hper(Σ) → Hper(Σ). (2.9)
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The operator A(η1;λ) − A(η2;λ) is compact in the space Hper(Σ) for any
η1, η2 ∈ C because the difference a0(η1, U, V ;Σ) − a0(η2, U, V ;Σ) gets rid
of first order derivatives of entries in the vector functions U and V while
the embedding H1(Σ) ⊂ L2(Σ) is compact. Hence, in view of the general
results in [13, Theorem 1.5.1], the eigenvalues of the pencil (2.9) are normal
and have the only accumulation point at infinity. If η is an eigenvalue and
U ∈ Hper(Σ) is the corresponding eigenvector, then the number η±2π and the
vector-valued function (x′, z) �→ exp(±2πiz)U(x′, z) compose a spectral pair
as well. The same is true for associated vectors (see [38] and [53, Subsect. 3.4]
for details). Thus, the pencil spectrum is invariant with respect to shifts for
±2π along the real axis.

2.2 The Fredholm property of the problem operator

If the segment [0, 2π) ⊂ R ⊂ C is free of the spectrum of the pencil (2.9),
then for almost all η ∈ (0, 2π) problem (2.5) with the right-hand side F ∈
L2(0, 2π;Hper(Σ)∗) admits a solution U ∈ Hper(Σ) and, for the solution
family, the estimate

‖U ;L2(0, 2π;Hper(Σ))‖ � c‖F ∈ L2(0, 2π;Hper(Σ)∗)‖

is valid. Properties of the Gel’fand transform ensure that the inverse trans-
form U = û �→ u (see formula (2.2)) gives a solution u ∈ H(Π) of the problem
(2.4) together with the inequality

‖u;H(Π)‖ � c‖f ;H(Π)∗‖. (2.10)

Theorem 2.1. A point μ ∈ C belongs to either the resolvent field or the
discrete spectrum of the operator K if and only if for λ = μ−1−1 the segment
[0, 2π) is free of the spectrum of the pencil η �→ A(η;λ).

Proof. 1. Necessity. Assume that for a certain λ the segment [0, 2π) does not
contain eigenvalues of the pencil. By the Korn inequality (1.16), the auxiliary
problem

a(uR, v;ΩR)− (λ− λR)b(uR, v;ΩR) = fR(v), v ∈ H(ΩR), (2.11)

has a unique solution uR ∈ H0(ΩR) for any functional fR ∈ H0(ΩR)∗ in the
case λR � 1 + |λ| + C(ΩR). Here, ΩR = {x ∈ Ω : xn < 2R} and H0(ΩR)
is the subspace of elements in H(Ω) vanishing for xn � 2R. Moreover, the
estimate

‖uR;H0(ΩR)‖ � C‖fR;H0(ΩR)∗‖ (2.12)

is valid with the factor C independent of R.
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Let us construct the right parametrix for the operator of the problem
(1.13). Given the right-hand side f ∈ H(Ω)∗, we search for a solution of the
problem in the form

u = χ+1
R uR + (1− χ−1

R )uΠ , (2.13)

where χpR ∈ C∞(R) is a cut-off function which is equal to one for xn �
R(1 + (1 + p)/3) and zero for xn � R(1 + (2 + p)/3); in the sequel, we need
the indexes p = 0,±1. We choose the components on the right-hand side
of (2.13) as the solutions uR ∈ H(ΩR) and uΠ ∈ H(Π) of the problems
(2.11) and (2.4) with the right-hand sides fR(v) = f(χ0

Rv) and fΠ(v) =
f((1−χ0

R)v) respectively. We emphasize that R � R0 and, therefore, in view
of the requirement (1.7), the vector-valued function (1−χ−1

R )uΠ satisfies the
necessary boundary conditions on the boundary ∂Ω and falls into the space
H(Π). According to the estimates (2.12) and (2.10), we obtain the relation

‖u;H(Ω)‖ � c(‖uR;H0(ΩR)‖+ ‖uΠ ;H(Π)‖)
� c(‖fR;H0(ΩR)∗‖+ ‖fΠ ;H(Π)∗‖)
� cR‖f ;H(Ω)∗‖. (2.14)

All the factors c in formula (2.14) and further do not depend on R while
the additional multiplier R occurs on the last norm due to the estimate
|∂zχpR(z)| � cpR

−1.
We fix a vector-valued function v ∈ H(Ω) and choose vR = χ+1

R v ∈
H0(ΩR) and vΠ = (1 − χ−1

R )v ∈ H(Π) as test functions in the integral
identities (1.13) and (2.10) respectively. Note that

fR(vR) + fΠ(vΠ)

= f(χ+1
R χ0

Rv) + f((1 − χ−1
R )(1− χ0

R)v)f(χ0
Rv) + f((1 − χ0

R)v)
= f(v),

b(uR, vR;ΩR) + b0(uΠ , vΠ ;Π) = b(u, v;Ω)− b̃((1 − χ−1
R )uΠ , v),

∣
∣
∣̃b((1 − χ−1

R )uΠ , v)
∣
∣
∣ =
∣
∣((B − B0)(1− χ−1

R )uΠ , v){x∈Π:xn>R}
∣
∣

� c exp(−δ0R)‖uΠ ;H(Π)‖ ‖v;H(Ω)‖.

(2.15)

Furthermore,

a(uR, vR;ΩR)a(χ+1
R uR, v;Ω) + aR(uR, v),

∣
∣aR(uR, v)

∣
∣

� c
∣
∣(AD(∇x)uR,D(∇xχ+1

R )v;Ω) − (AD(∇xχ+1
R )uR,D(∇x)v;Ω)

∣
∣

� c(‖uR;H0(ΩR)‖ ‖v;L2(ΩR)‖+ ‖uR;L2(ΩR)‖ ‖v;H(Ω)‖).

(2.16)
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We emphasize that D(∇xχ+1
R ) denotes a matrix-valued function with the

matrix norm bounded from above by cR−1. According to the last relation in
(2.16), the estimate (2.12), and the compact embedding H0(ΩR) ⊂ L2(ΩR),
the mapping f �→ aR(uR, ·) in the space H(Ω)∗ is also compact.

Finally,

a0(uΠ , vΠ ;Π)a((1− χ−1
R )uΠ , v;Ω) + aΠ(uΠ , v) + ã(uΠ , v),

∣
∣ã(uΠ , v)

∣
∣ =
∣
∣((A −A0)D(∇x)uΠ ,D(∇x)(1 − χ−1

R )v){x∈Π:xn>R}
∣
∣

� c exp(−δ0R)‖uΠ ;H(Π)‖ ‖v;H(Ω)‖,
(2.17)

∣
∣aΠ(uΠ , v)

∣
∣

� c
∣
∣−(AD(∇x)uΠ ,D(∇xχ−1

R )v;Π) + (AD(∇xχ−1
R )uR,D(∇x)v;Π)

∣
∣

� c(‖uΠ ;H(Π)‖ ‖v;L2(ΩR)‖+ ‖uR;L2(Π ∩ΩR)‖ ‖v;H(Ω)‖).

The forms ã and aΠ give rise to the small and compact operators in H(Ω)
respectively.

Thus, the sum (2.13) satisfies the integral identity

a(u, v;Ω)− λb(u, v;Ω) = f(v) + Fs(f ; v) + Fc(f ; v), v ∈ H(Ω). (2.18)

In the space H(Ω)∗, the mapping f �→ Fc(f ; ·) is compact and the norm of
the mapping f �→ Fs(f ; ·) does not exceed cR exp(−δ0R) (see formulas (2.14)
and (2.15), (2.17)) while δ0 > 0 is the exponent in the stabilization conditions
(1.3). Hence for a large R � R0 the abstract equation

f(·) = f(·) + Fs(f ; ·) + Fc(f ; ·)

enjoys the Fredholm alternative, i.e., under a finite number of orthogonality
conditions on f , there exists a functional f such that formula (2.18) turns
into the integral identity (1.13) which has the solution u = u ∈ H(Ω). In
other words, the right parametrix has constructed.

We check up in Proposition 2.34 that the kernel of the operator of the
problem (1.13)

H(Ω)  u �→ f ∈ H(Ω)∗ (2.19)

is of finite dimension even in the case where the segment [0, 2π) contains
eigenvalues of the pencil (2.9). Together with the above conclusion, this fact
implies that the problem (1.13) operator is Fredholm. In other words, the
point λ (the point μ = (1 + λ)−1) does not belong to the essential spectrum
of the problem (1.10) (the operator K).

2. Sufficiency. Let the segment [0, 2π) include the eigenvalue η of the pencil
A(·;λ). The construction of the singular Weyl sequence for the operator K
at the point (1.23) is standard (see, for example, [25] and [53, Subsect. 3.1])
so that we do not comment on the construction. Let U be an eigenvector
corresponding to the eigenvalue η. We set
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uq(x) = 2−qχ(xn −R0 − 2q)χ(R0 + 2q+1 − xn) exp(iηxn)U(x′, xn), (2.20)

where χ ∈ C∞(R) and χ(t) = 1 for t � 1, χ(t) = 0 for t � 0. Since the
product of the cut-off functions on the left-hand side of (2.20) is equal to one
in the interval (R0 + 2q, R0 + 2q+1)  xn and the vector-valued function U is
periodic in xn, we derive the inequality

b(uq,uq;Ω) � c2−q(2q+1 − 2q − 2),

while the factor c depends on B, χ and η, U , but is independent of q ∈ N. It
is clear that

a(uq,uq;Ω) + b(uq,uq;Ω) � c2−q2q+1.

Thus, the relation
0 < c � ‖uq;H‖ � C,

holds and the sequence {uq} converges to null weakly in the space H because
the supports of the vector-valued functions uq and up do not intersect each
other as q �= p. It suffices to verify the third property of the Weyl sequence
(see [1, Subsect. 9.1]), namely,

‖Kuq − μuq;H‖ → 0, q →∞. (2.21)

We have

‖Kuq − μuq;H‖ = sup |〈Kuq − μuq,v〉|
= (1 + λ)−1 sup |a(uq,v;Ω)− λb(uq,v;Ω)| . (2.22)

Here, the supremum is taken over all v ∈ H such that ‖v;H‖ = 1. Note that

a(uq,v;Ω)−λb(uq,v;Ω) = a0(uq,v;Π)−λb0(uq,v;Π)+ã(uq, v)−λb̃(uq,v),

|ã(uq, v)|+ |̃b(uq,v)| � c exp(−δ0(R0 + 2q))

and for any vector-valued function v ∈ H with support in the set Πq = {x ∈
Π : xn ∈ (R0 + 2q + 2, R0 + 2q+1 − 2} the equality

a0(uq, v;Π)− λb0(uq, v;Π) = a0(η, U, v̂(·, η);Σ)− λb0(U, v̂(·, η);Σ) = 0

is valid by virtue of formula (2.1) for the Gel’fand image v̂(·, η) ∈ Hper(Σ)
and the identity (2.8), where V = v̂(·, η) (recall that {U, η} is an eigenpair
of the pencil (2.9)). It is clear that the expression (2.22) does not exceed the
quantity

c2−q sup{‖v;H1(Ω \Πq)‖} � C2−q.

Thus, the convergence (2.21) was verified. 
�
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Remark 2.1. While proving the first part of Theorem 2.1 we used the following
fact (see, for example, [60]). Let H be a Hilbert space which is compactly
embedded in a Banach space L. Let also k(u, v) be a form subject to the
estimate

|k(u, v)| � c(‖u; H‖ ‖v; L‖+ ‖u; L‖ ‖v; H‖). (2.23)

Then the operator K in the space H defined by the formula

(Ku, v)H = k(u, v), u, v ∈ H,

is compact. Indeed, if {up} is a sequence bounded in the space H, then

upq → u∞ weakly in H and strongly in L (2.24)

along a certain infinitely large subsequence {pq} ⊂ N. Since the operator K
is continuous, we derive that

Kupq → Ku∞ weakly in H and strongly in L. (2.25)

The last two terms in the relation

‖Kupq ; H‖2 − ‖Ku∞; H‖2

= k(upq − u∞,K(upq − u∞)) + k(upq − u∞,Ku∞) + k(u∞,K(upq − u∞))

decay as pq → +∞ owing to the weak continuity of the form in both argu-
ments. The first term on the right-hand side has the null limit by the inequal-
ity (2.23) and formulas (2.24), (2.25). Hence ‖Kupq ; H‖ → ‖Ku∞; H‖ and, in
view of the weak convergence (2.25), the strong convergence Kupq → Ku∞
occurs in H. The desired assertion follows from the last fact. �

2.3 Exponential decay and finite dimension of the
kernel

Assume that for a certain λ the segment [0, 2π) ⊂ C and, therefore, the whole
real axis, is free of the spectrum of the pencil η �→ A(η, λ). Then, according to
[13, Chapter 1], there exists β0 > 0 such that the rectangle Q = {η : Re η ∈
[0, 2π), |Im η| < β0} does not contain an eigenvalue as well. Let β ∈ (−β0, β0).
In the problem (2.4), we make the formal changes u �→ uβ = exp(−βxn)u
and v �→ v−β = exp(βxn)v. The inclusions uβ ∈ Wβ(Π) and v−β ∈ W−β(Π)
are valid, where Wγ(Π) is the completion of the linear space C∞

c (Π)k∩H(Π)
(infinitely differentiable vector-valued functions having compact support and
satisfying the stable boundary conditions on ∂Π) with respect to the norm
‖w;Wγ‖ = ‖ exp(γxn)w;H(Π)‖. By these changes, we generate the problem
in the quasicylinder
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a0(iβ, uβ, v−β ;Π)− λb0(uβ, v−β ;Π) = fβ(v−β), v−β ∈ H(Π), (2.26)

and the corresponding model problem in the periodicity cell

a0(η + iβ, Uβ , V −β;Σ)− λb0(Uβ , V −β ;Σ) = F β(η;V −β),

V −β ∈ Hper(Σ) for a.a. η ∈ (0, 2π).

Here, fβ(v−β) = f(exp(−βxn)v−β) and F β is the Gel’fand image of fβ .
In the case fβ ∈ H(Π)∗, by the same scheme as above; namely, applying

the direct transform, solving the problem on the periodicity cell with the
parameter η, and applying the inverse transform, we determine the solution
uβ ∈ H(Π) of the problem (2.26). Moreover, if v �→ f(exp(γxn)v) is an
element of the space H(Π)∗ with γ = 0 and γ = β > 0, therefore, for any
γ ∈ [0, β], then the above-mentioned procedure gives the family of solutions
uβ0 = exp(βxn)uβ ∈ Wβ(Π) of the integral identity (2.4) with test functions
v ∈ C∞

c (Π)k ∩ H(Π). The following assertion ensures that uβ0 = u, i.e.,
the solution of the problem (2.4), which was constructed in the previous
subsection, decays exponentially as xn → ±∞.

Proposition 2.1. Let the segment [0, 2π) ⊂ C be free of the spectrum of the
pencil η �→ A(η, λ), and let f ∈ Wγ(Π)∗ with γ = 0 and γ = β ∈ (−β0, β0).
Then the solution u ∈ H(Π) = W0(Π) of the problem (2.4) falls into the
space Wβ(Π) and satisfies the estimates

‖u;Wγ(Π)‖ � cγ(‖f ;Wγ(Π)∗‖, (2.27)

where γ = 0 and γ = β.

Proof. We can assume that β > 0; otherwise, we make the change xn �→ −xn.
We extend the Gel’fand transform (2.1) to complex values of the parameter
η. The following formula holds;

uβ0(x′, z) = (2π)−1/2

2π∫

0

exp(i(η − iβ)z)A(η − iβ, λ)−1f̂(η − iβ) dη. (2.28)

By the conditions on f , the abstract function η �→ f̂(·, η) ∈ H(Π)∗ is holo-
morphic in the rectangle Qβ = {η : Reη ∈ [0, 2π), Imη ∈ (−β, 0)} and contin-
uous in the closed rectangle. According to [13], the operator-valued function
η �→ A(η, λ)−1 : H(Π)∗ → H(Π) is holomorphic in a neighborhood of the
set Qβ. By (2.28), the difference u − uβ0 is represented as a path integral
along the boundary of the rectangle; indeed, the integrals over the lateral
sides cancel each because the integrand is 2π-periodic in Re η and the paths
are directed oppositely. Thus, the equality u = uβ0 and, finally, the assertion
of the proposition follows from the abstract variant of the Cauchy theorem
(see [14]). 
�
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Corollary 2.1. Let the assumptions of Proposition 2.1 be valid, and let
f ∈ Wβ(Ω)∗ for a certain exponent β ∈ (0, β0) subject additionally to the
inequality β � δ0 (see (1.3)). Then the solution u ∈ H(Ω) = W0(Ω) of
the problem (1.13) belongs to the space Wβ(Ω) and admits the estimate
‖u;Wβ(Ω)‖ � cβ‖f ;Wβ(Ω)∗‖.

Proof. For β > 0 the norm ‖u;W−β(Ω)‖ = ‖ exp(−βxn)u;H(Ω)‖ con-
tains a weight function which decays exponentially due to the inequality
xn > −R0 (see the condition on the domain Ω in Subsect. 1.2). Hence the
inclusion f ∈ Wβ(Ω)∗ provides f ∈ H(Ω)∗. Aiming to apply Proposition
2.1, we multiply the solution with an appropriate cut-off function, for ex-
ample, 1 − χ0

R, and note that, according to the restriction (1.3), the terms
((A −A0)D(∇x)u,D(∇x)((1 − χ0

R)v))Π and λ((B − B0)u, (1 − χ0
R)v)Π give

rise to continuous forms on the space H(Ω)×W−β(Ω). 
�

If β → +0, the operator of the problem (2.26) is a small perturbation
of the operator of the problem (2.4) and, hence, the assertion, checked up
above, can be established with the help of the classical perturbation theory
(see [22, Chapters 7, 8]). However, the above approach leads to an assertion
which follows directly from formula (2.28) and is used in the sequel.

Proposition 2.2. Let the segment [0, 2π) ⊂ C contain an eigenvalue of the
pencil η �→ A(η, λ). There exists a number β0 > 0 such that for β ∈ (−β0, 0)∪
(0, β0), the problem (2.4) admits a unique solution uβ ∈ Wβ(Π) for any
functional fβ ∈ W−β(Π)∗ and the estimate (2.27) is valid with exponent
γ = β whilst the factor cβ grows indefinitely as β → 0.

The following assertion was used in the first part of the proof of Theo-
rem 2.1.

Proposition 2.3. The operator (2.19) of the problem (1.13) has the kernel
of finite dimension for any λ.

Proof. If there are no eigenvalues of the pencil η �→ A(η, λ) on the segment
[0, 2π), we set β = 0. Otherwise, β ∈ (−β0, 0) (see Proposition 2.1). Since
the norm in the space Wβ(Ω) includes an exponentially decaying weight in
the case β < 0, the kernel of the operator (2.19) belongs to the kernel Nβ
of the operator of the problem (1.13) realized as the mapping

Wβ(Ω)  u �→ f ∈ W−β(Ω)∗

(see the mapping (2.19) in the case β = 0).
We are going to check up that dim kerNβ < ∞. Let u ∈ Nβ , i.e., the

vector-valued function u ∈ Wβ(Ω) satisfies the integral identity (1.10) with
any test function v ∈ W−β(Ω). The product uR = χ0

Ru ∈ H(ΩR) (here cut-
off functions are the same as in formula (2.13)) satisfies the uniquely solvable
problem (2.11) with the right-hand side
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fR(v) =λR(Bu, χ0
Rv)ΩR − (AD(∇x)u,D(∇xχ0

R)v)ΩR

+ (AD(∇xχ0
R)u,D(∇x)v)ΩR .

Since the expression does not include products of the first order derivatives
of components of the vector-valued functions uR and v, according to Remark
2.1 the mapping Wβ(Ω)  u �→ FR ∈ H(ΩR)∗ is compact and, therefore, the
operator Nβ  u �→ χ0

Ru ∈ Wβ(Ω) is compact as well.
We consider the product uΠ = (1 − χ0

R)u ∈ Wβ(Π) which satisfies the
integral identity (2.4) with a test function v ∈ W−β(Π) and the right-hand
side

fΠ(v) = ((A−A0)D(∇x)u,D(∇x)((1 − χ0
R)v))Π

− λ((B − B0)u, (1− χ0
R)v)Π + (AD(∇x)u,D(∇xχ0

R)v)Π
− (AD(∇xχ0

R)u,D(∇x)v)Π . (2.29)

By Theorem 2.1 with β = 0 and Proposition 2.2 with β ∈ (−β0, 0), the
obtained model problem is uniquely solvable in the class Wβ(Π). By the
condition (1.3), the first two terms on the right-hand side of (2.29) generate an
operator, the norm O(R exp(−δ0R)) of which can be made arbitrarily small
by choosing an appropriate R. According to Remark 2.1, the other two terms
yield compact operators. Hence the operator Nβ  u �→ (1− χ0

R)u ∈ Wβ(Ω)
is also compact.

We have proved that the embedding of subspaceNβ intoWβ(Ω) is compact
and, therefore, the subspace has a finite dimension. 
�

2.4 Continuous spectrum

In the case of the real parameter η, we endow the space Hper(Σ) with the
specific inner product

〈U, V 〉η = a0(η, U, V ;Σ) + b0(U, V ;Σ) (2.30)

generated by the Hermitian forms (2.6) and (2.7). The necessary properties
of the form (2.30) follow from the relations (1.2) and (1.16). Let also Kη be
an operator in Hper(Σ) defined analogously to (1.21); namely,

〈KηU, V 〉η = b0(U, V ;Σ), U, V ∈ Hper(Σ). (2.31)

Clearly, this operator is continuous, positive, self-adjoint, and compact. More-
over, its norm does not exceed one. Thus, by general results of the operator
theory in Hilbert spaces (see, for example, [1, Theorem 9.2.1]), the spectrum
of the operator Kη consists of the point M (∞) = 0 in the essential spectrum
and the infinitesimal positive sequence of eigenvalues
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1 � M (1)(η) � M (2)(η) � · · · � M (p)(η) � → +0,

where they are listed according to multiplicity.
For a fixed η ∈ R, we treat (2.8) as a spectral problem with parameter

Λ = λ. Owing to the definitions (2.30) and (2.31), this problem has the
eigenvalues Λ(p)(η) = M (p)(η)−1 − 1 forming the infinitely large positive
sequence

Λ(1)(η) � Λ(2)(η) � · · · � Λ(p)(η) � . . . → +∞. (2.32)

If η ∈ R is an eigenvalue of the pencil η �→ A(η;λ) in (2.9), then λ = Λ(p)(η)
for some p ∈ N. The contrary assertion is true as well; namely, η ∈ R is an
eigenvalue for the pencil in the case λ = Λ(p)(η). Since the η-spectrum of
the pencil A is invariant with respect to shifts ±2π along the real axis, the
functions R  η �→ Λ(p)(η) are 2π-periodic. They are continuous by a general
result in [22, Chapter 8].

The above observations, together with Theorem 2.1, demonstrate that the
operator (2.19) of the problem (1.13) is not Fredholm if and only if

λ ∈
⋃

p∈N

Υ (p), (2.33)

where

Υ (p) = [Λ(p)
− , Λ

(p)
+ ], ±Λ

(p)
± = max{±Λ(p)(η)

∣
∣ η ∈ [0, 2π)}. (2.34)

Let us formulate the derived result for the operator K introduced in for-
mula (1.21) and related to the spectral parameter (1.23).

Theorem 2.2. The essential spectrum of the operator K consists of the point
μ = 0 and the union of closed segments [μ(p)

+ , μ
(p)
− ], where μ

(p)
± = (1+Λ

(p)
± )−1

and the numbers Λ
(p)
± are defined by (2.34). Each of the segments contains

only points of the continuous spectrum.

Proof. By Theorem 2.1, it suffices to verify that the segments [μ(p)
+ , μ

(p)
− ] lie

in the continuous spectrum. We assume that the point μ ∈ [μ(p)
+ , μ

(p)
− ] does

not belong to the continuous spectrum. Hence the operator K at the point μ
has the singular Weyl sequence {up} with the following three properties:

inf
p∈N

‖up;H‖ > 0, up → 0 weakly in H, ‖Kup − μup;H‖ → 0

(see the second part of the proof of Theorem 2.1). We are going to show that
the resolvent (K − μ)−1 cannot satisfy the estimate

‖(K − μ)−1u;H‖ � c‖u;H(Ω)‖, u ∈ H(Ω)(N (μ), (2.35)

where N (μ) denotes the kernel of the operator K − μ which has a finite
dimension by Proposition 2.3. The violation of the estimate (2.35) just means
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that μ is a point in the continuous spectrum, i.e., contradicts the above
assumption. Let vp = P (μ)up, where P (μ) is the orthogonal projector into
the subspace H(Ω)(N (μ). By the third property of the Weyl sequence, we
obtain

‖Kvp − μvp;H(Ω)‖ = ‖Kup − μup;H(Ω)‖ → 0.

Since vp = (K − μ)−1(Kvp − μvp), the estimate (2.35) surely does not hold
under the condition that a certain subsequence {vpq}∞q=1 satisfies

inf
q
‖vpq ;H(Ω)‖ > 0.

Assume that this infimum vanishes for any subsequence and consider some
subsequence. We have ‖vpq ;H(Ω)‖ → 0 and, hence, vpq → 0 strongly in
H(Ω). The difference upq − vpq ∈ N (μ) converges to null weakly due to the
second property of the Weyl sequence. This convergence is strong because the
dimension of the kernel is finite. This conclusion contradicts the first property
of the Weyl sequence. Thus, the estimate (2.35) cannot be valid and the point
μ belongs to the continuous spectrum. 
�

In the sequel, the number Λ
(1)
− (the number (1+Λ

(1)
− )−1) is denoted by λ†

(by μ†) and is called the minimal (maximal) cut-off in the spectrum of the
problem (1.10) (of the operator K).

The structure (2.33) of the continuous spectrum in the problem (1.10)
permits for opening gaps, i.e., intervals which have ends in the continuous
spectrum, but can contain only points of the discrete spectrum (see the ex-
ample constructed in Subsect. 3.5). Such a gap occurs in the case where for
a certain q � 2 the inequality

max
{

Λ
(1)
+ , . . . , Λ

(q−1)
+

}

< Λ
(q)
− (2.36)

is valid, i.e., the segments Υ (1), . . . , Υ (q−1) do not intersect the segment Υ (q).
We mention that, by formulas (2.32) and (2.34), the relations Λ

(p)
− � Λ(q) are

valid for p � q. Thus, the inequality (2.36) and formula (2.33) really provide
the absence of the continuous spectrum on the nonempty interval

(

max
{

Λ
(1)
+ , . . . , Λ

(q−1)
+

}

, Λ
(q)
−

)

.

The following assertion demonstrates that gaps do not open in the case
of the straight cylinder (1.24) and the matrices A0, B0 independent of the
longitudinal variable xn = z.

Proposition 2.4. Under the above assumptions, the maximal cut-off μ† ∈
(0, 1] is the only cut-off, in other words, the closed segment (0, μ†] is covered
with the continuous spectrum of the operator K and the segment (μ†, 1] can
contain points of the discrete spectrum only.
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Proof. Since the model problem is invariant with respect to any shift along
the cylinder axis, it is worth to use the partial Fourier transform

v(x) �→ v̂(x′, η) = (2π)−1/2

∫

R

exp(−iηz)v(x′, z) dz (2.37)

instead of the Gel’fand transform (2.1). As a result, we obtain the following
(n− 1)-dimensional model problem in the cross-section ω:

L0(x′,∇x′ , iη)û(x′, η) = λB0(x′)û(x′, η), x′ ∈ ω,

T 0(x′,∇x′ , iη)û(x′, η) = 0, x′ ∈ ∂ω.
(2.38)

The variational formulation of the problem (2.38) reads:

(A0D(∇x′ , iη)û,D(∇x′ , iη)v̂)ω = λ(Bû, v̂)ω, v ∈ H(ω). (2.39)

Here,H(ω) is a subspace of vector-valued functions v ∈ H1(ω)k subject to the
stable boundary conditions, i.e., T 0

(q)(x
′)v(x′) = S0

(q)(x
′)v(x′) = 0, x′ ∈ ∂ω,

for q = 1, . . . , k such that the first couple of formulas in (1.8) is chosen. For
q ∈ {2, 3, . . .}, we insert into the Korn inequality

‖∇xu;L2(Π)‖2 � c(Π)(‖D(∇x)u;L2(Π)‖2 + ‖u;L2(Π)‖2) (2.40)

(see Lemma 1.1) the vector-valued function

Π  x �→ u(x) = χ(xn − 2q)χ(2q+1) exp(iηxn)û(x′)

(see the definition (2.20)) and, after calculating integrals in xn ∈ (2q +
1, 2q+1 − 1), we derive the relation

(2q+1 − 2q − 2)
(

‖∇x′ û;L2(ω)‖2 + η2‖û;L2(ω)‖2
)

� (2q+1 − 2q − 2)
(

c(Π)
(

‖D(∇x′ , iη)û;L2(ω)‖2 + ‖∇x′ û;L2(ω)‖2
)

+ C(2q+1 − 2q − 2)−1‖û;H1(ω)‖2
)

.

The last term is caused by cut-off functions in the formula which manifest
themselves only inside the finite cylinders ω × (2q, 2q + 1) and ω × (2q+1 −
1, 2q+1) of the unit length. Reducing the multiplier 2q+1 − 2q − 2 > 0 in the
inequality (2.40) and sending q to infinity, we arrive at the estimate

‖∇x′ û;L2(ω)‖2 + η2‖û;L2(ω)‖2

� c(Π)
(

‖D(∇x′ , iη)û;L2(ω)‖2 + ‖û;L2(ω)‖2
)

.

Inserting the eigenvector U of the operator of the problem (2.8) corresponding
to the eigenvalue λ(p)(η) and taking the inequalities (1.2) into account, we
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obtain

λ(p)(η)‖U ;L2(ω)‖2 � C−1
B b0(U,U ;Σ) = c−1

B a(η, U, U ;Σ)

� C−1
B cA‖D(∇x′ , iη)U ;L2(ω)‖2 � C−1

B cA(c(Π)−1η2 − 1)‖U ;L2(ω)‖2.

Thus, we find constants c0 and c1 > 0 such that λ(1)(η) � c1η
2−c0. Hence

the range of the continuous function R  η �→ Λ(1)(η) is the ray [λ†,+∞),
where λ† = min{Λ(1)(η)

∣
∣ η ∈ R} � 0.

Let η ∈ [2πq, 2π(q + 1)) with q ∈ Z. Then the vector-valued function
Σ  (x′, xn) �→ exp(iηxn)U(x′) satisfies the problem (2.8) with parameters
η − 2πq ∈ [0, 2π), λ = λ(1)(η) and, therefore, λ(1)(η) = Λ(p)(η − 2πq) for a
certain p ∈ N.

The above-mentioned facts, together with formula (2.33) for the continu-
ous spectrum, complete the proof of Proposition 2.4. 
�

Remark 2.2. The cylindrical waveguide (1.24) can be regarded as a periodic
one with the cylindrical periodicity cell Σ = ω×(0, 1). At the end of the proof
of Proposition 2.4, we observed why the union of segments Υ (p) on the right-
hand side of (2.33) implies the ray [λ†,+∞) in the case of a straight cylinder.
Indeed, the first eigenvalue λ(1)(η) � c1η

2 − c0 of the problem (2.39) gives
rise to the infinite family {Λ(mq)(η)}q∈N of eigenvalues in the problem (2.8)
while the corresponding segments Υ (mq) cover the ray in the way indicated
in Fig. 3 for the right branch of the eigenvalue λ(1)(η). �

Fig. 3 The formation of the segmentary continuous spectrum in the cylindrical waveguide.
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2.5 On the positive threshold

The polynomial property (1.14) mentioned in Subsect. 1.3 allows us to formu-
late a simple criterion for the positive threshold of the continuous spectrum,
i.e., the nonempty segment [0, λ†) of the closed positive real semiaxis can
include only points of the discrete spectrum in the problem (1.10).

Proposition 2.5. The continuous spectrum (2.33) of the problem (1.10) lies
inside the ray [λ†,+∞) with endpoint λ† > 0 if and only if the subspace

{u ∈ P : T 0(x,∇x)u(x) = 0, x ∈ ∂Σ ∩ ∂Π} (2.41)

of vector polynomials in the polynomial property (1.14) of the Hermitian form
a0(·, ·;Ξ) (see the definition (1.15)) is trivial. If the dimension of the subspace
(2.41) is positive, the point λ = 0 belongs to the continuous spectrum of the
problem (1.10).

Proof. If the linear subspace (2.41) contains the vector polynomial

xqnp
0(x′) + xq−1

n p1(x′) + · · ·+ pq(x′), p0 �= 0,

then, by the changes of coordinates x �→ (x′, xn − j) with j ∈ Z, we observe
that the polynomial p0 also belongs to this subspace. Hence the pencil A(η; 0)
at λ = 0 has the eigenvalue η = 0 and the eigenvector p0.

Let A(η; 0) have the eigenvalue η0 ∈ [0, 2π) and the eigenvector U ∈
Hper(Σ). Inserting the vector-valued function

Σ  xn �→ u(x) = exp(−iη0xn)U(x) (2.42)

in the Green formula (1.11) and taking the integral identity (2.8) into account,
we obtain the relation

0 = a0(η0, U, U ;Σ) = a0(0, u, u;Σ),

which means that u ∈ P due to formula (1.14). The vector-valued function
(2.42) can imply a polynomial only in the case η0 = 0 while, being a so-
lution of the problem (2.8) with λ = 0, it belongs to the subspace (2.41).
Indeed, the stable boundary conditions are included into the definition of the
space Hper(Σ) and the natural boundary conditions ought to be derived by
integrating by parts (see [33]). 
�
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3 Specific Properties of Spectra in Particular Situations

3.1 The absence of the point spectrum

Let Π be the straight cylinder (1.24), and let

Ω = {x : x′ ∈ ω, xn > H(x′)}. (3.1)

Here, H is a function in the Hölder space C2,α(ω) and ω ⊂ R
n−1 is a domain

with compact closure and boundary of class C2,α. We also assume that the
matrix-valued functions A and B do not depend on the variable xn and
their entries belong to the same Hölder space. Finally, the operator T in the
boundary conditions (1.6) on the lateral side ∂Ω \ Υ is chosen according to
the rule (1.8) with the unitary matrix S ∈ C2,α(∂ω)k×k; however, T u = u
on the waveguide end Υ = {x : x′ ∈ ω, xn = H(x′)} (see Remark 1.1).

The following assertion is confirmed with the help of an approach devel-
oped in [56] for the Dirichlet problem with the Helmgoltz operator. We denote
by ν(x′) = (ν1(x′), . . . , νn(x′))� the unit vector of the outward normal at the
point (x′, H(x′)) ∈ Υ . It is clear that

νn(x′) < 0, x′ ∈ ω. (3.2)

Let u ∈ H1(Ω)k be a solution of the problem (1.10) with a certain number
λ ∈ C. We recall the properties of this solution assured by the theory of ellip-
tic boundary value problems in domains with piecewise smooth boundaries
(see the key works [25, 36, 37, 44] and monographs [53, 28]). First, under the
above-mentioned smoothness conditions, the weak solution u ∈ H1(Ω)k falls
into the space H2

loc(Ω \ ϑ)k, i.e., the solution cannot be classical only at the
edge ϑ = {x : x′ ∈ ∂ω, xn = H(x′)} (see, for example, [53, Subsects. 8.4 and
10.1]). At the same time, owing to the Dirichlet conditions on the end Υ , we
find a positive number δϑ depending on A, T and ω, H (see [53, Theorems
8.4.4 and 8.4.9] and [44, Theorem 2.11]) such that

rp−1−δϑ∇pxu ∈ L2(Ω), (3.3)

where r is a positive functions in Ω \ ϑ which is equal to one for xn > R
and is equivalent to the distance to the edge in a neighborhood of ϑ. Finally,
according to Proposition 2.1, the solution lies in the space W 2

β (Ω \BR)k with
exponent β > 0, i.e., it decays exponentially at infinity.

Proposition 3.1. Let
δϑ > 1/2. (3.4)

Then any vector-valued function u ∈ H1(Ω)k satisfying the problem (1.10)
with a certain λ ∈ C vanishes in Ω everywhere.
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Proof. The assertion, of course, must be proved for λ ∈ R+ only (see Sub-
sect. 1.4). We insert the vector-valued functions u and U = ∂u/∂xn into the
Green formula (1.9) in the domain Ωd = {x ∈ Ω : r > d} with a small d > 0.
Since the coefficients of differential operators do not depend on the variable
xn, the derivative U satisfies the system of differential equations in the set
Ωd and the boundary conditions on the surface ∂Ω \ (Υ ∪Ωd) in the problem
(1.5), (1.6). We derive that

Re
∫

∂Ωd∩Ω

(

D(ν(x))U(x)
�A(x′)D(∇x)u(x)

)

dsx

= Re
∫

Ωd

(

D(∇x)U(x)
�A(x′)D(∇x)u(x)− U(x)

�B(x′)u(x)
)

dx

=
1
2

∫

Ωd

∂

∂xn

(

D(∇x)u(x)
�A(x′)D(∇x)u(x)− u(x)

�B(x′)u(x)
)

dx

=
1
2

∫

∂Ωd∩Ω

νn(x)
(

D(∇x)u(x)
�A(x′)D(∇x)u(x)− u(x)

�B(x′)u(x)
)

dsx

+
1
2

∫

Υ\Ωd

νn(x)
(

D(∇x)u(x)
�A(x′)D(∇x)u(x)− u(x)

�B(x′)u(x)
)

dsx.

(3.5)

A well-known result on traces of functions in weighted spaces (see [25] and,
for example, [28]) demonstrates that formula (3.3) guarantees the inclusions

r−δϑ+p−1/2∇pxu ∈ L2(Υ ), p = 0, 1,

which, in view of the condition (3.4), provides the convergence of the last
integral at d = 0. Furthermore, the norms

‖r−δϑ+p−1/2∇pxu;L2(∂Ωd ∩Ω)‖, p = 0, 1,

are uniformly bounded with respect to the parameter d and, therefore, the
integrals over the small surfaces ∂Ωd ∩Ω in (3.5) are equal to O(d2δϑ−1) and
vanish after the limit passage d→ +0.

Thus, the equality (3.5) is left with the only integral which, thanks to the
Dirichlet conditions on the surface Υ , takes the form

1
2

∫

Υ

νn(x)D(∇x)u(x)
�A(x′)D(∇x)u(x) dsx. (3.6)

By virtue of formula (3.2) and the positive definiteness of the matrix A, the
fact that the integral (3.6) becomes null due to the limit passage in (3.5) leads
to the equality D(∇x)u(x) = 0, x ∈ Υ . Hence the solution u itself and its
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gradient ∇xu vanish on the end Υ (see Lemma 3.1 below). That is why the
vector-valued function u extended by zero from Ω onto Π belongs to the space
W 1
β (Π)k with any negative exponent β and satisfies the homogeneous model

problem (2.4). As a result, we conclude that u = 0 by virtue of Proposition
2.2. 
�

Lemma 3.1. If u = 0 and D(∇x)u = 0 on the surface Υ , then ∇xu(x) = 0,
x ∈ Υ .

Proof. We fix a point x′ ∈ ω. Without loosing generality, we can assume
that ν(x′) = −en (otherwise, we turn the Cartesian coordinate system while
preserving the algebraic completeness of the matrix D). According to the
Dirichlet conditions u(x) = 0, x ∈ Υ , and the sufficient smoothness of the
surface Υ , we have ∇x′u(x′, z)

∣
∣
z=H(x′) = 0. Hence the equality D(∇x)u = 0

at the point (x′, H(x′)) turns into the following one:

D(en)
∂u

∂xn
(x′, H(x′)) = 0, en = (0, . . . , 0, 1)�. (3.7)

The (N × k)-matrix D(en) has rank k. Indeed, if a column b ∈ C
k satisfies

D(en)b = 0 ∈ C
N , then the linear space (1.15) of vector polynomials contains

the vector-valued function bϕ(xn) which surely is not a polynomial for ϕ ∈
C∞
c (R), ϕ �= 0. Now, from formula (3.7) we derive that

∂u

∂xn
(x′, H(x′)) = 0

and thus complete the proof. 
�

3.2 Concentration of the discrete spectrum

Let A and B be number matrices, and let the domain Ω be still determined
by formula (3.1), but, on the end Υ and the lateral side ∂Ω \ Υ , we impose
the Neumann and Dirichlet boundary conditions respectively (see (1.11)).
According to Proposition 2.5, the spectrum of the problem (1.5), (1.6) has the
positive cut-off λ† and the interval (0, λ†) can contain the discrete spectrum
only. We are going to show that, in contrast to Proposition 3.1, for any given
numbers l > 0 and N > 0, real and integer, one may find a profile function
H ∈ C∞(ω) such that the interval (0, l) includes at least N eigenvalues of the
problem (1.10). This fact implies the concentration of the discrete spectrum.

Let the ε-neighborhood B
n−1
ε of the point x′ = 0 belong to the cross-

section ω and let h ∈ C∞[0, ε] be a strict monotone increasing function on
the segment [1/3, 2/3] while h(r) = 0 for r ∈ [0, 1/3] and h(r) = 1 for
r ∈ [2/3, 1]. We set

H(x′) =

{

0, x′ ∈ ω \ B
n−1
ε ,

−τh(ε−1|x′|), x′ ∈ B
n−1
ε ,
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where τ > 0 and ε > 0 are large and small parameters. We apply the maxmin
principle [1, Theorem 10.2.2] for the operator −K (with minus) defined by
formula (1.21):

−μ(p) = max
Hp⊂H

inf
v∈Hp\{0}

〈−Kv, v〉
〈v, v〉 . (3.8)

Here, Hp is an arbitrary subspace in H of co-dimension p− 1 (i.e., dim(H(
Hp) = p − 1 and, in particular, H1 = H) while −μ1 � · · · � −μP imply
the list (maybe, empty or infinite) of eigenvalues of the operator −K in the
segment [−1,−μ†) containing only the discrete spectrum by Theorem 2.1.

Fig. 4 The waveguide with the needle.

We take a test vector-valued function v which is equal to V (−τ−1xn) for
xn < 0 and zero for xn > 0, where V is a smooth vector function on the
segment [0, 1] and V (0) = 0. We have

〈Kv, v〉 = εn−1

0∫

−τ

m(τ−1xn)V (τ−1xn)
�BV (τ−1xn) dxn

= εn−1τ

1∫

0

m(z)V (z)
�BV (z) dz = εn−1τI0(V, V ),
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〈v, v〉

= εn−1

0∫

−τ

m(τ−1xn) (D(∇x)V (τ−1xn)
�AD(∇x)V (τ−1xn)

+ V (τ−1xn)
�BV (τ−1xn)) dxn

= εn−1τ

1∫

0

m(z)
(

τ−2D(en)∂zV (z)
�AD(en)∂zV (z) + V (z)

�BV (z)
)

dz

= εn−1τ
(

τ−2I1(V, V ) + I0(V, V )
)

,

where m(z) = meas n−1

(

B
n−1
g(z)

)

, en = (0, . . . , 0, 1)� is the unit vector of the
axis xn, and [0, 1]  z �→ g(z) is the inverse function for the profile function
[1/3, 2/3]  r �→ f(r). Hence

〈−Kv, v〉
〈v, v〉 =

I0(V, V )
τ−2I1(V, V ) + I0(V, V )

. (3.9)

Since no restrictive condition is imposed on the vector-valued function V , we
can choose the set {V 1, . . . , V N} such that

I0(V j , V k) = I1(V j , V k) = 0, j �= k, I0(V j , V j) = 1.

Any subspace HN includes nontrivial linear combination v of the vector-
valued functions vq,constructed from V q according to the above rule, namely:

v = a1v
1 + · · ·+ aNvN , |a1|2 + · · ·+ |aN |2 = 1.

As a result, we find that the right-hand side of (3.9) does not exceed the
quantity

−(1 + τ−2I1)−1 � −1 + τ−2I1.

It suffices to fix a large parameter τ such that −1 + τ−2I1 � −(1 + l)−1 <
−(1 + λ†)−1 = −μ† and to conclude, by [1, Theorem 10.2.2], that at least
N eigenvalues of the operator −K fall into the segment [−1,−(1 + l)−1). By
the relationship (1.23), we find out on the segment [0, l) ⊂ [0, λ†) the same
number of eigenvalues of the problem (1.10) (or (1.5), (1.6)).

We emphasize that the discovered concentration of eigenvalues in the vicin-
ity of the point λ = 0 is stimulated by the needle at the end of the waveguide
(see Fig. 4); this needle is long (the large parameter τ) and thin (the small
parameter ε). It is known (see, for example, [39, 44] and [45, Subsect. 5.2])
that for many elliptic systems, in particular, the elasticity system, a family
of test functions with necessary properties can be constructed with the help
of only one parameter ε (a thin needle of the unit length). To construct such
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test functions, it is sufficient that the linear space P includes a nontrivial
polynomial of the variable xn (see [51]).

3.3 Comparison principles

The consideration in the previous subsection is based on a simple and elegant
idea [18], which is explained here for the Dirichlet problem (1.5), (1.6), i.e.,
T u = u. If the spectral problem in the truncated domain (see the proof of
Proposition 3.1)

L(x,∇x)uR
0
(x) = λR0B(x)uR

0
(x), x ∈ ΩR0 ,

uR
0
(x) = 0, x ∈ ∂ΩR0 ,

(3.10)

has an eigenvalue λR0 in the interval (0, λ†), then the same interval gets a
point of the discrete spectrum of the Dirichlet problem (1.5), (1.6) in the
unbounded domain. The verification of this fact uses the maxmin principle
with the test function obtained by the null extension of the eigenfunction uR

0

from ΩR0 onto Ω.
Clearly, the number of eigenvalues of the problem (3.10) in the interval

(0, λ†) estimates from below the total multiplicity κ
† of the discrete spectrum

of the operator K in the segment (μ†, 1]. The estimate of κ
† from above

is given by the number of eigenvalues in the segment [0, λ†) for the mixed
boundary value problem

L(x,∇x)vR
0
(x) = λR0B(x)vR

0
(x), x ∈ ΩR0 ,

vR
0
(x) = 0, x ∈ ∂ΩR0 \ ∂Ω,

N (x,∇x)vR
0
(x) = 0, x ∈ ∂ΩR0 ∩ ∂Ω.

(3.11)

The reason is the same as above; namely, the maxmin principle for the prob-
lem (3.11) operator with the test functions vR

0,j obtained by the restriction
on ΩR0 of the eigenfunctions uj of the Dirichlet problem (1.5), (1.6). Note
that, in the first case, the orthogonality conditions for eigenfunctions of the
problem (3.10) are directly passed over to test functions in the domain Ω
while, in the second case, it is necessary to verify the linear independence of
the restrictions vR

0,j ; however, it usually becomes a simple task.
The two above-described tricks are often referred to as the comparison

principles (see [3, 2]). They require the positive cut-off λ† and do not work
in the case λ† = 0.

General boundary conditions do not need a new argument. Note that the
problems (3.10) and (3.11) must get on the artificial surface ∂BR0 ∩ Ω
the Dirichlet and Neumann boundary conditions respectively. The shape of
the truncation surface may be arbitrary.
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3.4 Artificial boundary conditions

To detect the point spectrum in the continuous one (the case λ† = 0), it
is helpful to impose the artificial boundary conditions on the planes of geo-
metrical symmetry and apply the comparison principles. This approach was
proposed in [8].

Fig. 5 The symmetric waveguide.

Let Π = ω × R, and let a domain Ω be symmetric with respect to the
plane {x : x1 = 0}. We consider the Neumann problem for the Helmgoltz
equation

−∇�
x∇xu(x) = λu(x), x ∈ Ω,

N (x,∇x)u(x) := ν(x)�∇xu(x) = 0, x ∈ ∂Ω,
(3.12)

and the mixed boundary value problem, posed on the half Ω+ = {x ∈ Ω :
x1 > 0} of the domain and supplied with the Dirichlet conditions on the
artificial boundary Θ = {x ∈ Ω : x1 = 0} (see Fig. 5),

−∇�
x∇xu+(x) = λ+u+(x), x ∈ Ω+,

ν(x)�∇xu+(x) = 0, x ∈ ∂Ω+ \Θ,

u+(x) = 0, x ∈ Θ.

(3.13)

According to Propositions 2.4 and 2.5, the continuous spectrum of the prob-
lem (3.12) coincides with the real semiaxis [0,∞), but the continuous spec-
trum of the problem (3.13) implies the ray [λ†

+,∞) while λ†
+ > 0 is the first

eigenvalue of the model problem on the cross-section
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−∇�
x′∇x′U+(x′) = Λ+U+(x′), x′ ∈ ω+,

ν(x′)�∇x′U+(x′) = 0, x′ ∈ ∂ω+, x1 > 0,
U+(x′) = 0, x′ ∈ ω, x1 = 0.

Assume that the interval (0, λ†
+) contains a point of the discrete spectrum

of the problem (3.13). We extend the corresponding eigenfunction from ω+

onto ω with the property of being odd and obtain an eigenfunction of the
problem (3.12) with the same eigenvalue. In other words, we detect a point of
the point spectrum in the continuous one. The comparison principle permits
for estimating the number of eigenvalues in the interval (0, λ†

+) (see [23]). As
was mentioned at the beginning of the subsection, the desired eigenvalue can
be found, for example, in the case where the first eigenvalue of the problem

−∇�
x∇xu0(x) = λ0u0(x), x ∈ Ω−

+ ,

ν(x)�∇xu0(x) = 0, x ∈ ∂Ω−
+ ∩ ∂Ω,

u0(x) = 0, x ∈ ∂Ω−
+ \ ∂Ω,

is less than λ†
+. Here, Ω−

+ = {x ∈ Ω : x1 > 0, xn < 0} is the overshadowed
subdomian in Fig. 6.

Fig. 6 The artificial boundary in the symmetric waveguide.

Clearly, the same trick is fit for quasicylinders in R
n (see Fig. 7) and scalar

differential operators with periodic coefficients under an evident restriction.
It is not easy to apply the approach [8] of artificial boundary conditions
to systems of differential equations because the odd extension of a vector-
valued function from Ω+ onto Ω usually violates the system of differential
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equations on the artificial surface Θ. This violation, for example, happens in
the two-dimensional elasticity system for the isotropic half-strip Π = (−l, l)×
(0,+∞). That is why, in addition to the artificial boundary conditions

u1(0, x2) = 0, σ12(u; 0, x2) = 0, x2 > 0, (3.14)

the paper [58] employs new arguments to verify that a trapped mode exists in
the isotropic half-strip Π+ = (−1/2, 1/2)×(0,+∞)with the null Poisson ratio
and the Neumann (traction-free) boundary conditions on the boundary. The
artificial boundary conditions (3.14) annuls on the ray Θ = {x = (x1, x2) :
x1 = 0, x2 > 0} the normal displacement u1 and the tangent component
σ12(u) of traction (see Example 1.2 and, in particular, the definition (1.19) of
the stress column). It is remarkable that the odd extension of u1 and the even
extension of u2 from the thin half-strip Π+

+ = (0, 1/2) × (0,+∞) onto the
whole half-strip Π+ keep the Lamé system valid in Π+ due to the complete
symmetry of elastic properties. At the same time, the boundary conditions
(3.14) make the subspace (2.41) one-dimensional, but nontrivial (the constant
vector (0, c) is annulled by the Neumann conditions as well) and, therefore,
the positive cut-off λ† does not occur.

Fig. 7 The symmetric waveguide with the periodic cross-section.

For three-dimensional elastic solids the paper [48] introduces another
artificial boundary conditions. For the sake of simplicity, we assume that
the straight cylinder Π has circle cross-section ω = B

2
r0 and is filled with

the homogeneous and isotropic material. We create the artificial surfaces
Θ0 = {x : r > 0, ϕ = 0} and ΘΦ = {x : r > 0, ϕ = Φ}, where (r, ϕ, z)
are cylindrical coordinates and Φ ∈ (0, π]. We impose the following artificial
boundary conditions:
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uϕ = 0, σrϕ = σzϕ = 0, on Θ0, (3.15)

ur = uz = 0, σϕϕ = 0, on ΘΦ. (3.16)

Here, ur, uz, and uϕ stand for the projections of the displacement vector on
the axes r, z, and ϕ respectively and in the analogy the tangential σrϕ, σzϕ
and normal σϕϕ projections of traction are determined. The even extension
for the displacement components ur, uz and the odd extension for uϕ through
the half-plane Θ0 keep the validity of the Lamé system. The same is true for
the odd extensions of ur, uz and the even extension of uϕ through the half-
plane ΘΦ. Hence, in the case Φ = π/k with k ∈ N, a solution of the problem
with the boundary conditions (3.15) on Π+ ∩ Θ0 and (3.16) on Π+ ∩ ΘΦ is
extended smoothly to the whole cylinder Π+.

It is straightforward to confirm that for Φ ∈ (0, π/2), therefore, for Φ = π/k
and k � 3 the rigid motion a + x × b subject to the artificial boundary
conditions (3.15) and (3.16) vanishes (see Example 1.2). In other words, the
condition in Proposition 2.5 is fulfilled and the spectrum of the elasticity
problem in the sectorial part {x ∈ Π+ : ϕ ∈ (0, π/k)} of the cylinder acquires
the positive cut-off λ†.

The trick described above provides in [48] the following fact. For any given
l > 0 and N ∈ N the interval (0, l) in the continuous spectrum of the cylin-
drical elastic waveguide with damping gasket, which is hard and heavy and
has a sharp edge (see Fig. 8) can be filled with at least N eigenvalues by a
proper choice of the physical properties of the gasket. In the analogy with
Subsect. 3.2, we can speak about the concentration of the point spectrum in
the continuous spectrum.

Fig. 8 The gasket with sharp edge in the elastic waveguide.
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We emphasize that the artificial boundary conditions (3.15), (3.16) are
fit for a waveguide with three planes of elastic and geometrical symmetry,
i.e., the solid Ω obtained by perturbation of the cylinder Π+ inside of the
ball BR0 (see Subsect. 1.2) can be anisotropic and the cross-section ω can
differ from a circle. Sadly enough, the described trick cannot be used in the
two-dimensional case.

3.5 Opening gaps in the continuous spectrum

It is known (see, for example, [9, 15, 17, 11, 62, 10]) that a gap opens in the
continuous spectrum of the second order operator L(x,∇x) = −∇�

xA(x)∇x
and the Maxwell system with periodic coefficients in the whole space R

n.
Examples of such gaps are constructed by varying the coefficients of differ-
ential operators. In [50], an elastic waveguide is constructed (see Example
1.2) which has a gap in the continuous spectrum as well. We comment on the
method while dealing with the Helmgoltz equation (see Example 1.1).

Fig. 9 The periodicity cell for the Helmgoltz equation.

Let n = 2, and let the periodicity cell Σ be the union of the squares
Σ− = (−1, 0)× (0, 1), Σ+ = (3/4, 5/4)× (1/4, 3/4) and the thin (h > 0 is a
small parameter) rectangle Σh = {x : x1 ∈ (−1, 5/4), |x2 − 1/2| < h/2} (see
Fig. 9). We impose the Dirichlet conditions on the left side σ = {−1}× (0, 1)
of the bigger square, the periodicity conditions on its bases (−1, 0) × {0}
and (−1, 0)×{1}, and the Neumann conditions on the remaining part of the
boundary of the junction.

Lemma 3.2. If a function u ∈ H1(Σ) vanishes on σ, then the inequality

‖u;L2(Σ− ∪Σh)‖2 + ‖u⊥;L2(Σ+)‖2 + h |u|2 � c‖∇xu;L2(Σ)‖2 (3.17)

is valid with a constant c independent of the parameter h ∈ (0, 1/4) and the
function u. Here, u⊥ and u are components in the decomposition
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u(x) = u⊥(x) + u, u = 4
∫

Σ+

u(x) dx,
∫

Σ+

u⊥(x) dx = 0. (3.18)

Proof. By the condition u(x1,−1) = 0, the Friedrichs inequalities

‖u;L2(Σ−)‖2 � π2

4
‖∇xu;L2(Σ−)‖2,

‖u;L2(Σh)‖2 � 81
16

π2 ‖∇xu;L2(Σh)‖2

are valid. By the Poincaré inequality,

‖u⊥;L2(Σ+)‖2 � 8π2 ‖∇xu⊥;L2(Σ+)‖2 = 8π2 ‖∇xu;L2(Σ+)‖2.

It suffices to estimate the mean value u which, according to the decomposition
(3.18), is calculated as follows:

h

2
u =

∫

Σh∩Σ+

(u(x)− u⊥(x)) dx.

Namely, the Schwarz inequality gives the relation

|u|2 � 4
h2

h

2
2
∫

Σh∩Σ+

(|u(x)|2 + |u⊥(x)|2) dx � c

h
‖∇xu;L2(Σ)‖2,

which completes the proof of the lemma. 
�

Let
o

H1
⊥(Σ;σ) be the space of functions u⊥ ∈ H1(Σ) vanishing on σ and

satisfying the orthogonality condition in (3.18). By the equality u⊥ = 0 and
the estimate (3.17), we obtain the relation

‖u;L2(Σ)‖2 � c(Σ, σ)‖∇xu;L2(Σ)‖2, u ∈
o

H1
⊥(Σ;σ). (3.19)

We apply the maxmin principle (see [1, Theorem 10.2.2]) for the mixed
boundary value problem with the formal self-adjoint differential operator
−∂2

1 − (∂2 + iη)2, more precisely, for the unbounded self-adjoint operator in
the Lebesgue space L2(Σ) generated [1, Subsect. 10.1] by the corresponding
Hermitian form:

Λ(p)(η) = sup
Hp⊂

o
Hper(Σ;σ)

inf
U∈Hp\{0}

‖∂1U ;L2(Σ)‖2 + ‖(∂2 + iη)U ;L2(Σ)‖2

‖U ;L2(Σ)‖2
.

(3.20)
As in formula (3.8), p ∈ N and Hp is a subspace in

o

Hper(Σ;σ) with co-
dimension p− 1.
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We set p = 2 andH2 = {U ∈
o

H1
per(Σ;σ) : u = exp(−iηx2)U ∈

o

H1
⊥(Σ;σ)}

while diminishing the right-hand side of (3.20). By the inequality (3.19), we
find

Λ(2)(η) � inf
u∈

o
H1

⊥(Σ;σ)

‖∇xu;L2(Σ)‖2

‖u;L2(Σ)‖2
� c(Σ, σ)−1.

Considering formula (3.20) with p = 1 and H1 =
o

Hper(Σ;σ), we take the
test function U = exp(iηx2)v, where v(x) = 1 for x1 > 1/2 and v(x) = 0 for
x1 < 0. Note that v = 1 and ∇xv = 0 in Σ+. Thus, increasing the right-hand
side of (3.20), we derive that

Λ(1)(η) � ch

3h + 1
� Ch.

Let us fix a small parameter h > 0 such that c(Σ, σ)−1 > Ch. The obtained
relation

max{Λ(1)(η)
∣
∣ η ∈ [0, 2π)} < min{Λ(2)(η)

∣
∣ η ∈ [0, 2π)}

takes the form of the relation (2.36) with q = 1 and, therefore, implies opening
a gap in the continuous spectrum of the mixed boundary value problem for
the Helmgoltz equation in the quasicylinder with the periodicity cell in Fig. 9.
Namely, the segment Υ1 cannot intersect the segment Υ2 (see Subsect. 2.4).

The described constructions in a quasicylinder Ω with the dumbbells-
shaped cell Σ consisting of the two massive bodies Σ± jointed by the thin
ligament Σh of diameter O(h), can be employed for the problem (1.5), (1.6)
in a general formulation under the following three conditions. First, a part
σ of the lateral side of the body Σ− must be supplied with the Dirichlet
boundary conditions providing the positive cut-off λ† and the remaining part
of the boundary with the Neumann conditions. Second, one needs the Korn
inequality analogous to (1.16) and (3.19) for vector-valued functions u ∈
o

H1(Σ;σ)k subject to the orthogonality conditions
∫

Σ+

p(x)�u(x) dx = 0, p ∈ P ,

where P is the linear space of vector polynomials (1.15) figuring in the poly-
nomial property (1.14). Third, one has to detect test functions which coincide
with polynomials from P in the body Σ+, vanish in the body Σ−, and gener-
ate the small energy a(v, v;Σh) of the ligament. A procedure to create such
test functions is known (see [39, § 3]), and the only obstacle to prove the
existence of gaps for general matrix differential operator (1.4) becomes the
absence of a general Korn inequality on the ligament Σh which is asymptoti-
cally sharp with respect to the small parameter. Such an inequality is known
for the elasticity problem (see [40, 46, 45, 49]). In [50], the above-described
method establishes opening a gap in the continuous spectrum of an elastic
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spatial waveguide with the periodicity cell in Fig. 10. We emphasize that
the gap is guaranteed between the fifth and sixth segments Υ p, although the
linear space P in elasticity is of dimension six (see Example 1.2). The reason
for the removal of one rigid motion, namely the longitudinal translation in
the ligament, appears from the anisotropic structure of the weighted Korn
inequality on a thin rod (see [49, Sect. 2] for details). In other words, some
polynomials in P do not possess the necessary properties that assist crucially
in the complication of a generalization.

The paper [52] gives other periodic elastic inhomogeneous and anisotropic
waveguides with opened gaps in the continuous spectrum (see Figs. 11 and 12
with a chain of massive bodies connected either with thin and short ligaments
or soft washers). These waveguides get a gap between the first six segments
and the seventh one while, in the case of rotational symmetry, it is possible
to prove that there is no gap below l67 (see Fig. 13).

Fig. 10 The periodicity cell opening a gap in the continuous spectrum.

Fig. 11 Massive bodies connected with thin and short ligaments.



Spectra of Boundary Value Problems 299

Fig. 12 Massive bodies connected with soft washers.

Fig. 13 The gap between the sixth and seventh segments of the continuous spectrum.

3.6 Variational methods for searching trapped modes
below the cut-off

We assume that Π is a straight cylinder, the matrices A, B, and S0 do not
depend on the variable xn, and the inclusions

Π+ ⊂ Ω ⊂ Π (3.21)

are valid. We also choose the boundary conditions (1.6) on the surface
∂Π ∩ Ω according to the rule (1.8) and such that the conditions in Propo-
sition 2.5 are satisfied, i.e., the positive cut-off λ† occurs. Furthermore, if
T(q)(x,∇x) = S0

(q)(x
′) for x′ ∈ γq ⊂ ∂ω, xn > 0 and a certain q = 1, . . . , k,

then T(q)(x,∇x) = S0
(q)(x

′) without any restriction on xn (see Remark 1.2).
Let η0 ∈ R denote an eigenvalue of the variational problem (2.39) (or

the boundary value problem (2.38) under the smoothness assumption on the
data), where λ = λ†. Note that the existence of a real eigenvalue follows from
Theorem 2.1. With the corresponding eigenvector U0, we set

uε(x) = exp(iη0xn)U0(x′). (3.22)
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If ε > 0, then the inclusion uε ∈ H(Ω) holds, in particular, due to the
requirement on the domain and the structure of boundary conditions.

Suppose that the segment [0, λ†) (the segment (μ†, 1]) is free of the spec-
trum in the problem (1.10) (in Eq. (1.22)). Then, according to [1, Theorem
10.2.1], the relation

1
1 + λ† = μ† � 〈Ku, u〉

〈u, u〉 (3.23)

is valid for any test function u ∈ H(Ω), for example, u = uε. From the
inequality (3.23) and definitions (1.20), (1.21) we derive that

0 � (AD(∇x)uε,D(∇x)uε)Ω − λ†(Buε, uε)Ω. (3.24)

We compute the integrals on the right-hand side with error O(ε) while di-
viding the integration set Ω into the parts Π+ and Ω− = Ω\Π+ (see formula
(3.21)). Taking into account that exp(−εxn)− 1 = O(ε) in the bounded set

Ω− ⊂ BR0 and

∞∫

0

exp(−2εxn) dxn =
1
2ε

, we conclude that

(AD(∇x)uε,D(∇x)uε)Ω− − λ†(Buε, uε)Ω−

= (AD(∇x′ , iη0)U0,D(∇x′ , iη0)U0)Ω− − λ†(BU0, U0)Ω− + O(ε),

(AD(∇x)uε,D(∇x)uε)Π+ − λ†(Buε, uε)Π+

=
1
2
ε−1

(

(AD(∇x′ , iη0)U0,D(∇x′ , iη0)U0)ω − λ†(BU0, U0)ω
)

− 1
2
((AD(∇x′ , iη0)U0,D(en)U0)ω

+ (AD(en)U0,D(∇x′ , iη0)U0)ω) + O(ε).

(3.25)

The coefficient on ε−1 vanishes by the integral identity (2.39), where û = v̂ =
U0, η = η0 and λ = λ†. Hence the inequalities (3.24) and (3.23) are surely
denied by the test function (3.22) with small ε > 0 in the case

(AD(∇x′ , iη0)U0,D(∇x′ , iη0)U0)Ω− − λ†(BU0, U0)Ω− > Iω , (3.26)

where
Iω = Re (AD(∇x′ , iη0)U0,D(en)U0)ω. (3.27)

Thus, the inequality (3.26) guarantees the existence of eigenvalues of the
problem (1.10) and the operator K in the segments [0, λ†) and (μ†, 1] respec-
tively

In certain situations, where a direct calculation is available, it is easy to
confirm the inequality (3.26) for a specific shape of the domain Ω−. Quite
often the quantity (3.27) vanishes (see [19, 20, 21]). If additionally, the domain
Ω is given by formula (3.1) with H � 0 (this fulfil the requirement (3.21)),
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then the left-hand side of (3.26) takes the form

Jω(H) = (HAD(∇x′ , iη0)U0,D(∇x′ , iη0)U0)ω − λ†(HBU0, U0)ω.

Applying the integral identity (2.39) with û = U0, v̂ = HU0, η = η0, and
λ = λ†, we arrive at the equality

0 = (AD(∇x′ , iη0)U0,D(∇x′ , iη0)(HU0))ω − λ†(BU0, HU0)ω

= Jω(H) + (AD(∇x′ , iη0)U0,D(∇x′H, iη0)U0)ω.

Thus, to detect an eigenvalue of the problem (1.10) in the segment [0, λ†), it
remains to choose a profile function H ∈ C2,α(ω) such that H � 0 and

(AD(∇x′ , iη0)U0,D(∇x′H, iη0)U0)ω < 0. (3.28)

It could be easy. Indeed, let L(∇x) = −∇�
x∇x be the Laplace operator,

and let B = 1 (see Example 1.1). We impose the Dirichlet and Neumann
conditions on the surfaces ∂Ω ∩ ∂Π and Υ respectively. Then η0 = 0 whilst
λ† and U0 are the first eigenvalue and the corresponding eigenfunction of the
Dirichlet problem in the cross-section

−∇�
x′∇x′U(x′) = λU(x′), x′ ∈ ω, U(x′) = 0, x′ ∈ ∂ω.

Note that U0 can be fixed positive in Ω. Clearly, Iω = 0. Moreover, the
inequality (3.28) takes the form

0 > (∇x′U0, U0∇x′H)ω = −1
2

(|U0|2,∇�
x′∇x′H)ω. (3.29)

The relation (3.29) cannot hold with arbitrary H , however, using the fact
that U0(x′) vanishes on the boundary ∂ω, it is straightforward to choose
a profile H such that the requirement (3.29) is met (see Fig. 14 where the
dotted line shows the rotation axis). As in [20], we take ω = (−1/2, 1/2) so
that λ† = π2 and U0(x1) = cos(πx1). After the double integration by parts,
the right-hand side of (3.29) converts into

π2

1/2∫

−1/2

H(x1) cos(2πx1) dx1.

In other words, the condition (3.29) is satisfied in the case where one of the
Fourier coefficients of the profile function H stays positive.

If the quantity (3.27) vanishes and H = 0 in (3.1), we can continue the
analysis. Namely, we insert into the relation (3.23) the test function uε± δv,
where uε(x) denotes the expression (3.22), v ∈ C∞

c (Π+)k∩H(Ω) and δ > 0 is
a new small parameter. Repeating the calculations (3.24)–(3.26) and taking
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x  =0n

Fig. 14 The waveguide with a trapped mode below the cut-off.

Iω = 0 and Ω− = ∅ into account, we observe that

(AD(∇x)(uε ± δv),D(∇x)(uε ± δv))Π+ − λ†(B(uε ± δv), uε ± δv)Π+

= (AD(∇x)uε,D(∇x)uε)Π+ − λ†(Buε, uε)Π+

± 2δRe
(

(AD(∇x)uε,D(∇x)v)Π+ − λ†(Buε, v)Π+

)

+ O(δ2)

= ±2δRe
(

(AD(∇x)u0,D(∇x)v)Π+ − λ†(Bu0, v)Π+

)

+ O(ε(1 + δ) + δ2)

= ±2δRe
( ∫

ω

v(x′, 0)
�D(en)

�A(x′)D(∇x′ , iη0)U0(x′) dx′
)

+ O(ε(1 + δ) + δ2). (3.30)

We emphasize that Iω = 0 by our assumption and, therefore, the second
formula in (3.25) yields the relation

(AD(∇x)uε,D(∇x)uε)Π+ − λ†(Buε, uε)Π+ = O(ε),

which was applied in (3.30), together with the Green formula.
Thus, the inequality (3.23) is violated for u = uε ± δv provided that one

finds a point x′ ∈ ω such that

D(en)
�A(x′)D(∇x′ , iη0)U0(x′) �= 0. (3.31)

Indeed, to ratify the inequality

1
1 + λ† = μ† >

〈Ku, u〉
〈u, u〉
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which contradicts (3.23), it suffices to localize the vector-valued function v
in a vicinity of the point (x′, 0) and then to fix small parameters ε > 0 and
δ > 0 (the sign ± on v is to be adjusted with the right-hand side of (3.31)).
As a result, under the conditions Iω = 0 and (3.31), the previous argument
ensures the existence of an eigenvalue below the cut-off λ†. The condition
(3.31) can be weakened by the creation cracks in the domain Ω = Π+ (see
Remark 3.1 below).

Finally, if it happens (see [21]) that, at each point x′ of the cross-section
ω, the equality

D(∇x′ , iη0)U0(x′)
�A(x′)D(∇x′ , iη0)U0(x′) = λ†U0(x′)

�B(x′)U0(x′)

is valid, then the calculation (3.30) holds for any domain Ω subject to the
condition (3.21) while the requirement (3.31) is replaced with the following:

D(x)
�A(x′)D(∇x′ , iη0)U0(x′) �= 0 for a certain x ∈ ∂Ω \ ∂Π. (3.32)

3.7 Remarks on cracks and edges

The example in Subsect. 3.2 shows that the trick in [56] does not work in the
case of the Neumann boundary conditions at the end Υ of the cylinder (see
also [61, 20] where an analogous mixed boundary problem for the Helmgoltz
equation is considered). At first sight, it looks that the trick provides the
result in the domain Ω� = Ω \ Γ , where Γ = γ × (τ0, τ0 + τ) is a cylindrical
crack, i.e., γ is a simple smooth closed contour inside the cross-section ω while
τ0 and τ are positive numbers. Indeed, in the case of constant coefficients,
the differentiation of an eigenfunction in the variable xn keeps both Dirichlet
and Neumann boundary conditions. However, the inference on the absence
of the point spectrum in the domain Ω� becomes false. The latter can be
confirmed, for example, by the fact that the Neumann boundary conditions
on the crack surfaces and the Dirichlet conditions on ∂Ω lead to nonempty
discrete spectrum due to the construction in Subsect. 3.2.

The impossibility to prove that the integral (3.6) vanishes originates in
the square-root singularities O(r−1/2) of derivatives of the solution at the
fronts γ0 = γ × {τ0} and γ1 = γ × {τ0 + τ} of the crack (see, for example,
[42, 6, 5, 43]). Indeed, the integration by parts in (3.5) requires to cut out
the d-neighborhoods of the edges ϑ and γq, q = 0, 1, from the domain Ω�.
However, the integrals Jq(d) over boundaries of the neighborhoods mentioned
above are not infinitesimal as d → +0 because δγ = 1/2 and 2δγ − 1 =
0. Moreover, the differentiation along the crack gives rise to the Eshelby–
Cherepanov–Rice invariant integrals [4, 57, 24] (see explanations in [42, 43])
which just compute the limit of Jq(d) for d→ +0; namely, the quantity Jq(0)
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is the squared L2(γq)-norm of the coefficient on the singularity O(r−1/2) on
the front γq of the crack Γ .

We emphasize that the above observations confirm the necessity of the
condition (3.4) in Proposition 3.1.

Remark 3.1. If Ω is a half-cylinder Π+ with interior crack Γ , then, even
under the violation of the requirement (3.31) that entails the equality Iω = 0
(see (3.27)), the problem (1.10) has an eigenvalue below the cut-off λ† > 0
provided that the requirement (3.32) is satisfied at any point x on the crack
surfaces Γ±. The argument remains the same as above. �

3.8 Piezoelectric bodies

The wave propagation in piezoelectric media is described (see, for example,
[55, 16]) by the boundary value problem (1.5), (1.6), where k = 4, N = 9 and

D(∇x)� =
(
DM(∇x)� O3×3

O1×6 ∇�
x

)

, A(x) =
(
AMM(x) −AME(x)
AEM(x) AEE(x)

)

, (3.33)

B(x)� = diag {$(x), $(x), $(x), 0}. (3.34)

Here, u� = ((uM)�, uE), uM = (uM
1 , uM

2 , uM
3 )� is the displacement column

and uE the electric potential. Moreover,DM(ξ)� denotes the elasticity matrix
(1.17), Op×q is the null (p×q)-matrix, AMM(x) andAEE(x) are real symmetric
and positive definite matrices of elastic modules and dielectric permeability
coefficients of size 6× 6 and 3× 3 respectively. No restriction is imposed on
piezoelectric modules composing the real (6×3)-matrix AME(x) = AEM(x)�.
The matrix D(ξ) keeps the algebraic completeness (1.1); however, the ma-
trix A(x) is not symmetric due to the “wrong” sign on AME(x) while the
diagonal matrix (3.34) with the mechanical material density is not positive
definite. Nevertheless, the results presented in Sect. 2 remain valid for the
piezoelectricity problem and the approaches displayed in this section for in-
vestigating the spectrum of the problem. This optimistic announcement is
based on the trick proposed in [47] (see also [32]). Using the fact that the
spectral parameter λ is absent in the forth equation of the system (1.5) with
matrices (3.33) and (3.34), the trick excludes the electric potential from the
spectral problem. Let us explain the latter.

Consider the integral identity

(AEE∇xuE,∇xwE)Ω = F E(wE) := −(AEMDM(∇x)uM,∇xwE)Ω (3.35)
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for wE ∈ HE(Ω), where HE(Ω) is the subspace of H1(Ω) selected by the
stable boundary conditions2 for the electric potential (see (1.10)). It is known
(see, for example, the introductory chapter in [53]) that, irrespectively of the
boundary conditions, the problem (3.35) with any displacement vector uM ∈
HM(Ω) (the “elasticity component” of the space H(Ω)) admits a solution uE

such that ∇xuE ∈ L2(Ω) and

‖∇xuE;HE(Ω)‖ � c‖DM(∇x)uM,HM(Ω)‖. (3.36)

Note that, in the case HE(Ω) = H1(Ω), i.e., the “electricity component” of
the boundary conditions (1.6) is of the Neumann type, the solution uE is
defined up to an additive constant which is eliminated by differentiation.

We introduce the continuous mapping

HM(Ω)  uM �→ GuM = ∇xuE ∈ L2(Ω),

where uE is a solution of the problem (3.36). The operator J in the space
HM(Ω) with the inner product

〈uM, vM〉 = (AMMDM(∇x)uM,DM(∇x)vM)Ω + ($uM, vM)Ω (3.37)

for uM, vM ∈ HM(Ω) is determined by the formula

〈J uM, vM〉 = −(AMEGuM,DM(∇x)vM)Ω, uM, vM ∈ HM(Ω). (3.38)

By the relations (3.36) and (3.37), the operator J is continuous.

Lemma 3.3. The operator J is self-adjoint and positive.

Proof. Let vE be a solution of the problem (3.35) constructed from the test
function uM ∈ HM(Ω); namely,

(AEE∇xvE,∇xwE)Ω = −(AEMDM(∇x)vM,∇xwE)Ω, wE ∈ HE(Ω). (3.39)

We set wE = uE = GuM. Owing to the definition (3.38), formula (3.39) takes
the form

(∇xuE,AEE∇xvE)Ω = −(∇xuE,AEMDM(∇x)vM)Ω
= −(AME∇xuE,DM(∇x)vM)Ω
= −(AMEGuM,DM(∇x)vM)Ω = 〈J uM, vM〉. (3.40)

The desired properties of the operator have become evident due to the sym-
metricity and positive definiteness of the matrix AEE on the left-hand side of
(3.40). 
�
2 The Dirichlet (stable) boundary conditions mean that the waveguide is in contact with an
electroconductive medium while the Neumann (natural) boundary condition corresponds
to an insulator encircling the body
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Thus, the integral identity

(AD(∇x)u,D(∇x)v)Ω = λ($u, v)Ω , v ∈ H(Ω)

serving for the piezoelectricity problem (1.5), (1.6) with matrices (3.34) and
(3.35) is not a variational problem, but reduces to the new integral identity

(AMMD(∇x)uM,D(∇x)vM)Ω + 〈J uM, vM〉 = λ($uM, vM)Ω (3.41)

for vM ∈ HM(Ω). The quadratic form on the left-hand side of (3.41) is sym-
metric and positive definite according to Lemma 3.3. Indeed, by the pos-
itiveness of the operator J , the term 〈J uM, vM〉 with vM = uM does not
hinder to use the elasticity variant of the Korn inequality (1.16) (see refer-
ences at the end of Example 1.2). Thus, nothing prevents from the reduction
of the variational problem (3.41) to the abstract equation (1.22). The reduc-
tion permits us to employ methods of the operator theory in Hilbert space
(see Subsect. 1.4). The theory of elliptic boundary value problems in domains
with piecewise smooth boundaries, which does not require for the formal self-
adjointness, directly applies to the piezoelectricity problem (see Subsect. 1.3).
We only note that the operator G is not local and the transition to the model
problems in the quasicylinder Π and the periodicity cell Σ needs to deal with
the operator J 0 in the space H(Π) by formula (3.38), where the matrix AME

is “frozen” at infinity and the integration domain is replaced by the set Π .
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(1972)



Spectra of Boundary Value Problems 307

8. Evans, D.V., Levitin, M., Vasil’ev, D.: Existence theorems for trapped modes. J. Fluid
Mech. 261, 21-31 (1994)

9. Figotin, A., Kuchment, P.: Band-gap structure of spectra of periodic dielectric and
acoustic media. I. Scalar model. SIAM J. Appl. Math. 56, 68-88 (1996); II. Two-
dimensional photonic crystals. ibid. 56, 1561-1620 (1996)

10. Filonov, N.: Gaps in the spectrum of the Maxwell operator with periodic coefficients.
Commun. Math. Phys. 240, no. 1-2, 161-170 (2003)

11. Friedlander, L.: On the density of states of periodic media in the large coupling limit.
Commun. Partial Differ. Equ. 27, 355-380 (2002)

12. Gel’fand, I.M.: Expansion in characteristic functions of an equation with periodic
coefficients (Russian). Dokl. Akad. Nauk SSSR 73, 1117-1120 (1950)

13. Gohberg, I.C., Krein, M.G.: Introduction to the Theory of Linear Nonselfadjoint
Operators. Am. Math. Soc., Providence, RI (1969)

14. Gohberg, I.C., Sigal, E.I.: An operator generalization of the logarithmic residue the-
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Estimates for Completely Integrable
Systems of Differential Operators and
Applications

Yuri Reshetnyak

Abstract A criterion for the complete integrability of some class of systems of
differential equations is established. In the proof, the corresponding system
for a matrix-valued function Z of class W 1,p(Ω) is used. Applications to
differential geometry (in particular, the stability in the Bonnet theorem) are
discussed.

1 Introduction

Let Ω be a bounded domain in the space R
n. We consider vector-valued

functions of the Sobolev space W 1,1(Ω), defined in Ω with the values in
R
m. On the set of such vector-valued functions, we introduce the system of

differential operators

Λjz =
∂z

∂xj
−Ajz, j = 1, 2, . . . , n, (1.1)

where Aj are m×m-matrices whose entries are measurable p-integrable func-
tions on Ω, p > n. We assume that the system Λj satisfies the following
condition: the system of differential equations

Λjz = 0, j = 1, 2, . . . , n, (1.2)

is completely integrable in the sense that for any point x0 ∈ Ω and vector
ξ ∈ R

m there exists a solution to the system (1.2) satisfying the Cauchy
condition z(x0) = ξ. As we will show below, any solution to the system (1.2)
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is continuous. Hence we can ignor the fact that a function of class W 1,1(Ω)
is defined only outside some “rare” set. In this paper, we obtain a criterion
for the complete integrability of the system (1.2). The proof is based on the
simultaneous consideration of the system (1.2) together with a system of
equations for a matrix-valued function Z of class W 1,p(Ω).

More general differential equations were considered in [1], where a crite-
rion for complete integrability was obtained. This criterion generalized the
Frobenius criterion, known in the regular case.

The main result of this paper is an estimate for the W 1,p-norm of z in terms
of the Lp-norm of Λj (see Theorem 4.2). The obtained results are applied to
the study of stability in the Bonnet theorem. Note that this problem was
considered by Ciarlet [2, 4, 3] in a different setting.

This paper continues the work of the author [5]. Owing to the above-
mentioned criterion for complete integrability, the arguments of [5] become
much simpler. In particular, it is not necessary to use the results of too
complicated work [1]. Also, we correct the proof of Theorem 2 in [5] (which
corresponds to Theorem 5.1 below). I thank N.N. Romanovskii who indicated
me a mistake in the proof.

2 Notation and Preliminaries

Introduce the notation: Ω is a domain, i.e., a connected open set in the
space R

n, n � 2; B(a, r) is an open ball in R
n with center a and radius

r > 0; and B(a, r) is the closed ball with center a and radius r. The inner
product of vectors u and v in R

N is denoted by 〈u,v〉. We say that a domain
Ω in R

n is star-shaped relative to the ball B(a, r) ⊂ Ω if for any points
x ∈ Ω and y ∈ B(a, r) the segment joining x and y (i.e., the set of all points
u = λx + (1 − λ)y, where 0 � λ � 1) is contained in Ω. The spaces Lp(Ω)
with p � 1 are introduced in a standard way.

For a function u : Ω → R
N we denote by ‖u‖L∞(Ω) the least number

h � ∞ such that |u(x)| � h for almost all x ∈ Ω. The set of all functions
u such that ‖u‖L∞(Ω) < ∞ form a Banach space with respect to the norm
‖u‖L∞(Ω).

Consider the set W l,p(Ω) of all functions defined on Ω that possess distri-
butional derivatives of order l and are p-integrable with p � 1. The set W l,p

is a Banach space relative to the norm defined as follows. Let

‖f‖Ll,p =

⎧

⎨

⎩

∫

Ω

[∑

|α|=l

l!
α!

(
∂αz

∂xα
(x)
)2] p

2
dx

⎫

⎬

⎭

1
p

, (2.1)

and let Π be a projection from W l
p(Ω) to the set Pl−1 of all polynomials of

degree at most l − 1. The set Pl−1 is a finite-dimensional vector space, and
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any two norms in this space are equivalent. We set

‖f‖W l,p = ‖Πf‖Pl−1 + ‖f‖Ll,p.

In the case l = 1, elements of Pl−1 are constants. Then for Π we take

Πu =
∫

Ω

u(x)ϕ(x) dx, (2.2)

where ϕ ∈ C∞ is a nonnegative function with support in the closed ball
B(a, r) ⊂ Ω such that

∫

Ω

ϕ(x) dx = 1.

By [6], the norms in W 1,p(Ω) obtained for different operators Π of the form
(2.2) are equivalent.

We need vector-valued and matrix-valued functions defined in a domain
Ω. We say that a function

z : x ∈ Ω �→ (z1(x), z2(x), . . . , zm(x))

belongs to the space Lp(Ω) (respectively, W l,p(Ω), Cr) if each of the real-
valued functions zi, i = 1, 2, . . . ,m, belongs to Lp(Ω) (respectively, W l,p(Ω),
Cr). Similarly, a matrix-valued function Z(x) = (zij(x))i,j=1,2,...,m defined in
Ω belongs to the class Lp(Ω) (respectively, W r,p(Ω)) if each of the real-valued
zi,j , i, j = 1, 2, . . . ,m, belongs to the class Lp(Ω) (respectively, W r,p(Ω)). For
an m×m-matrix Z we denote by |Z| the operator norm of Z, i.e.,

|Z| = sup
|ξ|�1

|Zξ|.

The Lp(Ω)-norm of a vector-valued function z = (z1(x), z2(x), . . . , zm(x))
of class Lp(Ω) (respectively, W l,p(Ω)) is defined as the sum of the Lp-norms
(respectively, the W l,p-norms) of components of the vector-valued function z.

We will use the Sobolev embedding theorem for functions of class W 1,p.
Recall that these theorems are valid under some conditions on the boundary
of a domain. We say that Ω is a Sobolev type domain (or a domain of class
S) if the Sobolev embedding theorems for W 1,p are valid in this domain. Any
domain in R

n whose boundary is an (n− 1)-dimensional manifold of class C1

is a domain of class S.
We also consider vector-valued functions z of class W 1,1(Ω) that are de-

fined in a domain Ω, take the values in R
m, and satisfy the system of differ-

ential equations
∂z

∂xi
= Ai(x)z(x), i = 1, 2, . . . , n, (2.3)
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where Ai(x) for every x ∈ Ω is an m ×m-matrix; moreover, entries of the
matrix-valued functions Ai(x) are measurable functions in Ω.

Theorem 2.1 (see [5]). Let Ω be a bounded domain of class S in R
n, and let

a function z : Ω → R
m of class W 1,1(Ω) be such that for every i = 1, 2, . . . , n

and almost all x ∈ Ω
∂z

∂xi
= Ai(x, z), (2.4)

where the vector-valued functions Ai(x, z) are defined on Ω×R
m and satisfy

the condition

∀i ∈ {1, 2, . . . , n}Ai(x, 0) ∈ Lp(Ω), |Ai(x, z)−Ai(x, z)| � M(x)|z − z|,
(2.5)

where M is of class Lp(Ω), p > n. Then the vector-valued function z : Ω →
R
m z belongs to the class W 1,p. In particular, the function z(x) is continuous

in the domain Ω.

The proof in [5] is based on an iterative procedure. By the assumptions
of Theorem 2.1, |Ai(x, z)| � |Ai(x, 0)|+ M(x)|z|. The function x �→ Ai(x, 0)
belongs to the class Lp(Ω). By assumption, z ∈ W 1,1(Ω). By the Sobolev
embedding theorem, z ∈ Ls, where s =

n

n− 1
. Hence the function M |z| is

q1-integrable, q1 > s. (Here, we essentially used the condition p > n.) Hence
z ∈ W 1,r1 , where r1 > r0 = 1, which, in turn, means that z ∈ Lq2 , where
q2 > q1. Therefore, z ∈ W 1.r2 , where r2 > r1. Repeating this argument, in
a finite number of steps, we find that z ∈ W 1,r for some r > n. Hence the
function z is continuous on the set Ω and, consequently, is bounded there.
Hence the right-hand side of (2.4) is a function of class W 1,p(Ω), which is
required to prove. The common number of steps neccesary to reach r > n is

equal to
pn− p

p− n
+ η, where |η| � 1 and, consequently, tends to ∞ as p → n.

We refer the reader to [5] for details.
The proof of the following assertion is obvious.

Corollary 2.1. Suppose that Ω is a domain of class S and the matrix-valued
functions Ai in (2.3) belong to the space Lp(Ω) with some p > n. If a vector-
valued function z : Ω → R

m of class W 1,1 satisfies the system (2.3), then z
belongs to the class W 1,p. In particular, the function z(x) is continuous in
the domain Ω.

3 Remarks on Completely Integrable Linear Systems of
Differential Equations

If P is an (m ×m)-matrix, then denote by P ∗ the transposed matrix of P .
For any (m×m)-matrices P and Q we have (PQ)∗ = Q∗P ∗. The symbol Im
denotes the identity (m×m)-matrix.
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In a domain Ω of the space R
n, we consider the system of differential

equations
∂z

∂xj
= Aj(x)z(x), j = 1, 2, . . . , n, (3.1)

where Aj(x) for every x ∈ Ω is an (m ×m)-matrix and the matrix-valued
functions Aj(x) belong to the class Lp(Ω), where p > n. By Theorem 2.1,
any solution to this system is a function of class W 1,p(Ω) and, consequently,
is a bounded continuous function in the domain Ω.

We say that the system of equations (3.1) is completely integrable if for
any point x0 ∈ Ω and vector ξ ∈ R

n there exists a solution z(x) to the system
(3.1) defined in the domain Ω and satisfying the Cauchy condition z(x0) = ξ.

In addition to the system (3.1), we also consider the following system of
equations for the matrix-valued functions:

∂Z

∂xi
(x) = Ai(x)Z(x), j = 1, 2, . . . , n, (3.2)

where X(x) is an (m×m)-matrix.
If the system (3.1) is completely integrable, then the system (3.2) is also

completely integrable in the sense that for any point x0 ∈ Ω and an (m×m)-
matrix Ξ there exists a solution Z to the system (3.2) satisfying the Cauchy
condition Z(x0) = Ξ.

Indeed, let ξi be the ith column of the matrix Ξ, and let z(i) be a solution
to the system (4.1) satisfying the Cauchy condition z(x0) = ξi. Then the
matrix-valued function Z(x) with the ith column z(i), i = 1, 2, . . . ,m, is a
solution to the system (3.2) such that Z(x0) = Ξ.

If the system (3.2) for the matrix-valued function X is completely inte-
grable, then the system (3.1) is also completely integrable. Indeed, assume
that the system (3.2) is completely integrable. Choose arbitrarily a point
x0 ∈ Ω and a vector ξ ∈ R

m. Let Ξ denote an (m×m)-matrix with the first
column ξ, and let Z(x) be a solution to the Cauchy problem Z(x0) = Ξ for
the system (4.2).

Let z(x) be the first column of the matrix Z(x). The vector-valued function
z(x) is a solution to the Cauchy problem z(x0) = ξ for Eq. (3.1), which is
required.

If the system (3.2) has a solution X = Z such that detZ(x) �= 0 for all
x ∈ Ω, this system is completely integrable. Indeed, let us assume that Z(x)
is such a solution of the system (3.2). We choose arbitrarily a point x0 ∈ Ω
and an (m×m)-matrix Ξ. We set X(x) = Z(x)H , where H = [Z(x0)]−1Ξ.
Since H is a matrix with constant entries, it is obvious that the matrix-valued
function X(x) satisfies the system of equations (3.2); moreover, X(x0) = Ξ.
Since the matrix Ξ and the point x0 ∈ Ω are taken in an arbitrary way,
thereby the complete integrability of the system (3.2) is proved.

Let Z(x) be a solution of the system (3.2) such that detZ(x) �= 0 for all
x ∈ Ω. Then for all x ∈ Ω we can define the matrix T (x) = [Z(x)]−1. The
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matrix-valued function T (x) is continuous and belongs to the class W 1
p,loc(Ω).

This is a consequence of the fact that each entry of the matrix T (x) is repre-

sented in the form of a fraction
Pij [Z(x)]
detZ(x)

, where Pij is a polynomial of degree

m−1. The numerator and denominator are functions of class W 1,p(Ω). Since
we cannot exclude the case inf | detZ(x)| = 0, this means that T ∈ W 1

p,loc.
Differentiating both sides of the equality T (x)Z(x) = Im with respect to xj ,
we find

0 =
∂T

∂xj
(x)Z(x) + T (x)

∂Z

∂xj
(x)

=
∂T

∂xj
(x)Z(x) + T (x)Aj(x)Z(x)

=
[
∂T

∂xj
(x) + T (x)Aj(x)

]

Z(x).

Since detZ(x) �= 0 for all x ∈ Ω, we have
∂T

∂xj
(x) + T (x)Aj(x) = 0 for

x ∈ Ω at which the left-hand side of the equality is defined, i.e.,

∂T

∂xj
(x) + T (x)Aj(x) = 0 (3.3)

for almost all x ∈ Ω for any j = 1, 2, . . . , n.
Applying the transposition operation to both sides of (3.3), we obtain the

system
∂T ∗

∂xj
(x) = −[Aj(x)]∗T (x) = 0 j = 1, 2, . . . , n, (3.4)

of the same form as the system (3.2). Since detT ∗(x) = detT (x) �= 0, the
system of equation (3.4) is completely integrable.

The system of equations (3.4) is said to be conjugate to the system (3.2).
Let Z(x) be an arbitrary solution to the system (3.2), and let T (x) be a
solution to the system (3.3). Then the matrix-valued function T (x)Z(x) is
constant in the domain Ω. Indeed,

∂

∂xj
[T (x)Z(x)] =

∂T

∂xj
(x)Z(x) + T (x)

∂Z

∂xj
(x)

= −T (x)Aj(x)Z(x) + T (x)Aj(x)Z(x) = 0.

Thus, the derivatives of the matrix-valued function T (x)Z(x) vanish in
the domain Ω, which means that it is constant in Ω.

Theorem 3.1. In a domain Ω of the space R
n, consider the system of dif-

ferential equations (3.2) for the matrix-valued function Z(x) such that the
coefficients Aj(x) are matrix-valued functions of class Lp,loc(Ω). Assume that
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the system (3.2) is completely integrable. Let Z(x) be a solution to the system
(3.2) such that for some y ∈ Ω the determinant of the matrix Z(y) does not
vanish. Then detZ(x) �= 0 for all x ∈ Ω.

Proof. Let Σ be the set of all points x ∈ Ω where detZ(x) �= 0. By the
continuity of detZ(x), the set Σ is open. We show that it is closed relative
to Ω.

Let t ∈ Ω be a contact point of the set Σ. Since the system (3.2) is
completely integrable, there exists a solution Z1(x) to this system satisfying
the Cauchy condition Z1(t) = Im. By the continuity of detZ1(x), there is
δ > 0 such that Ω ⊃ B(t, δ) and detZ1(x) > 0 for all x ∈ B(t, δ). The matrix-
valued function T1(x) = [Z1(x)]−1, defined in the ball B(t, δ), satisfies there
the system (3.3). In the ball B(t, δ), the function Z(x) satisfies the system
(3.2). Hence the product T1(x)Z(x) is constant in the set B(t, δ). Since t is a
contact point of the set Σ, the neighborhood B(t, δ) of the point t contains
points of the set Σ.

Let t0 ∈ Σ ∩ B(t, δ). We have detT1(t0) > 0 and detZ(t0) �= 0. Hence
det{T1(t0)Z(t0)} �= 0. Since the matrix-valued function T1(x)Z(x) is constant
in the ball B(t, δ), we have

det{T1(x)Z(x)} = det{T1(t0)Z(t0)} �= 0 for all x ∈ B(t, δ).

In particular, det{T1(t)Z(t)} �= 0. It remains to note that T1(t) = Im and,
consequently, detZ(t) �= 0. Thus, t ∈ Σ.

The above arguments show that the set Σ is simultaneously open and
closed relative to Ω. Since Σ is not empty and Ω is connected, we conclude
that Σ = Ω, i.e., detZ(x) �= 0 for all x ∈ Ω. 
�

Corollary 3.1. If the system of equations (3.2) is completely integrable, then
the Cauchy problem Z(x0) = Ξ for the system (3.2) has a unique solution.

Proof. It suffices to prove that for a solution Z(x) to the system (3.2) such
that Z(x0) = 0 we have Z(x) ≡ 0. Let Z0(x) is a solution to the system (4.2)
such that detZ0(x) �= 0 for all x ∈ Ω. We set T (x) = [Z0(x)]−1. The function
T (x) is a solution to the system (3.3).

By the above argument, the matrix-valued function H = TZ is constant
in the domain Ω. It is obvious that H(x0) = 0. Hence H(x) = 0 for all x ∈ Ω
and, consequently, Z(x) = 0 for all x ∈ Ω, which is required. 
�

Let Z(x) be a solution to the system (3.2) satisfying the condition
detZ(x) �= 0 for all x ∈ Ω. For arbitrary x, y ∈ Ω we set Θ(x, y) =
Z(x)[Z(y)]−1. Then the matrix-valued function X(x) = Θ(x, x0)Ξ is a solu-
tion to Eq. (3.2) satisfying the Cauchy condition X(x0) = Ξ. The matrix-
valued function Θ(x, y) is called the characteristic matrix for each of the
systems (3.1) and (3.2).
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For fixed y the matrix Θ(x, y) regarded as a function of the variable x
satisfies the equations (3.2). For any vector ξ ∈ R

m the vector-valued function
z(x) = Θ(x, y)ξ is a solution to (3.1) satisfying the Cauchy condition z(y) =
Θ(y, y)ξ = ξ.

Let Λi be a differential operator defined by the equality

(Λiz)(x) =
∂z

∂xi
(x)−Ai(x)z(x),

where Ai(x) are the matrices in the system (3.1). We say that Λ1, Λ2, . . . , Λn
is a system of differential operators subject to the complete integrability condi-
tion if the system (3.1) is completely integrable. Let Θ(x, y) = Z(x)[Z(y)]−1,
be the characteristic matrix of the system (3.1). We have

Λi = Z ◦ ∂

∂xi
◦ Z−1 (3.5)

or
Λiz(x) = Z(x)

∂

∂xi

{

[Z(x)]−1z(x)
}

. (3.6)

4 Estimates for Operators Satisfying the Complete
Integrability Condition

The main results will be formulated for star-shaped domains relative to a
ball. The proof of the general case differs by only techniques.

Consider the linear differential operators

Λi =
∂

∂xi
−Ai(x), i = 1, 3, . . . , n, (4.1)

in a domain Ω such that the system of equations

Λiz = 0, i = 1, 2, . . . , n, (4.2)

is completely integrable in the sense of the definition of Sect. 3.
Assume that Ω is a star-shaped domain in R

n relative to the ball B(a, r).
Then any function z ∈ W 1,p, p � 1, admits the integral representation

z(x) =
∫

Ω

z(y)ϕ(y) dy +
∫

Ω

n∑

k=1

K(x, y)(xk − yk)
∂z

∂xi
(y)dy, (4.3)

where ϕ is a nonnegative function of class C∞ with support in the ball B(a, r).
Setting z ≡ 1 in (4.3), we see that the integral of ϕ over the domain Ω is

equal to 1. The function K(x, y) admits the representation
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K(x, y) = u(x, x− y)− v(x, y),

where

u(x, z) =

∞∫

0

ϕ(x− zt)tn−1 dt,

v(x, y) =

1∫

0

ϕ[x + (y − x)t]tn−1 dt.

(4.4)

The function λ(x, z) is positively homogeneous of degree −n and belongs
to the class C∞ on the set R

n × (Rn \ {0}), whereas the function μ(x, y)
belongs to the class C∞ on the set R

n × R
n. Using the equality (3.6), from

(4.4) we obtain an integral representation of z in terms of the values of the
differential operators Λi, i = 1, 2, . . . , n, satisfying the complete integrability
condition.

Let the matrix-valued function be a solution of the system (3.2) such that
detZ(x) �= 0 for all x ∈ Ω. Replacing the function z with [Z(x)]−1z(x) in
(4.4), multiplying both sides of the obtained equality from the left by the
matrix Z(x), and making obvious transformations, from the equalities (3.6)
and (4.4) we obtain the integral representation

z(x) =
∫

Ω

Θ(x, y)z(y)ϕ(y) dy

+
∫

Ω

Θ(x, y)
n∑

k=1

K(x, y)(xk − yk)Lkz(y) dy. (4.5)

We set
(Πz)(x) =

∫

Ω

Θ(x, y)z(y)ϕ(y) dy, (4.6)

where ϕ is the function appearing in the equalities (4.3) and (4.5).
Substituting an arbitrary solution z(x) to the system (3.2) into (4.5), we

see that z(x) ≡ (Πz)(x) for any such a solution.
For an arbitrary function z ∈W 1,p(Ω) we set

‖Λz‖Lp(Ω) =
n∑

i=1

‖Λiz‖Lp(Ω).

The following assertion is known.

Theorem 4.1 (about integrals with weak singularity). Let Ω be a bounded
domain in R

n, and let ω(x, z) be a function of variables x ∈ Ω and z ∈
(Rn \ 0), homogeneous of zero degree with respect to the variable z. Suppose



320 Y. Reshetnyak

that the function ω has all partial derivatives of order at most l on the set
Ω × (Rn \ 0); moreover, the derivatives are bounded on the set Ω × S(0, 1).
For p > 1 and f ∈ Lp(Ω) we set

Hf(x) =
∫

Ω

ω(x, x − y)
|x− y|n−l dy; (4.7)

Hf(x) is defined and is finite for almost all x ∈ Ω; moreover, it belongs to
the class W l,p(Ω). Then there exists C < ∞ independent of the choice of f
such that

‖Hf‖W l,p(Ω) � C‖f‖Lp(Ω). (4.8)

Theorem 4.2. Let Λi, i = 1, 2, . . . , n be a collection of differential opera-
tors of the form (4.1) that are defined in the domain Ω and such that the
matrix-valued functions Ai belong to Lp(Ω), where p > n, and the system
of differential equations (3.2) is completely integrable. Then there exists a
constant C < ∞ such that for any function z : Ω → R

m of class W 1.p(Ω)

‖z −Πz‖W 1,p(Ω) � C‖Λz‖Lp(Ω), (4.9)

where Π is the integral operator defined by (4.6).

Proof. Let z : Ω → R
m be an arbitrary function of class W 1,p(Ω) with p > n.

From the integral representation (4.5) it follows that

z(x)− (Πz)(x) =
∫

Ω

Θ(x, y)
n∑

k=1

K(x, y)(xk − yk)Λkz(y) dy. (4.10)

The matrix Θ(x, y) is represented in the form Θ(x, y) = Z(x)[Z(y)]−1. In
addition, the matrix-valued function Z(x) is a solution to the system (3.2)
such that detZ(x) �= 0 for all x ∈ Ω; moreover, Z(y) = Im for some point
y ∈ Ω.

A point y can be chosen in an arbitrary way. Assume that Z(x0) = I.
We set Λiu = vi. The matrix-valued functions Z and Z−1 belong to the
class W 1,p(Ω) and, consequently, are bounded and continuous in the set Ω.
Let M < ∞ be such that for all x ∈ Ω the inequalities |Z(x)| � M and
|[Z(x)]−1| � M hold.

Consider separately the terms on the right-hand side of (4.10). We set

Rkvi(x) = Z(x)
∫

Ω

(xk − yk)K(x, y)[Z(y)]−1Λiz(y) dy.

Then Rkvi(x) = Skvi(x)− Tkvi(x), where
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Skvi(x) =
∫

Ω

(xk − yk)λ(x, x − y)vi(y) dy,

Tkvi(x) =
∫

Ω

(xk − yk)μ(x, y)vi(y) dy

the functions λ(x, z) and μ(x, y) are determined by the equalities (4.4). Set-
ting ω(x, z) = zk|z|n−1λ(x, z) in Theorem 4.1, we find

‖Skvi‖W 1,p(Ω) � C‖vi‖Lp(Ω) � MC‖ui‖Lp(Ω).

The function μ(x, y)vi(y) has continuous derivatives of any order with
respect to each of the variables x and y everywhere in R

n. In the domain Ω,
these derivatives are bounded. Hence the functions Tkvi(x) have continuous
derivatives and can be found by using the known rules of differentiation of
integrals with parameter. Hence the derivatives of the function Tkvi(x) on
the set Ω are bounded and continuous and, consequently, Tkvi(x) belongs to
the class W 1,p(Ω).

From the integral formula for the derivatives of Tkvi(x) we have

‖Tkvi‖W 1,p(Ω) � C‖vi‖Lp(Ω) � MC‖ui‖Lp(Ω).

The above argument shows that the functions Rkvi = Skvi − Tkvi belong to
the class W 1,p(Ω); moreover, the following estimate holds:

RkviW 1,p(Ω) � C‖ui‖Lp(Ω).

Let u : Ω → R
m be a vector-valued function of class W 1,p(Ω), p > n, and

let P (x) be the above matrix-valued function . Then Pu ∈ W 1,p(Ω) and for
every i = 1, 2, . . . , n

∂(Pu)
∂xi

=
∂P

∂xi
u + P

∂u

∂xi
.

This assertion can be easily proved by approximating the functions P (x)
and u(x) by Sobolev averages. Then
∥
∥
∥
∥

∂Zu

∂xi

∥
∥
∥
∥
Lp(Ω)

� sup
x∈Ω

|u(x)|
∥
∥
∥
∥

∂P

∂xi

∥
∥
∥
∥
Lp(Ω)

+ sup
x∈Ω

|Z(x)|
∥
∥
∥
∥

∂u

∂xi

∥
∥
∥
∥
Lp(Ω)

. (4.11)

Since p > n, the expression sup
x∈Ω

|u(x)| is finite. Furthermore,

sup
x∈Ω

|u(x)| � C‖u‖W 1,p(Ω).

We find a constant M < ∞ such that max
x∈Ω

|Z(x)| � M and
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∥
∥
∥
∥

∂Z

∂xi

∥
∥
∥
∥
Lp(Ω)

� M

for every i = 1, 2, . . . , n. Then from the inequality (4.11) it follows that

‖Pu‖W 1,p(Ω) � C‖u‖W 1,p(Ω),

where C < ∞.
The obtained estimates obviously lead to the required assertion. 
�

5 Stability of Solutions of Completely Linear Integrable
Systems

Further, Ω is a star-shaped domain in R
n relative to a ball B(x0, r) ⊂ Ω.

Consider completely integrable systems of differential equations in Ω:

∂z

∂xi
(x) −Ai(x)z(x) = 0, (5.1)

∂z

∂xi
(x)−Bi(x)z(x) = 0, (5.2)

where Ai(x) and Bi(x) are m×m-matrices, i = 1, 2, . . . , n. Assume that the
matrix-valued functions Ai and Bi belong to the class Lp(Ω) for some p > n.
We set

δp(A,B) =

{
n∑

i=1

∥
∥
∥|Ai −Bi|

∥
∥
∥

p

Lp

}1/p

.

Theorem 5.1. Let z : Ω → R
m and z : Ω → R

m be solutions to (5.1) and
(5.2) respectively. Suppose that these systems satisfy the above conditions
and, in addition, z(x0) = ξ, z(x0) = ξ, ξ, ξ ∈ R

m. Then there exist constants
ε0 > 0, C <∞, and M < ∞ such that δp(A,B) < ε0 implies the inequality

‖z − z‖W 1,p(Ω) � Cδp(A,B)|ξ|+ M |ξ − ξ|.

Proof. Let z0 be a solution to the system (5.1) satisfying the Cauchy condition
z0(x0) = ξ. We set ζ = z − z0. From the equality (5.2) it follows that

∂z

∂xi
(x) −Ai(x)z(x) + [Ai(x)−Bi(x)]z, i = 1, 2, . . . , n. (5.3)

Substituting z0 for z in (5.1) and subtracting term-by-term the equality ob-
tained from (5.3), we find
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∂(z − z0)
∂xi

(x) −Ai(x)[z(x) − z0(x)] = −[Ai(x)−Bi(x)]z. (5.4)

Hence

∂ζ

∂xi
(x) −Ai(x)ζ(x) = −[Ai(x) −Bi(x)]z0(x) − [Ai(x)−Bi(x)]ζ(x). (5.5)

Theorem 4.2 allows us to estimate ‖ζ−Πζ‖W 1,p(Ω), where Π is the integral
operator defined by the equality (4.6).

It is obvious that ‖ζ‖W 1,p(Ω) � ‖ζ −Πζ‖W 1
p (Ω) + ‖Πζ‖W 1,p(Ω). Since the

kernel Θ(x, y) in the equality (4.6) admits the representation

Θ(x, y) = P (x)[P (y)]−1,

the function Πζ(x) has the form Πζ(x) = P (x)ξ0, where

ξ0 =
∫

Ω

[P (y)]−1ζ(y)ϕ(y) dy.

Thus, we can conclude that

‖Πζ‖W 1
p (Ω) = ‖P‖W 1

p (Ω)|ξ0| = M |ξ0|,

where M = ‖P‖W 1
p (Ω). We set N = sup

y∈B(x0,r)

|[P (y)]−1|. By Theorem 2.1,

we can conclude that M and N are finite. Suppose that the function ϕ in
the equality (4.6) and the subsequent formulas is nonnegative and vanishes
outside the ball B(x0, r1), 0 � r1 � r. The value of r1 will be fixed later. By
the Sobolev embedding theorem, for any x ∈ B(x0, r) we have

|ζ(x)| = |ζ(x) − ζ(x0)| � C‖ζ‖W 1,p(Ω)|x− x0|α,

where α = 1− n

p
. Hence

‖Πζ‖W 1
p (Ω) � CMN

∫

|x−x0|�r1

|x− x0|αϕ(x) dx � CMNrαa .

Let r1 be the least number among r and r′ =
1

[2CMN ]1/α
. It is obvious that

CNMrα1 � 1
2
.

The number r1 depends only on parameters related to the system (5.5). Under
this choice of r1, we have
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‖ζ‖W 1
p (Ω) � ‖ζ −Πζ‖W 1

p (Ω) +
1
2
‖ζ‖W 1

p (Ω),

which implies the estimate

‖ζ‖W 1
p (Ω) � 2‖ζ −Πζ‖W 1

p (Ω).

Let Θ(x, y) be the fundamental matrix of the system of equations (5.1).
Let P (x) = Θ(x, x0), and let Q(x) = [P (y)]−1 belong to the class W 1,p. By
the Sobolev embedding theorems, we have

‖P‖L∞(Ω) = sup
x∈Ω

|P (x)| = K < ∞.

Thus, z0(x) = P (x)ξ. Hence |z0(x)| � K|ξ| for all x ∈ Ω.
By Theorem 2.1, the function ζ belongs to the class W 1,p(Ω). Then, by

the Sobolev embedding theorem, we have

‖ζ‖L∞(Ω) � C‖ζ‖W 1,p(Ω).

The equalities (5.5) and Theorem 2.1 imply

‖ζ‖W 1,p(Ω) � Cδp(A,B)|z|L∞(Ω) + Cδp(A,B)|ζ|L∞(Ω).

Hence

‖ζ‖W 1,p(Ω) � C1δp(A,B)|ξ|+ C2δp(A,B)|ζ|W 1,p(Ω),

where C1 and C2 are constants.
We determine ε0 > 0 from the condition C2ε0 � 1/2. Then for δp(A,B) �

ε0 we obtain the inequality

‖ζ‖W 1,p(Ω) � Cδp(A,B)|ξ|, (5.6)

where C = 2C1.
Since z(x) = P (x)ξ and z0(x) = P (x)ξ, we have

‖z − z0‖W 1,p(Ω) � ‖P‖W 1,p(Ω)|ξ − ξ| = M |ξ − ξ|. (5.7)

From (5.6) and (5.7) it follows that

‖z − z‖W 1,p(Ω) � Cδp(A,B)|ξ|+ M |ξ − ξ|.

The theorem is proved. 
�
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6 Applications to Differential Geometry

Let Ω be a bounded domain of class S in the space R
n, and let r : Ω → R

n+1

be a vector-valued function of class W 2,p(Ω). We assume that p > n. The
partial derivatives of the vector-valued function r belong to the class W 1,p

and, consequently, are continuous. We set ri =
∂r
∂xi

.

We say that a mapping r is a hypersurface of class W 2,p in R
n+1 if the

vectors r1(x), r2(x), . . . , rn(x) are linearly independent for any x ∈ Ω.
Let r : Ω → R

n+1 be a hypersurface of class W 2,p(Ω) in R
n. We introduce

the first quadratic form of the surface ds2 = gij(x)dxidxj in an ordinary way
(we adopt the rule of summation over repeated indices from 1 to n), where
gij = 〈ri, rj〉. The quadratic form ds2 is positive definite since the vectors
ri(x), i = 1, 2, . . . , n, are linearly independent. Since r ∈W 2,p and p > n, the
functions gij are continuous and belong to the class W 1,p.

For any point x ∈ Ω denote by n(x) the unit normal vector to the hyper-
space r at the point x, i.e., n(x) satisfies the following conditions:

1) 〈n(x), rj(x)〉 = 0 for any j = 1, 2, . . . , n.

2) |n(x)| = 1.

3) The orientation of {r1(x), . . . , rn(x),n(x)} is the same as that of the
basis frame {e1, . . . , en, en+1} for the space R

n+1, where (ej is the vector in
R
n+1 whose jth coordinate is equal to 1, whereas the remaining coordinates

vanish.

A collection of vectors r1(x), r2(x), . . . , rn(x),n(x) is called the accompa-
nying frame of the parametrization r of the surface V at the point x.

Let R(x) be an (n+1)× (n+1)-matrix such that for 1 � i � n the ith row
of R(x) is the vector ri and the (n + 1)th row is the vector n. We say that
R(x) is the matrix representation of the accompanying frame at the point x
of the hypersurface r.

Condition 3) in the definition of n(x) means that detR(x) > 0 for any
x ∈ Ω.

We set

bij =
〈

∂2r
∂xi∂xj

, n
〉

.

The differential quadratic form II = bijdxidxj is called the second quadratic
form of the surface r.

We introduce matrix-valued functions Aj(x) by setting

Aj(x) =
∂R

∂xj
(x)[R(x)]−1, j = 1, 2, . . . , n . (6.1)



326 Y. Reshetnyak

The derivatives
∂R

∂xj
belong to the class Lp(Ω). The matrix-valued function

R is continuous and detR(x) > 0 for all x ∈ Ω. Hence the matrix-valued
function Aj belongs to the class Lp,loc(Ω). Note that inf detR(x) > 0 and
sup |Ai(x)| < ∞ imply Aj ∈ Lp(Ω).

By the definition of Aj(x) , for every j = 1, 2, . . . , n we have

∂R

∂xj
(x) = Aj(x)R(x), j = 1, 2, . . . , n. (6.2)

Equating the ith row of the matrix
∂R

∂xj
(x) with the ith row of the product

Aj(x)R(x) for every i = 1, 2, . . . , n + 1, we obtain the representation of the
derivatives of vectors of the accompanying frame of the hypersurface r in
the form of a linear combination of vectors of the accompanying frame. Such
representations are referred to as the derivation formulas of the theory of
surfaces. As is known, the elements of the matrix-valued functions Aj are
expressed in terms of the coefficients of the first quadratic form of the surface,
their first derivatives, and coefficients of the second quadratic form.

Let the matrix-valued functions Ai(x) are defined by the equalities (6.1).
Consider the system of differential equations

∂z
∂xj

(x) = Aj(x)z(x), (6.3)

where z is a vector-valued function of class W 1,1 defined in the domain Ω
and taking the valued in the space R

n+1. The corresponding matrix system
of equations

∂Z

∂xj
(x) = Aj(x)Z(x)

has a solution Z(x) such that detZ(x) �= 0 for all x ∈ Ω. Namely, Z(x) ≡
R(x) is such a solution.

Assume that the hypersurfaces r : Ω → R
n+1 and r : Ω → R

n+1 of class
W 2
p , p > n, are given in R

n+1, and gijdxidxj , gijdxidxj are the first quadratic
forms of these surfaces. Assume that there is a constant γ > 0 such that the
discriminant of each of these forms is bounded from below by the number γ2

at every point of the domain Ω. (Recall that the discriminant of a quadratic
form is the determinant of the matrix of coefficients.) Let bij and bij be the
second quadratic forms of the hypersurfaces. We set

Δp(r, r) =
∑

1�i,j�n
‖gij − gij‖W 1,p(Ω) +

∑

1�i,j�n
‖bij − bij‖Lp(Ω).

The quantity Δp characterizes the closeness of the fundamental tensors
of these surfaces. Let Ai(x) and Ai(x), i = 1, 2, . . . , n, be matrix-valued
functions defined for these surfaces by the equalities (6.1). The following
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estimate holds:
δp(A,A) � CΔp(r, r), (6.4)

where C is a constant.
From the result of Sect. 5 we obtain the following assertion.

Theorem 6.1. Let Ω ⊂ R
n be a star-shaped domain in R

n relative to the
ball B(a, r), and let the functions r : Ω → R

n+1 and r : Ω → R
n+1 be hyper-

surfaces of class W 2
p , where p > n. Let ds2 = gij and ds2 = gij be the first

quadratic forms of these surfaces. Denote by g(x) and g(x) the discriminants
of these quadratic forms. Assume that there exists a constant γ > 0 such that
g(x) > γ and g(x) > γ for all x ∈ Ω. Then there are constants ε0 > 0 and
C < ∞ such that, in the case Δp(r, r) < ε, it is possible to find a motion Φ
of the space R

n+1 such that

‖Φ ◦ r− r‖W 2
p (Ω) < CΔp(r, r).

The proof of this theorem can be found in [5, Theorem 3].
Surfaces of class C3 were considered in [2, 4, 3], where the following asser-

tion was proved: If the fundamental quadratic forms of surfaces are close in
the topology of the space Cl, l � 2, then the surfaces are also close in the
topology of the space Cl+2. By Theorem 6.1, a similar assertion remains valid
under so weak assumptions as it is allowed by the fundamentals of the theory
of surfaces.
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Counting Schrödinger Boundstates:
Semiclassics and Beyond

Grigori Rozenblum and Michael Solomyak

Abstract This is a survey of the basic results on the behavior of the num-
ber of the eigenvalues of a Schrödinger operator, lying below its essential
spectrum. We discuss both fast decaying potentials, for which this behavior
is semiclassical, and slowly decaying potentials, for which the semiclassical
rules are violated.

1 Introduction

The outstanding personality of Sergey L’vovich Sobolev determined the de-
velopment of Analysis in the XXth century in many aspects. One of his
most influential contributions to Mathematics is the invention of the function
spaces now named after him and the creation of the machinery of embedding
theorems for these spaces. The ideology and the techniques based upon these
theorems enabled S.L. Sobolev and his followers to find comprehensive and
exact solutions to many key problems in Mathematical Physics. The paper to
follow is devoted to a survey of results in one of such problems. This problem
concerns the behavior of the discrete part of the spectrum of a Schrödinger
operator with negative potential.

The classical Weyl lemma states that the essential spectrum of a self-adjoint
operator H in a Hilbert space is stable under perturbations by a compact
operator. This lemma has many important generalizations. In particular, if
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H is nonnegative, the result survives if the perturbation is only relatively
compact with respect to H, in the sense of quadratic forms.

The leading and most inspiring example in spectral theory, where the Weyl
lemma plays the key role, concerns the discrete spectrum of a Schrödinger
operator

HV = −Δ− V

on R
d. Here, V = V (x) is a real-valued measurable function on R

d (the
potential), which we assume to decay at infinity, in a certain appropriate
sense. Then the operator can be defined via the corresponding quadratic
form considered on the Sobolev space H1(Rd). We assume for simplicity
that V � 0. Results for general real-valued potentials can be then derived
by using the variational principle. In this paper, we do not touch upon the
results which take into account the interplay between the positive and the
negative parts of the potential.

For the description of the spectrum of the operators involved we use the
following notation. Let σ(H) and EH(·) stand for the spectrum and the
spectral measure of a self-adjoint operator H. We call the number

bott(H) := inf{λ : λ ∈ σ(H)}

the bottom of the operator H. We put

N−(β; H) = dimEH(−∞, β), β ∈ R.

The relation
N−(β; H) < ∞

means that the spectrum of H on the half-line (−∞, β) is discrete, more-
over, finite and N−(β; H) gives the number of the eigenvalues of H counted
according to their multiplicities and lying on this half-line.

The spectrum of the free Laplacian H0 = −Δ in L2(Rd) is the half-line
[0,∞), and, by the Weyl lemma, the negative spectrum of HV is discrete.
However, this lemma gives no quantitative information about the negative
spectrum: it does not allow one to find out, whether the quantity N−(0; HV )
is infinite, or finite, and, in the latter case, it gives no control of its size. It
is often important to answer these questions. In order to make the problem
more transparent, it is useful to insert a real positive parameter (the coupling
constant) and to study the above questions for the family

HαV = −Δ− αV, α > 0. (1.1)

The function N−(0; HαV ) grows together with α, and this growth of the
number of negative eigenvalues can be interpreted as birth of new bound
states from the edge of the continuous spectrum as the exterior field grows.
At the same time, N(0; HαV ) = N(0;−α−1Δ − V ), so the behavior of this
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quantity as α → ∞ describes simultaneously the semiclassical behavior of
the eigenvalues as the “Planck constant” α− 1

2 tends to 0.
Along with N−(0; HαV ), one often studies the function N−(−γ; HαV ),

where γ > 0. If the assumptions about V guarantee discreteness of the nega-
tive spectrum of HαV , then the latter number is always finite. If, in addition,
N−(0; HαV ) = ∞, the behavior of N−(−γ; HαV ) as γ → 0+, for α fixed, is
an important characteristics of the operator.

The main contents of the present paper is a survey and a certain detailing
of the known results on the behavior of the function N−(−γ; HαV ), γ � 0, for
the Schrödinger operator (1.1) and its generalizations – such as Schrödinger
operators on manifolds, or in domains Ω ⊂ R

d. Note that, in the latter
cases, the bottom of the Laplacian is not necessarily equal to zero. Then
we discuss the behavior of N−(β; HαV ) for a fixed value of β � bott(−Δ)
(we refrain from using the notation N−(−γ,HαV ) except for the cases where
bott(H0) = 0).

Our starting point is the Weyl asymptotic law, which allows one to realize
what sort of results is desirable.

If the potential V is nice (say, C∞
0 ), then for any γ � 0 the function

N−(−γ; HαV ) exhibits the semiclassical, or Weyl, asymptotic behavior, i.e.,

N−(−γ; HαV ) ∼ wdα
d
2

∫

Rd

V
d
2 dx, α →∞. (1.2)

Here, wd = vd(2π)−d, where vd stands for the volume of the unit ball in R
d.

(The word “semiclassical” is used in order to indicate that the expression on
the right-hand side in (1.2) is proportional to the volume of the region in
the classical phase space R

2d, where the classical Hamiltonian p2 − αV (x)
is negative.) In particular, the asymptotic formula (1.2) hints that for any
potential V ∈ L1

loc(R
d) the function N−(−γ; HαV ) cannot grow (in α ) slower

that O(α
d
2 ). But can it grow faster?

In this connection, the following questions arise in a natural way.

A. To describe the classes of potentials that guarantee the estimate

N−(−γ; HαV ) = O(α
d
2 ), α→∞. (1.3)

Another important question is this:

B. Suppose that for a given potential V we have (1.3). Does this imply
the asymptotic formula (1.2)?

One more natural question:

C. What can be said about the eigenvalues for such potentials that the
negative spectrum of HαV is still discrete, but (1.3) is violated?
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In the paper, we discuss the present situation with answers to these ques-
tions. The answers heavily depend on the dimension. In particular, the answer
to the question B is YES if d � 3, and it is NO if d = 1, 2.

We also discuss the analogues of these problems for the Laplacian on a
manifold and, more briefly, on domains Ω ⊂ R

d and on the lattice Z
d. Note

that in all these cases the situation is understood up to a much lesser extent,
than for R

d.
The number N−(0; HV ) can be interpreted as the borderline value, for

r = 0, of the quantity

Sr(V ) =
∑

λj(HV )<0

|λj(HV )|r, r > 0.

Estimating such sums is important for Physics, and this is the main subject
in the so-called Lieb–Thirring inequalities. In this paper, we do not touch
upon this popular topic; see [15] for a survey and [11] for newer results.

2 Operators on R
d, d � 3

2.1 The Rozenblum–Lieb–Cwikel estimate

In the case considered, the answer to the questions A, B is given by the
so-called Rozenblum–Lieb–Cwikel (RLC) estimate, named after the mathe-
maticians who gave the first independent proofs of the result. In the form
given below, the result is due to Rozenblum [22, 23]. Other authors [18] and
[6] did not discuss the necessity of the condition on V .

Theorem 2.1. Let d � 3. Then there exists a constant C = C(d) such that
for any V ∈ L

d
2 (Rd), V � 0, and any γ � 0

N−(−γ; HαV ) � C(d)α
d
2

∫

Rd

V
d
2 dx; (2.1)

moreover, the asymptotic formula (1.2) holds.
Conversely, suppose that d � 3, for a certain V � 0 the operator HαV is

well defined for all α > 0, and for some γ � 0 the function N−(−γ; HαV ) is
O(α

d
2 ) as α→∞. Then V ∈ L

d
2 (Rd), and, therefore, the estimate (2.1) and

asymptotic formula (1.2) are fulfilled for an arbitrary γ � 0.

Evidently, the estimate (2.1) for any γ > 0 and α > 0 is a consequence
of its particular case for γ = 0 and α = 1. The asymptotic formula (1.2)
is proved first by elementary methods (Dirichlet–Neumann bracketing) for
potentials V ∈ C∞

0 (Rd). It extends to the general case by a machinery, known
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as “completion of spectral asymptotics” and presented in detail in the book
[3], see especially Lemma 1.19 there.

The proofs given by Rozenblum, by Lieb, and by Cwikel used different
techniques. Rozenblum’s approach was based upon the Sobolev embedding
theorem in combination with Besicovitch type covering theorem; Cwikel ap-
plied harmonic analysis and theory of interpolation of linear operators. Both
these proofs apply to much more general classes of operators than just to the
Laplacian, but only in the R

d-setting. The first proof which admits general-
ization to other situations, say to operators on manifolds, is due to Lieb, who
used the semigroup theory, in the form of path integrals.

Later several other proofs were suggested, including the ones given by Fef-
ferman [10] and by Li and Yau [17]. For us, the latter is especially remarkable
since it shows in an extremely transparent form the deep connection between
the “global Sobolev inequality” and the RLC estimate. The techniques in
[17] uses semigroup theory in a somewhat more direct way than in [18]. Like
Lieb’s proof, it admits far-reaching generalizations.

3 The General Rozenblum–Lieb–Cwikel Inequality

3.1 The approach by Li and Yau

What we present below is an abstract version of the Li-Yau result. It was
established in the paper [16] whose authors aimed at finding the most general
setting in which the approach of [17] applies. The classical notion of sub-
Markov semigroup is used in the formulation.

Let (Ω, σ) be a measure space with sigma-finite measure. We denote
Lq(Ω) = Lq(Ω, σ) and ‖·‖q = ‖·‖Lq(Ω). Suppose that a nonnegative quadratic
form Q[u] is defined on a dense in L2(Ω) linear subset Dom [Q]. We assume
that Q is closed and the corresponding self-adjoint operator A = AQ gener-
ates a symmetric, positivity preserving semigroup. In this situation, we say
that the operator A is a sub-Markov generator. We also suppose that there
exists an exponent q > 2 and a positive constant K such that

‖u‖
2
q
q � KQ[u] ∀u ∈ Dom Q. (3.1)

Theorem 3.1. Let Q[u] be the quadratic form of a sub-Markov generator in
L2(Ω). Suppose that the estimate (3.1) is satisfied with some q > 2. Let

0 � V ∈ Lp(Ω), p = (1− 2
q
)−1. (3.2)

Then the quadratic form
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QV [u] := Q[u]−
∫

Ω

V |u|2dσ, u ∈ Dom [Q],

is bounded from below in L2(Ω) and is closed. The negative spectrum of the
corresponding self-adjoint operator A− V in L2(Ω) is finite, and

N−(0; A− V ) � C(p)Kp
∫

Ω

V pdσ, C(p) = e2(
p

2
)p. (3.3)

We will call (3.3) the general RLC inequality.
It is well known that for any d the (minus) Laplacian on R

d is a sub-
Markov generator. The inequality (3.1) is satisfied if d � 3 with q = 2d

d−2 , so
that p = d

2 in (3.2). This is the so-called “global Sobolev inequality,” and the
sharp value of the constant K is known (see, for example, [19, Sect. 2.3.3,
the inequality (3)]). So, Theorem 3.1 implies the RLC estimate (2.1) with an
explicitly given constant. For the case d = 3, which is the most interesting for
Physics, this constant is slightly greater than the best value C(3) = .116 in
(2.1), known up to now. It should be compared with the constant w3 = .078
in the asymptotic formula (1.2). This best value is given by Lieb’s approach
(see Subsect. 3.2 below). Note that the sharp value of the constant C(d) in
(2.1), even for d = 3, is unknown up to now.

3.2 The approach by Lieb

Below, we present the main result of the paper [24], where an abstract version
of Lieb’s approach was elaborated.

Any nonnegative self-adjoint operator A in L2(Ω) generates a contractive
semigroup e−tA. We suppose that this semigroup is (2,∞)-bounded, which
means that for any t > 0 the operator e−tA is bounded as acting from L2(Ω)
to L∞(Ω). We write

A ∈ P
if the semigroup e−tA is (2,∞)-bounded and positivity preserving.

Let K(t;x, y) be the integral (Schwartz) kernel of e−tA. Then K(t;x, x) is
well defined on R+ ×Ω, and it belongs to L∞(Ω) for each t > 0. We put

MA(t) = ‖K(t; ·)‖∞.

The main result is a parametric estimate (see (3.5) below): it involves
an arbitrary function G(z) of a certain class, as a parameter. The class G of
admissible functions G is defined as follows.

The function G is continuous, convex, nonnegative, grows at infinity no
faster than a polynomial, and is such that z−1G(z) is integrable at zero. With
each G ∈ G we associate another function,
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g(λ) =
∫

R+

z−1G(z)e−
z
λ dz, λ > 0. (3.4)

Theorem 3.2. Suppose that A ∈ P is such that the function MA(t) is in-
tegrable at infinity and is o(t−a) at zero with some a > 0. Fix a function
G ∈ G, and define g(λ) as in (3.4). Then

N−(0; A− V ) � 1
g(1)

∫

R+

dt

t

∫

Ω

MA(t)G(tV (x))dσ, (3.5)

whenever the integral on the right is finite.

Note that the finiteness of the integral in (3.5) guarantees that the relative
bound of V with respect to the quadratic form of the operator A is smaller
than 1, so that the operator A− V is well defined via its quadratic form.

If (Ω, σ) is R
d with the Lebesgue measure, and A = −Δ, then the semi-

group e−tA is positivity preserving and (2,∞)-bounded, and M−Δ(t) =
(2π)−

d
2 t−

d
2 . Since M(t) is a pure power, the choice of G ∈ G is indiffer-

ent, within the value of the constant factor in the estimate. Indeed, by a
change of variables, the estimate (3.5) reduces to the form

N−(0; A− V ) � C(G)
∫

Rd

V
d
2 dx, (3.6)

where

C(G) =
1

g(1)(2π)
d
2

∞∫

0

z−( d
2 +1)G(z)dz.

The assumptions about G and the finiteness of C(G) dictate the restriction
d � 3. The optimal choice of G ∈ G was pointed out by Lieb [18].

The relation between Theorems 3.2 and 3.1 is based upon the deep con-
nection between the Sobolev type inequality (3.1) and the estimate

MA(t) � Ct−
d
2 ; t ∈ (0,∞) (3.7)

for the heat kernel corresponding to the operator A = AQ. This connection
was established by Varopoulos (see [26, Sect. II.2] or [7, Theorem 2.4.2]).

Theorem 3.3. If the quadratic form Q[u] generates a symmetric sub-Markov
semigroup on the measure space (Ω, σ), then the estimate (3.7) with d > 2 is
equivalent to the inequality (3.1) with q = 2d

d−2 .

So, the result of Theorem 3.2 yields the general RLC inequality (3.3)
and thus, is stronger than Theorem 3.1. Indeed, in the general setting, the
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behavior of the function MA(t) is not necessarily expressed by the inequality
(3.7) with the same exponent d both as t → 0 and t →∞. In many cases,

MA(t) � C0t
− δ

2 , t < 1; (3.8)

MA(t) � C∞t−
D
2 , t > 1, (3.9)

with D �= δ. In [26], such estimates were studied for the sub-Laplacian on
nilpotent groups, and δ and D were called there dimensions at zero and
at infinity respectively. We also use these terms. One encounters a similar
situation when studying the Laplacian on manifolds or domains in R

d.
If the estimates (3.8), (3.9) are known with δ,D > 2, the eigenvalue esti-

mates obtained from (3.5) vary essentially, depending on which dimension, δ
or D is larger.

We formulate the corresponding results, not trying to find best possible
constants, however we include the coupling parameter α.

Theorem 3.4. Under the conditions of Theorem 3.2, suppose that the in-
equalities (3.8), (3.9) are satisfied with some δ,D > 2. Then the following
eigenvalue estimates hold:

N−(0; HαV ) � C′
0α

δ
2

∫

Ω

V
δ
2 dσ + C′

∞α
D
2

∫

Ω

V
D
2 dσ (3.10)

if δ � D and

N−(0; HαV ) � C′′
0 α

δ
2

∫

αV�1

V
δ
2 dσ + C′′

∞α
D
2

∫

αV<1

V
D
2 dσ (3.11)

if δ � D.

Remark 3.1. If δ � D, the inequalities (3.8) and (3.9) imply (3.7) with d = D,
and hence

N−(0; HαV ) � C̃α
D
2 ‖V ‖

D
2
D
2
, D > 2. (3.12)

It is often important that the assumption δ > 2, appearing in Theorem 3.4,
here is unnecessary.

We discuss applications of the estimates (3.10) and (3.11) in Sects. 7–9.

4 Operators on R
d, d � 3: Non-Semiclassical Behavior

of N−(0; HαV ).

Now, suppose that d � 3 but V /∈ L
d
2 (Rd), though V (x) vanishes as |x| → ∞,

again in some appropriate sense. Then the negative spectrum of −Δ − αV
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is still discrete, but the RLC inequality becomes useless. In this situation,
some estimates for the quantity N−(0; A − αV ) can be obtained by using
interpolation between the RLC inequality (2.1) and a remarkable result due
to Maz’ya [19, Sect. 2.3.3]. This result gives the necessary and sufficient
conditions on a weight function V � 0 for the Hardy type inequality

∫

Rd

V |u|2dx � C(V )
∫

Rd

|∇u|2dx ∀u ∈ C∞
0 (Rd)

to be satisfied.
Here, we present only a particular case of the general class of estimates

obtained by this approach (see [4] for details).

Theorem 4.1. Let d � 3. Suppose that for some q > d
2 the potential V

satisfies the condition

[[V ]]qq := sup
t>0

(

tq
∫

|x|2V (x)>t

dx

|x|d
)

< ∞. (4.1)

Then for any α > 0 the operator −Δ− αV on R
d is bounded from below, its

negative spectrum is finite, and the estimate

N−(0; HαV ) � C(d, q)αq [[V ]]qq (4.2)

is satisfied.

The condition (4.1) means that the function |x|2V (x) belongs to the so-
called weak Lq-space, usually denoted by Lqw, with respect to the measure
|x|−ddx on R

d. The functional [[V ]]q is equivalent to the norm in this space,
but it does not meet the triangle inequality itself. The space Lqw is nonsepa-
rable, and it contains the usual space Lq with respect to the same measure.
Replacing in (4.2) the functional [[V ]]q by the norm in Lq coarsens the esti-
mate, and we come to the inequality

N−(0; HαV ) � C′(d, q)αq
∫

Rd

V q|x|2q−ddx, 2q > d, (4.3)

which looks simpler than (4.2). The estimate (4.3) was established in [9] by
a direct approach, generalizing the one in [23]. However, (4.3) is knowingly
not exact: it is easy to see that the finiteness of the integral in (4.3) implies

N−(0; HαV ) = o(αq), α→∞. (4.4)

Indeed, this is certainly the case for the potentials V ∈ C∞
0 (Rd). Such po-

tentials are dense in Lq with weight |x|2q−d, and the procedure of completion
of spectral asymptotics, mentioned in the paragraph next to Theorem 2.1,
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shows that (4.4) extends to all V from this space. This nice reasoning is due
to Birman (private communication). It easily extends to the general situation,
and it shows that any order-sharp estimate of order q > d

2 for the quantity
N−(0; HαV ) must involve some nonseparable class of potentials.

In contrast to (4.3), the estimate (4.2) is order-sharp: say, for the potential
V which for large |x| is equal to

V (x) = |x|−2(log |x|)− 1
q , 2q > d, (4.5)

the condition (4.2) is satisfied, and for such potentials the asymptotics

N−(0; HαV ) ∼ cqα
q, cq > 0, α→∞

is known (see [4]).
The condition (4.1) allows local singularities of V at the point x = 0, which

are stronger than those allowed by the inclusion V ∈ L
d
2 (Rd). The weight

function |x|2 and the measure |x|−ddx in (4.1) can be replaced by functions
and measures in a rather wide class (see [4]). In particular, this allows one
to control effects coming from singularities of V distributed on submanifolds
in R

d. For example, suppose that we are interested in the potentials with
singularities at the sphere |x| = 1. Then, instead of (4.2), one can use the
estimate

N−(0; HαV ) � Cαq sup
t>0

∫

V (x)||x|−1|
2
d>t

dx

||x| − 1| , 2q > d � 3.

Both this estimate and (4.2) are particular cases of Theorem 4.1 in [4].
We do not think that a unified condition on the potential, which is neces-

sary and sufficient for N−(0; HαV ) = O(αq) with a prescribed value of q > d
2 ,

does exist.

5 Operators on the Semi-Axis

5.1 Semiclassical behavior

In the case d = 1, it is natural to deal with the operators on the semi-axis
R+ defined as

HαV u(x) = −u′′(x) − αV (x)u(x), u(0) = 0. (5.1)

An accurate definition can be given via the corresponding quadratic form.
The case of operators on the whole axis is easily reduced to this one by im-
posing the additional Dirichlet condition at x = 0 and adding up the two
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similar estimates for the operators acting on the positive and the negative
semi-axis. The term +1 must be included in the right-hand side of the re-
sulting estimate since imposing this boundary condition means the passage
to a subspace of codimension 1 in H1(R). Appearing of the term +1 reflects
the fact that λ = 0 is a resonance point for the operator − d2

dx2 in L2(R). This
means that for an arbitrary nontrivial potential V � 0 at least one eigenvalue
exists for any α > 0. Hence no estimate homogeneous in α is possible.

The character of estimates for the operator (5.1) is quite different from the
RLC inequality which governs the case d � 3. The necessary and sufficient
condition for the semiclassical order

N−(0; HαV ) = O(α
1
2 ) (5.2)

is given by Theorem 5.1 below. However, this condition hardly can be re-
formulated in purely function-theoretic terms.

With any function 0 � V ∈ L1
loc(R+) we associate the sequence η(V ) =

{ηj(V )}, j ∈ Z, where

ηj(V ) = 2j
∫

Ij

V (x)dx, Ij = (2j , 2j+1), j ∈ Z. (5.3)

It is not difficult to show that

N−(0; HαV ) � Cα
1
2

∑

j∈Z

η
1
2
j (V ),

so that the condition
η(V ) ∈ �

1
2 (5.4)

is sufficient for the estimate (5.2). It also guarantees the validity of the Weyl
asymptotics, which in this case takes the form

N−(0; HαV ) ∼ π−1α
1
2

∫

R+

V
1
2 dx, α →∞. (5.5)

However, the condition (5.4) is not necessary either for (5.2), or for (5.5).
In order to write the necessary and sufficient condition, let us consider the

family of eigenvalue problems on the intervals Ij , j ∈ Z:

−λu′′(x) = V (x)u(x) on Ij , u(2j) = u(2j+1) = 0. (5.6)

Here, it is convenient for us to put the spectral parameter in the left-hand
side, then for each j the eigenvalues λj,k, k = 1, 2, . . . , of the problem (5.6)
correspond to a compact operator. Let nj(λ) stand for their counting func-
tion:

nj(λ) = #{k : λj,k > λ}, λ > 0.
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Each function nj(λ) satisfies the estimate

λ
1
2nj(λ) � C

(

2jηj(V )
) 1

2 = C2j
( ∫

Ij

V dx
) 1

2
(5.7)

and exhibits the Weyl asymptotic behavior:

λ
1
2nj(λ) → π−1

∫

Ij

V
1
2 dx. (5.8)

The estimate (5.7) is uniform in j (i.e., the constant C does not depend on
j), but the asymptotics (5.8) is not. This is reflected in the fact that the
potential V is involved in (5.7) and in (5.8) in two different ways.

The following result was obtained in [20].

Theorem 5.1. Let 0 � V ∈ L1
loc(R+), and let HαV , α > 0, be the family of

operators (5.1). The two conditions

#{j ∈ Z : ηj(V ) > λ} = O(λ− 1
2 ), λ + λ−1 →∞, (5.9)

and
sup
λ>0

∑

j

λ
1
2 nj(λ) <∞ (5.10)

are necessary and sufficient for the semiclassical order (5.2) of the quantity
N−(0; HαV ).

The condition (5.9) means, by definition, that the sequence η(V ) belongs
to the weak �

1
2 -space (notation �

1
2
w). This condition is much weaker than

(5.4).
The conditions (5.9) and (5.10) do not guarantee the Weyl asymptotics

(5.5). The necessary and sufficient condition on V for the validity of this
asymptotics was also established in [20]; we do not duplicate it here. Note
only that, in [20], a series of examples was constructed of potentials V for
which the estimate (5.2) holds but the asymptotic formula is valid with the
coefficient different from the one in (5.5). This is impossible in dimension
d � 3.

5.2 Non-semiclassical behavior of N−(0;HαV )

The situation is rather simple. The criterion for N−(0; HαV ) = O(αq) with
a given q > 1

2 can be expressed in terms of the same sequence (5.3).

Theorem 5.2. Let 0 � V ∈ L1
loc(R+), and let 2q > 1. The condition
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#{j ∈ Z : ηj(V ) > λ} = O(λ−q), λ + λ−1 →∞, (5.11)

is necessary and sufficient for N−(0; HαV ) = O(αq), and the inequality

N−(0; HαV ) � Cqα
q sup
λ>0

λq#{j ∈ Z : ηj(V ) > λ} (5.12)

is satisfied.
The condition similar to (5.11) with o(λ−q) on the right-hand side, is

necessary and sufficient for N−(0; HαV ) = o(αq).

In particular, the condition (5.11) with q = 1 is fulfilled provided that
∫

R+

xV (x)dx < ∞.

The inequality

N−(0; HαV ) � α

∫

R+

xV (x)dx

is the classical Bargmann estimate (see, for example, [21]). So, the inequality
(5.12) covers this result, within the value of the constant factor. Note that,
under the Bargmann condition, one always has N−(0; HαV ) = o(α). The
argument is the same as in Sect. 4.

The proof of Theorem 5.2 can be found in [3], where actually more general
multi-dimensional problems were analyzed, and in [2] (see also [1], where the
result is presented without proof).

Theorem 5.2 turns out to be quite useful for the estimation of N−(γ; HαV )
for such multi-dimensional problems, where an additional “channel” can be
singled out, that contributes independently to the behavior of this function for
large values of α. This happens, for instance, in many problems on manifolds
(see Sect. 8). Another, may be the most striking example, is connected with
the Laplacian on R

2. We discuss this case in the following section.

6 Operators on R
2

6.1 Semiclassical behavior

In the borderline case d = 2, the exhaustive description of the class of poten-
tials such that N−(0; HαV ) = O(α), or at least

N−(−γ; HαV ) = O(α) ∀γ > 0, (6.1)
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is not known up to present. On the technical level, this is a consequence
of the fact that the embedding theorem H1(Rd) ⊂ Lq(Rd), q = 2d

d−2 , fails
for d = 2 (when q = ∞), or of the equivalent fact that MΔ(t) = ct−1

(see Sect. 3.2), so the integral in (3.5) diverges. There are various sufficient
conditions on the potential which ensure the order-sharp in α estimate for
the function (6.1), but all of them are not sharp in the function classes for
V . Even the most general sufficient condition of this type, known up to now
(formulated in terms of Orlicz spaces), see [25], is not necessary. What is
more, there are problems of a rather close nature, for which the RLC-like
condition V ∈ L1(R2) turns out to be sufficient (see [13, 14]). So, for d = 2
the situation is not well understood up to now.

Below, we present a comparatively simple sufficient condition, which was
found in [1]. Fix a number κ > 1, and with any potential 0 � V ∈ Lκ

loc(R
2)

let us associate the sequence θ(V,κ) = {θj(V,κ)}, j = 0, 1, . . ., where

θ0(V,κ)κ =
∫

|x|<1

V κdx,

θj(V,κ)κ =
∫

2j−1<|x|<2j

|x|2(κ−1)V κdx, j ∈ N.

Theorem 6.1. For any fixed numbers κ > 1 and γ > 0 there exists a con-
stant C(γ,κ) > 0 such that as soon as

θ(V,κ) ∈ �1, (6.2)

the operator HαV is bounded from below for any α > 0, its negative spectrum
is discrete, and

N−(−γ; HαV ) � C(γ,κ)α‖θ(V,κ)‖1.

The constant C(γ,κ) may blow up as γ → 0, and the assumption (6.2) does
not guarantee the semiclassical behavior of N−(0; HαV ). It turns out that for
the analysis of this behavior one has to consider separately the subspace F of
radial functions, u(x) = f(|x|). On F , the quadratic form of HαV generates a
second order ordinary differential operator whose spectrum is not controlled
by the sequence (4.1). In order to control it and to have the semiclassical
order N−(0; HαV ) = O(α) for the original operator, one uses Theorem 5.2
with the exponent q = 1. In the following theorem, we present the final result
which can be obtained by means of this approach; in formula (6.3) below, we
express the potential V in the polar coordinates.

Theorem 6.2. Let V � 0 satisfy the conditions of Theorem 6.1. Consider
an auxiliary “effective potential” on R+,
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FV (t) = e2t

π∫

−π

V (et, ϕ)dϕ, t > 0. (6.3)

Let {ηj(V )} be the sequence (5.3) for the potential FV . Then (6.1) holds for
γ = 0 if and only if the additional condition (5.11) with q = 1 is fulfilled.

Note that by changing (5.11) to a stronger condition, with o(λ−1) on the
right, we come to a condition ensuring the Weyl asymptotics (1.2) for d = 2
(see [25] and, especially, [1] for more details and discussion).

This effect (appearance of an additional differential operator in a lower
dimension, which contributes to the behavior of N−(0; HαV ) in an indepen-
dent way) we meet in several other problems discussed in Sect. 8. This can
be interpreted as opening of an additional channel which affects the behavior
of the system studied.

6.2 Non-semiclassical behavior

It is easy to see that the condition θ(V,κ) ∈ �∞ is sufficient for form-
boundedness in H1(R2) of the multiplication by V . The next result follows
from this property and Theorems 6.1, 6.2 by interpolation.

Theorem 6.3. 1. Suppose that for some q > 1

#{j ∈ N : θj(V,κ) > λ} = O(λ−q).

Then for any γ > 0 and α > 0

N−(−γ; HαV ) � 1 + Cγ,qα
q sup
λ>0

λq#{j ∈ N : θj(V,κ) > λ}. (6.4)

2. Moreover, suppose that the sequence ηj(V ) introduced in Theorem 6.2
satisfies the condition (5.11) with the same value of q. Then N−(0; HαV ) =
O(αq) and the function N−(0; HαV ) is controlled by the expression as on the
left-hand side of (6.4) plus the additional term

αq sup
λ>0

λq#{j ∈ Z : ηj(V,κ) > λ}.

7 Schrödinger Operator on Manifolds

7.1 Preliminary remarks

Let M = Md be a smooth Riemannian manifold of dimension d � 3, and
let dx stand for the volume element on M. In this section, we discuss the
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behavior of the function N−(β;−ΔM − αV ), where ΔM is the Laplacian on
M (i.e., the Laplace–Beltrami operator). In order to avoid any ambiguity,
here we do not use the shortened notation HαV . As a rule, we suppose that
M is not compact. Otherwise, the spectrum of −ΔM is discrete, and it makes
no sense to speak about birth of eigenvalues of −ΔM−αV from the essential
spectrum of −ΔM.

For a complete Riemannian manifold M the operator −ΔM, defined ini-
tially on C∞

0 (M), is essentially self-adjoint and generates a sub-Markov semi-
group. Thus, the results of Theorems 3.1 and 3.2 can be applied as soon as
one has sufficient information about the embedding theorem on M, or about
estimates of the heat kernel. The global Sobolev inequality (3.1) with the cor-
rect order q = 2d(d − 2)−1 holds only in some special cases, and for general
manifolds, probably, the only existing approach is based upon heat kernel
estimates of the type (3.8), (3.9). Usually (though, not always) (3.8) is sat-
isfied with δ = d. For example, this is the case for the manifolds of bounded
geometry (see, for example, [12]). In the discussion below, we will assume
that

M−ΔM(t) � C0t
− d

2 , t < 1. (7.1)

On the other hand, D in (3.9) reflects the global geometry of the manifolds,
however, rather roughly, and any relation d > D, d = D, or d < D is possible.
The results that follow from such estimates are given by Theorem 3.4, where
one should take δ = d.

An important difference from the case M = R
d is that now the possibility

of a positive βM := bott(−ΔM) is not excluded. May be, the only general
result which holds true for any manifold subject to (7.1) is the following
elementary, but useful statement.

Theorem 7.1. Let M = Md be a smooth complete Riemannian manifold,
d � 3. Suppose that the inequality (7.1) is satisfied. Then for any 0 � V ∈
L

d
2 (M) and β < βM the following inequality holds:

N−(β;−ΔM − αV ) � C(M, β)α
d
2

∫

M

V
d
2 dx ∀α > 0. (7.2)

Along with the estimate (7.2), the Weyl asymptotic formula

N−(β;−ΔM − αV ) ∼ wdα
d
2

∫

M

V
d
2 dx, α →∞

is satisfied.

We only outline the proof of the inequality (7.2). For any β < 0 the
semigroup e−t(−ΔM−β) is sub-Markov (together with etΔM) and the function
M−ΔM−β(t) = eβtMΔM(t) satisfies the same estimate (7.2). Moreover, this
function exponentially decays as t → ∞, and hence (3.9) is fulfilled with
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any D. So, applying (3.12) with D = d to the semigroup generated by the
operator −ΔM − β, we justify (7.2) for any β < 0. It extends to any values
β < βM by the standard variational argument. One should only take into
account that for all β < βM the quadratic forms

∫

M

(|∇u|2 − β|u|2)dx

generate mutually equivalent metrics on the Sobolev space H1(M).
The main issue in this type of problems is whether the estimate (7.2)

remains valid for β = βM. Just such an estimate, rather than (7.2) for β = 0,
should be considered as the genuine generalization of the RLC inequality
(2.1) to the operators on manifolds. The answer to this question is positive
only in some special cases. The Hyperbolic Laplacian is one of these cases.

7.2 Hyperbolic Laplacian

Let us consider the d-dimensional Hyperbolic space H
d for d � 3 in the upper

half-space model. This means that H
d is realized as R

d
+ := R

d−1 × R+ with
the metric

ds2 = z−2(|dy|2 + dz2), y ∈ R
d−1, z ∈ R+.

The corresponding volume element is dvhyp = z−ddydz. Recall that the Hy-
perbolic Laplacian is given by

Δhyp = z2(Δy + ∂2
z )− (d− 2)z∂z,

where Δy stands for the Euclidean Laplacian on Rd−1. The bottom of −Δhyp

is the point β0(d) = (d−1)2

4 .
The following result, which can be called the RLC estimate for the Hyper-

bolic Laplacian, was obtained in [16].

Theorem 7.2. Let d � 3, and let 0 � V ∈ L
d
2 (Hd). Then

N−(β0(d);−Δhyp − αV ) � C(d)α
d
2

∫

Hd

V
d
2 dvhyp.

For the proof one considers the quadratic form of −Δhyp which is

Q[u] =
∫

Hd

(|∇hypu|2 − β0(d)|u|2)dvhyp =
∫

R
d
+

(|∇u|2 − β0(d)|u|2)z2−ddydz.
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The function ϕ(y, z) = z
d−1
2 satisfies the equation −Δhypϕ = β0(d)ϕ. The

standard substitution u = wϕ reduces Q[u] to the form

Q[u] =
∫

R
d
+

|∇w|2zdydz.

For this quadratic form the lower bound is already β = 0. Now, the global
Sobolev inequality, which allows to apply Theorem 3.1 and leads to the esti-
mate in Theorem 7.2, follows from [19, Corollary 2.1.6/3].

8 Operators on Manifolds: Beyond Theorem 3.4

A theory, allowing one to describe the potentials V on a general manifold,
which ensure the semiclassical behavior N−(βM;−ΔM−αV ) = O(α

d
2 ), does

not exist. The situation simplifies if one has a more detailed information about
the manifold than that given by the values of the exponents δ and D in the
inequalities (3.8), (3.9). We illustrate this by several examples. We start with
the simple case of a compact manifold.

Example 8.1. Let M be a compact and connected Riemannian manifold of
dimension d � 3. Then the spectrum of A = −ΔM is discrete. The number
λ0 = 0 is a simple eigenvalue of −ΔM, the corresponding eigenspace F is
formed by constant functions on M. So, we have β−ΔM = 0. The estimate
(7.2) for β = 0 certainly fails, which immediately follows from the analytic
perturbation theory. Indeed, it shows that for any nontrivial V � 0 and α > 0
the operator−ΔM−αV has at least one negative eigenvalue. On the contrary,
(7.2) with β = 0 would give N−(0;−ΔM − αV ) = 0 for α sufficiently small.

It is easy to show that, instead of (7.2), we have in this example

N−(0;−ΔM − αV ) � 1 + C(M)α
d
2

∫

M

V
d
2 dx. (8.1)

The estimate (8.1) has the same properties as the RLC estimate for R
d: it

gives the correct order in α →∞ and it involves the sharp class of potentials
for which this order is correct.

In general, for noncompact manifolds, one or both of these properties can
be lost and some additional reasoning must be used.

In the case d > D > 2, the estimate (3.10) implies (3.3) with 2p = d
for any compactly supported V , and, similarly to the case of a compact
manifold, this result is sharp. Next, if the support of V has infinite measure
and V ∈ L

d
2 ∩L

D
2 , neither of the terms in (3.10) majorizes the other one for a

fixed α, however as α→∞, the first term in (3.10) dominates. This indicates
that it is possible to relax the condition of finiteness of the expression in
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(3.10) and still have the semiclassical order in large coupling parameter. This
difference in the dimensions d and D may generate an additional channel
which can contribute to the behavior of N−(βM;−ΔM−αV ) in a nontrivial
way.

In the following example, M is a product manifold.

Example 8.2. Let M = M0×R
m, where M0 is a compact, connected smooth

manifold of dimension d−m. We suppose that d � 3. Denote by (x, y) points
on M , where x ∈ M0 and y ∈ R

m. Further, dx and dy stand for the volume
element on R

m and on M0 respectively, then the volume element on M is
dσ = dxdy. The heat kernel on M is the product of heat kernels on M0 and
R
m. Easy calculations show that δ = d and D = m. If m > 2, the estimate

(3.10) applies, as soon as V ∈ L
d
2 ∩L

m
2 . However, this condition on V is not

sharp since the first term in (3.10) majorizes the second one as α →∞. For
m � 2 we simply cannot apply (3.10). The reasoning below demonstrates a
typical way to handle such situations.

The Laplacian on M0 has the lowest eigenvalue λ0 = 0, simple, with
the corresponding eigenspace consisting of constants. Let λ1 be the first
nonzero eigenvalue on M0. Consider the orthogonal decomposition of the
space L2(M),

L2(M) = F⊕ L̃2(M), (8.2)

where F consists of functions depending only on y, i.e., u(x, y) = v(y), v ∈
L2(Rm). Given a function u ∈ L2(M), its orthogonal projection onto F is

v(y) =
1

vol M0

∫

M0

u(x, y)dx,

which implies that L̃2(M) consists of functions ũ(x, y) with zero integral over
M0 for almost all y ∈ R

m. The decomposition (8.2) is orthogonal also in the
metric of the Dirichlet integral,

∫

M

|∇u|2dxdy =
∫

M

|∇ũ|2dxdy +
∫

Rm

|∇v(y)|2dy.

Denote by H̃1(M) the space of those ũ ∈ L̃2(M) that belong to H1(M). On
H̃1(M), the metric generated by the Dirichlet integral is equivalent to the
standard metric in H1(M):

∫

M

|∇ũ|2dxdy � 1
2

( ∫

M

|∇ũ|2dxdy+λ1

∫

M

|ũ|2dxdy
)

∀ũ ∈ H̃1(M). (8.3)

We also have
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∫

M

V |u|2dx � 2
( ∫

M

V |ũ|2dx +
∫

Rm

W (y)|v(y)|2dy
)

, (8.4)

where the “effective potential” W (y) is given by

W (y) =
∫

M0

V (x, y)dy. (8.5)

The inequalities (8.3), (8.4), being combined with the variational principle,
show that

N−(0;ΔM − αV ) � N−(−λ1;ΔM − cαV ) + N−(0;−ΔRm − cαW ), (8.6)

where c > 0 is some constant depending only on the value of λ1, and the
second term corresponds to the Schrödinger operator on R

m with the poten-
tial −cαW (y). For the first term in (8.6) we can use the estimate (7.2). The
appearing of the second term in (8.6) can be interpreted as opening of a new
channel in the system under consideration. For estimating this term, we can
use Theorem 4.1, 6.2, or 5.2, depending on the dimension m. We would like
to emphasize that here we need just the estimates of order O(α

d
2 ). For the

Laplacian on R
m such estimates are non-semiclassical.

Moreover, suppose that V ∈ L
d
2 , but the effective potential W given by

(8.5) satisfies the conditions of one of these theorems with some q > d
2 . Then

it may happen that the second term in (8.6) is stronger than the first one. In
particular, if m � 3 and the potential W is like in (4.5), this second term, in
fact, gives the correct asymptotic behavior of the function N−(0,HαV ).

Recall that for the operators on the half-line Theorem 5.2 gives the nec-
essary and sufficient condition for the behavior N−(0; HαV ) = O(αq) with
a prescribed value of q > 1

2 ; this condition extends to the operators on the
whole line in an obvious way. So, for m = 1 the above construction gives
more than for m � 2. Namely, it leads to the following result.

Theorem 8.1. The two conditions: V ∈ L
d
2 (M) and

#{j ∈ Z : 2j
∫

2j�|y|�2j+1

W (y)dy} = O(λ− d
2 ), λ + λ−1 →∞

are necessary and sufficient for the semiclassical behavior of the function
N−(0;−ΔM−αV ), where M = M0×R is a d-dimensional cylinder, d � 3.

Note that the inclusion V ∈ L
d
2 (M) does not imply any restrictions on

the behavior of W . Actually, under some additional assumptions about W ,
the function N−(0; HαV ) may have regular asymptotic behavior of order α

d
2 ,

but with the asymptotic coefficient different from classical Weyl formula.
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This kind of results can be easily extended to manifolds with cylindric
ends.

In order to better understand the mechanism lying behind such two-term
estimates, let us consider the free Laplacian −ΔM in Example 8.2. The sep-
aration of variables shows that −ΔM is unitary equivalent to the orthogonal
sum of the operators −ΔRm + λk, k = 0, 1, . . ., where λk are the eigenvalues
of −ΔM0 ; recall that λ0 = 0. So, the structure of the spectrum of −ΔM on
[0, λ1) is determined by the m-dimensional Laplacian. This makes it clear,
why the behavior of the function N−(0;−ΔRm − αW ) in dimension m < d
may affect the behavior of N−(βM;−ΔM−αV ) for the Laplacian on a man-
ifold of dimension d. The result of Theorem 7.1 shows that this effect does
not appear for the function N−(β;−ΔM − αV ) with β < βM.

This can be considered as manifestation of the “threshold effect” in this
type of problems.

This effect exhibits in many other problems. One of them concerns the
behavior of N−(0;−Δ − αV ) on R

2, discussed in Sect. 6. Note that this is
the problem where the effect of appearance of an additional channel was
observed and explained for the first time (see [25] and [1]). It is worth noting
also, that in the latter problem the mechanism behind this effect is rather
latent. Indeed, unlike Example 8.2, here removing the “bad” subspace of
radial functions does not lead to the shift of the spectrum of the unperturbed
operator.

Another class of problems where the threshold effect has to be taken into
account, concerns various periodic operators, perturbed by a decaying poten-
tial. In this connection see [2, 5].

One meets similar effects when studying the behavior of N−(β;−ΔΩ−αV ),
where ΔΩ is the Dirichlet Laplacian in an unbounded domain Ω ⊂ R

d. For
the corresponding heat kernel the estimate (3.8) with δ = d always holds.
Again, it may happen that the bottom of −ΔΩ is a point β0 > 0. Suppose
that d � 3. Then for any β < β0 Theorem 7.1 applies. So, the problem
consists in finding the estimates and the asymptotics of N−(β0;−ΔΩ −αV ).
The general strategy here is the same as for manifolds, and examples like
Example 8.2 can be easily constructed.

9 Schrödinger Operator on a Lattice

The techniques based upon Theorems 3.1 and 3.2 applies also to the discrete
Laplacian. Below, we present some results for the simplest case where the
underlying measure space (Ω, σ) is Z

d with the standard counting measure,
so that σ(E) = #E for any subset E ⊂ Z

d. For the sake of definiteness, we
discuss only the case d � 3. The discrete Laplacian is
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(Adu)(x) =
∑

j

(u(x + 1j) + u(x− 1j)− 2u(x)), x ∈ Z
d,

where 1j is the multiindex with all zero entries except 1 in the position j.
This is a bounded operator, and its spectrum is absolutely continuous and
coincides with the segment [0, 2d]. The corresponding heat kernel can be
found explicitly, it is bounded as t → 0 and is O(t−

d
2 ) as t →∞, thus δ = 0

and D = d. The inequality (3.12) applies, and we obtain the discrete RLC
estimate

N−(0; Ad − αV ) � Cα
d
2

∫

Zd

V
d
2 dσ ∀α > 0; d � 3.

On the contrary to the continuous case, this estimate cannot be order-sharp
since the assumption V ∈ L

d
2 (Zd) immediately yields

N−(0; Ad − αV ) = o(α
d
2 ), α →∞.

Indeed, this is certainly true for any V with bounded support, since for such
V the number N−(0; Ad − αV ) is no greater than the number #{x ∈ Z

d :
V (x) �= 0}. The set of all such V is dense in L

d
2 (Zd). Therefore, the result

extends to all V ∈ L
d
2 .

We do not know even a single example of a potential V on Z
d such that

N−(0; Ad − αV ) = O(α
d
2 ), but �= o(α

d
2 ).

One more important difference with the continuous case is that for the
discrete operators the behavior N−(0; Ad − αV ) = O(αq) with 2q < d is
possible; in the continuous case, it never occurs in dimensions d � 3 and,
probably, also in d = 2. In the case d = 1, the order O(αq) with 2q < 1 is
possible if one allows potentials which are distributions supported by a subset
of zero Lebesgue measure.

For a given potential V � 0 on Z
d one cannot formally use (3.11) with

δ = 0 since the value δ = 0 lies outside the set admissible by Theorem 3.4.
However, by using the variational principle and (3.11) written for the poten-
tial V restricted to the set {x : αV (x) < 1}, it is not difficult to show that,
in this particular case, (3.11) holds for any α > 0 even with δ = 0. If we
introduce the distribution function of V

m(τ) = #{x ∈ Z
d : V (x) > τ}, τ > 0,

this line of reasoning leads to the inequality

N−(0; Ad − αV ) � C
(

m(2α−1) + α
d
2

∫

αV (x)<1

V
d
2 dσ
)

. (9.1)
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By estimating the integral in (9.1), we come to the following result which
has no continuous analogue.

Theorem 9.1. Suppose that d � 3. Then for any ν > 2

N−(0; Ad − αV ) � C(d, ν)α
d
ν sup
τ>0

(

τ
d
ν #{x ∈ Z

d : V (x) > τ}
)

. (9.2)

The class of discrete potentials V (x), for which the functional on the right-
hand side of (9.2) is finite, is nothing, but the cone of all positive elements

in the “weak” space �
d
ν
w(Zd). The assumption ν > 2 yields

�
d
ν
w(Zd) ⊂ L

d
2 (Zd),

so that the estimate (9.1) applies. The inequality (9.2) gives a better estimate
than (9.1), and it is possible to show that, unlike (9.1), it is order-sharp.

Theorem 9.1 applies to the potentials decaying no slower than |x|−ν ,
ν > 2, and gives the order O(α

d
ν ). For potentials decaying more slowly (but

still faster that |x|−2), so that the integral in (9.1) diverges, the following
result applies. It is the direct analogue of Theorem 4.1; its proof is also based
upon the interpolation theory.

Theorem 9.2. Let d � 3 and 2q > d. Suppose that the potential V (n) � 0
is such that

|V |qq := sup
τ>0

(

τq
∫

(|x|2+1)V (x)>τ

dσ

|x|2
)

< ∞.

Then the estimate (4.2) holds for the operator HαV = Ad − αV .

In connection with Theorems 9.1 and 9.2, we note that for any

beta > 0 the potential V (x) = (|x| + 1)−β belongs to the class �
d
β
w (Zd), and

the potential V that for large |x| behaves as

V (x) = |x|−2(log |x|)−1/q

meets the property |V |q < ∞. So, these theorems embrace the cases of esti-
mates of orders, respectively, smaller and larger than α

d
2 . It is unclear at the

moment whether a sharp estimate of the order α
d
2 is possible. This indicates

that the notion of “semiclassical” order is not applicable here.
The above results can be extended to combinatorial Schrödinger operators

on arbitrary infinite graphs, as soon at the heat kernel estimates (3.8), (3.9)
are known with δ = 0, D > 2.
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10 Some Unsolved Problems

In this concluding section, we list some problems in this field, which remain
unsolved up to present. In our opinion, their solution would be important for
the further progress in the field.

In the first place, this is the study of the Schrödinger operator on R
2. Here,

we mean an exhaustive description of potentials V ensuring the semiclassical
behavior N−(0; HαV ) = O(α). As was mentioned in Sect. 6, the situation
here is unclear, and many natural conjectures fail to be true.

The next class of problems concerns manifolds. In particular, we believe
that the class of d-dimensional manifolds, d � 3, for which the structure of the
potentials V , guaranteeing the semiclassical estimate N−(βM;−ΔM−αV ) =
O(α

d
2 ), can be exhaustively described, can be considerably widened compared

with Theorem 8.1.
Theorem 9.1 indicates that the problems for the continuous and the dis-

crete Schrödinger operators have rather different nature, and the expected
results for these two parallel classes of operators should essentially differ. It
would be useful to understand the discrete case up to a greater extent.

Finally, we mention the problems of the type discussed for the metric
graphs (quantum graphs in other terminology), in particular, for the met-
ric trees. The few existing results (see, for example, [8]) still do not give
the adequate understanding of the effects which appear when studying the
Schrödinger operator on graphs.
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Function Spaces on Cellular Domains

Hans Triebel

Abstract A Lipschitz domain in R
n is called cellular if it is the finite union

of diffeomorphic images of cubes. Bounded C∞ domains and cubes are pro-
totypes. The paper deals with spaces of type Bspq and F spq (including Sobolev
spaces and Besov spaces) on these domains. Special attention is paid to traces
on (maybe nonsmooth) boundaries and wavelet bases.

1 Introduction and Preliminaries

1.1 Introduction

Let Aspq(Rn) with A ∈ {B,F} and s ∈ R, 0 < p, q � ∞ (p < ∞ for the F -
spaces) be the nowadays well-known function spaces on the Euclidean n-space
R
n. Recall that

Hsp(R
n) = F sp,2(R

n), 1 < p < ∞, s ∈ R, (1.1)

are the (fractional) Sobolev spaces with the classical Sobolev spaces

W k
p (Rn) = Hkp (R

n), k ∈ N0, 1 < p < ∞, (1.2)

as special cases. Furthermore,

Bspq(R
n), s > 0, 1 < p < ∞, 1 � q � ∞, (1.3)
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are the classical Besov spaces. Elements of these spaces can be expanded by
(sufficiently) smooth orthonormal wavelet bases creating isomorphic maps
onto distinguished sequence spaces (unconditional bases if p < ∞, q < ∞).
Let Aspq(Ω) be the restriction of Aspq(R

n) to the domain (= open set) Ω in
R
n. The search for wavelet bases in these spaces is a rather tricky business.

It attracted some attention, especially for Lp(Ω) with 1 < p < ∞ and some
spaces of type (1.2), (1.3) with Ω in place of R

n. In the present paper, we
wish to contribute to this subject. We are especially interested in the interplay
between admitted domains Ω and the parameters s, p, q in Aspq(Ω). However,
this paper is not a survey. Just on the contrary. It might be considered as
the direct continuation of the survey [17] and the two books [15, 16]. There
we collected (with some care as we hope) relevant references. This will not
be repeated here. We rely mainly on [16]. On the other hand, we tried to
make this paper independently readable as far as definitions and assertions
are concerned and to present a reliable account about the topics indicated.
For this purpose, we take over a few results from [16], but new ones will be
proved. Our main new results are Theorems 4.1, 4.4 and Corollaries 4.3, 4.5
about wavelet bases and Proposition 3.1, Theorem 3.3 which deal with traces
and wavelet-friendly extension operators for function spaces in cubes which
is the crucial new instrument (and might be of self-contained interest).

1.2 Definitions

We use standard notation. Let N be the collection of all natural numbers, and
let N0 = N ∪ {0}. Let R

n be Euclidean n-space, where n ∈ N. Put R = R
1,

whereas C is the complex plane. Let S(Rn) be the usual Schwartz space, and
let S′(Rn) be the space of all tempered distributions on R

n. Furthermore,
Lp(Rn) with 0 < p � ∞ is the standard quasi-Banach space with respect to
the Lebesgue measure in R

n, quasinormed by

‖f |Lp(Rn)‖ =

⎛

⎝

∫

Rn

|f(x)|p dx

⎞

⎠

1/p

with the usual modification if p = ∞. As usual, Z is the collection of
all integers and Z

n, where n ∈ N, denotes the lattice of all points m =
(m1, . . . ,mn) ∈ R

n with mj ∈ Z. Let N
n
0 , where n ∈ N, be the set of all

multiindices,

α = (α1, . . . , αn) with αj ∈ N0 and |α| =
n∑

j=1

αj .

If x = (x1, . . . , xn) ∈ R
n and β = (β1, . . . , βn) ∈ N

n
0 , then we put
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xβ = xβ11 · · ·xβn
n (monomials).

If ϕ ∈ S(Rn), then

ϕ̂(ξ) = (Fϕ)(ξ) = (2π)−n/2
∫

Rn

e−ixξ ϕ(x) dx, ξ ∈ R
n, (1.4)

denotes the Fourier transform of ϕ. As usual, F−1ϕ and ϕ∨ stand for the
inverse Fourier transform, given by the right-hand side of (1.4) with i in
place of −i. Here xξ denotes the scalar product in R

n. Both F and F−1 are
extended to S′(Rn) in the standard way. Let ϕ0 ∈ S(Rn) with

ϕ0(x) = 1 if |x| � 1 and ϕ0(y) = 0 if |y| � 3/2,

and let

ϕk(x) = ϕ0

(

2−kx
)

− ϕ0

(

2−k+1x
)

, x ∈ R
n, k ∈ N.

Then
∞∑

j=0

ϕj(x) = 1 in R
n is a dyadic resolution of unity. The entire analytic

functions (ϕj f̂)∨(x) make sense pointwise.

Definition 1.1. Let ϕ = {ϕj}∞j=0 be the above dyadic resolution of unity.

(i) Let 0 < p � ∞, 0 < q � ∞, s ∈ R. Then Bspq(R
n) is the collection of all

f ∈ S′(Rn) such that

‖f |Bspq(Rn)‖ϕ =

⎛

⎝

∞∑

j=0

2jsq‖(ϕj f̂)∨ |Lp(Rn)‖q
⎞

⎠

1/q

< ∞ (1.5)

(with the usual modification if q = ∞).

(ii) Let 0 < p < ∞, 0 < q � ∞, s ∈ R. Then F spq(R
n) is the collection of all

f ∈ S′(Rn) such that

‖f |F spq(Rn)‖ϕ =

∥
∥
∥
∥
∥
∥
∥

⎛

⎝

∞∑

j=0

2jsq |(ϕj f̂)∨(·)|q
⎞

⎠

1/q

|Lp(Rn)

∥
∥
∥
∥
∥
∥
∥

<∞ (1.6)

(with the usual modification if q = ∞).

Remark 1.2. The theory of these spaces may be found in [11, 12, 15]. In
particular, these spaces are independent of admitted resolutions of unity ϕ
(equivalent quasinorms). This justifies our omission of the subscript ϕ in
(1.5), (1.6) in the sequel. As usual nowadays, we write
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Aspq(R
n) with A ∈ {B,F}

if the assertions considered apply both to Bspq(R
n) and F spq(R

n). Recall that
the Sobolev and Besov spaces mentioned in (1.1)–(1.3) are special cases. One
may consult [15, Sect. 1.2] for well-known classical norms in these distin-
guished spaces.

Open sets Ω in R
n are called domains. As usual, D(Ω) = C∞

0 (Ω) stands
for the collection of all complex-valued infinitely differentiable functions in R

n

with compact support in Ω. Let D′(Ω) be the dual space of all distributions
in Ω. Let g ∈ S′(Rn). Then we denote by g|Ω its restriction to Ω,

g|Ω ∈ D′(Ω) : (g|Ω)(ϕ) = g(ϕ) for ϕ ∈ D(Ω).

Definition 1.3. Let Ω be a domain in R
n, and let

0 < p � ∞, 0 < q � ∞, s ∈ R,

with p < ∞ for the F -spaces.

(i) Then

Aspq(Ω) =
{

f ∈ D′(Ω) : f = g|Ω for some g ∈ Aspq(R
n)
}

,

‖f |Aspq(Ω)‖ = inf ‖g |Aspq(Rn)‖, (1.7)

where the infimum is taken over all g ∈ Aspq(R
n) with g|Ω = f .

(ii) Let
◦
Aspq(Ω) be the completion of D(Ω) in Aspq(Ω).

(iii) Let
Ãspq(Ω) =

{

f ∈ Aspq(R
n) : supp f ⊂ Ω

}

.

Then
Ãspq(Ω) =

{

f ∈ D′(Ω) : f = g|Ω for some g ∈ Ãspq(Ω)
}

,

‖f |Ãspq(Ω)‖ = inf ‖g |Aspq(Rn)‖,

where the infimum is taken over all g ∈ Ãspq(Ω) with g|Ω = f .

Remark 1.4. Part (i) is the usual definition of Aspq(Ω) by restriction. The
spaces Ãspq(Ω) are closed subspaces of Aspq(R

n). By the usual abuse of nota-
tion, they can be identified with Ãspq(Ω) if

{

h ∈ Aspq(R
n) : supp h ⊂ ∂Ω

}

= {0},

where ∂Ω is the boundary of Ω. In general, this is not the case. But we return
to this point later on.
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1.3 Wavelet systems and sequence spaces

We introduced in [16, Sect. 5.1.5] sequence spaces and wavelet systems. We
need now the following modifications.

Definition 1.5. Let Ω be a bounded domain in R
n, and let

Z
Ω =

{

xjl ∈ Ω : j ∈ N0; l = 1, . . . , Nj
}

, (1.8)

typically with Nj ∼ 2jn, such that for some c1 > 0,

|xjl − xjl′ | � c1 2−j , j ∈ N0, l �= l′. (1.9)

Let χjl be the characteristic function of the ball B(xjl , c22
−j) ⊂ R

n (centered
at xjl and of radius c22−j) for some c2 > 0. Let s ∈ R, 0 < p, q � ∞. Then
bspq(ZΩ) is the collection of all sequences

λ =
{

λjl ∈ C : j ∈ N0; l = 1, . . . , Nj
}

(1.10)

such that

‖λ |bspq(ZΩ)‖ =

⎛

⎜
⎝

∞∑

j=0

2j(s−
n
p )q

⎛

⎝

Nj∑

l=1

|λjl |p
⎞

⎠

q/p
⎞

⎟
⎠

1/q

<∞

and fspq(Z
Ω) is the collection of all sequences (1.10) such that

‖λ |fspq(ZΩ)‖ =

∥
∥
∥
∥
∥
∥
∥

⎛

⎝

∞∑

j=0

Nj∑

l=1

2jsq|λjlχjl(·)|q
⎞

⎠

1/q

|Lp(Ω)

∥
∥
∥
∥
∥
∥
∥

< ∞ (1.11)

(obviously modified if p = ∞ and/or q = ∞).

Remark 1.6. Here Lp(Ω) with 0 < p � ∞ is the standard Lebesgue space
quasinormed by

‖f |Lp(Ω)‖ =

⎛

⎝

∫

Ω

|f(x)|p dx

⎞

⎠

1/p

(obviously modified if p = ∞). In what follows, we are interested in C∞ do-
mains, Lipschitz domains and cellular domains. Then one can replace χjl in
(1.11) by the characteristic function of B(xjl , c22

−j) ∩ Ω (equivalent quasi-
norms). This is well known and covered by [15, Sect. 1.5.3, pp. 18-19] and
the references given there.
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In [16], we dealt first with wavelet bases for function spaces Aspq(R
n) on

R
n, where we used the usual tensor products of the one-dimensional com-

pactly supported Daubechies wavelets related to the dyadic lattices 2−jZn.
The standard references are [2, 6, 18]. Switching from R

n to a domain Ω in R
n

the set Z
Ω in (1.8) is an adapted substitute of the lattices

{

2−jZn; j ∈ N0

}

.
Similarly one has to modify the original R

n-wavelets which results in the fol-
lowing more qualitative version. This was done in [16] in several steps. We rely
here on the final outcome. Let Ω be an arbitrary (not necessarily bounded)
domain in R

n and u ∈ N0. Then Cu(Ω) is the collection of all complex-valued
functions f having classical derivatives up to order u inclusively in Ω such
that any function Dαf with |α| � u can be extended continuously to Ω and

‖f |Cu(Ω)‖ =
∑

|α|�u
sup
x∈Ω

|f(x)| < ∞. (1.12)

Let

C∞(Ω) =
∞⋂

u=0

Cu(Ω). (1.13)

We are mainly interested in bounded domains Ω, where (1.12) follows from
what had been said before. But the above version will be of some use for us
later on.

Definition 1.7. Let Ω be a bounded domain in R
n, and let Z

Ω be as in
(1.8), (1.9). Let u ∈ N.

(i) Then
Φ =

{

Φjl : j ∈ N0; l = 1, . . . , Nj
}

⊂ Cu(Ω)

is called a u-wavelet system in Ω if for some c3 > 0 and c4 > 0

supp Φjl ⊂ B
(

xjl , c32
−j
)

∩Ω, j ∈ N0; l = 1, . . . , Nj ,

and
|DαΦjl (x)| � c4 2j

n
2 +j|α|, j ∈ N0; l = 1, . . . , Nj, (1.14)

for all α ∈ N
n
0 with 0 � |α| � u.

(ii) The above u-wavelet system Φ is called an interior u-wavelet system in
Ω if, in addition, all wavelets Φjl have compact support in Ω.

Remark 1.8. As said, the wavelets Φjl originate from L2-normalized wavelets
in R

n of Daubechies type. This explains the normalizing factor 2j
n
2 in (1.14).
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1.4 Domains

This paper is a continuation of [16, Chapt. 5], where we dealt mainly with
wavelet frames and wavelet bases in function spaces of positive smoothness in
smooth domains. First we fix the types of domains considered. For 2 � n ∈ N

R
n−1  x �→ h(x′) ∈ R (1.15)

is called a Lipschitz function (on R
n−1) if there is a number c > 0 such that

|h(x′)− h(y′)| � c |x′ − y′| for all x′ ∈ R
n−1, y′ ∈ R

n−1. (1.16)

Furthermore, h is called a bounded C∞ function if it is a C∞ function and all
the derivatives are bounded. Recall that a one-to-one map ψ from a bounded
domain Ω in R

n onto a bounded domain ω in R
n,

ψ : Ω  x �→ y = ψ(x) ∈ ω,

is called diffeomorphic if

ψl ∈ C∞(Ω) and (ψ−1)l ∈ C∞(ω), l = 1, . . . , n,

for the components of ψ and of its inverse ψ−1 (where C∞(Ω) and C∞(ω)
are given by (1.13)) and if the Jacobian

(
∂ψ
∂x

)

is positive in Ω. Let

Q = {x ∈ R
n : 0 < xl < 1}

be the unit cube in R
n. If Γ is a set in R

n, then Γ 0 is the largest open set in
R
n with Γ 0 ⊂ Γ (the interior of Γ ).

Definition 1.9. Let 2 � n ∈ N.

(i) A special Lipschitz domain (C∞ domain) in R
n is the collection of all

points x = (x′, xn) with x′ ∈ R
n−1 such that

h(x′) < xn <∞,

where h(x′) is a Lipschitz function according to (1.15), (1.16) (a bounded
C∞ function).

(ii) A bounded Lipschitz domain (C∞ domain) in R
n is a bounded domain

Ω in R
n, where the boundary Γ = ∂Ω can be covered by finitely many open

balls Bj in R
n with j = 1, . . . , J , centered at Γ such that

Bj ∩Ω = Bj ∩Ωj for j = 1, . . . , J,



362 H. Triebel

where Ωj are rotations of suitable special Lipschitz domains (C∞ domains)
in R

n.
(iii) A bounded cellular domain in R

n is a bounded Lipschitz domain Ω
which can be represented for some L ∈ N as

Ω =
( L⋃

l=1

Ωl

)◦
, Ωl ∩Ωl′ = ∅ if l �= l′,

such that for each Ωl there is a diffeomorphic map ψl of a neighborhood of
Ωl onto a neighborhood of Q with ψl(Ωl) = Q.

Remark 1.10. In [16, Chapt. 5], we dealt preferably with bounded C∞ do-
mains in R

n. But we introduced in [16, Definition 5.40] also cellular domains
and cellular manifolds. According to [16, Remark 5.41], one has the following
assertion.

Proposition 1.11. Let 2 � n ∈ N. A bounded C∞ domain in R
n is cellular.

Remark 1.12. For bounded Lipschitz domains one can speak about traces
of functions belonging to some function spaces in the context of trace spaces.
But it is not so clear how to extend the corresponding assertions to deriva-
tives. If a bounded Lipschitz domain is even cellular, then it makes sense
to ask for traces of derivatives of the corresponding functions at the smooth
faces and edges of the domain. This is just our point of view in this paper.
But first we collect a few more general assertions.

1.5 Some properties

A function m ∈ L∞(Rn) is said to be a pointwise multiplier in a space Aspq(R
n)

according to Definition 1.1 and Remark 1.2 if

f �→ mf generates a bounded map in Aspq(R
n).

A careful discussion how to understand pointwise multipliers may be found
in [8, Sect. 4.2]. We are only interested in characteristic functions χΩ of
domains Ω as pointwise multipliers. This distinguished case attracted a lot
of attention. One may consult [8], [15, Sect. 2.3] and the literature mentioned
there.

Proposition 1.13. Let Ω be a bounded cellular domain in R
n according to

Definition 1.9(iii), and let Aspq(R
n) and Aspq(Ω) be the spaces introduced in

Definitions 1.1 and 1.3(i).

(i) Then χΩ is a pointwise multiplier in Aspq(R
n) if and only if
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0 < p � ∞, 0 < q � ∞, max
(

n

(
1
p
− 1
)

,
1
p
− 1
)

< s <
1
p

(1.17)

(p < ∞ for the F -spaces).

(ii) Let σ ∈ R, k ∈ N, and s = σ + k. Then

Aspq(Ω) =
{

f ∈ Aσpq(Ω) : Dαf ∈ Aσpq(Ω), |α| � k
}

and
‖f |Aspq(Ω)‖ ∼

∑

|α|�k
‖Dαf |Aσpq(Ω)‖

(equivalent quasinorms).

Remark 1.14. Part (i) is well known for half-spaces and, hence, also for
cubes. A proof and historical comments may be found in [8, Sect. 4.6, pp.
208, 258]. This carries over to bounded cellular domains. Part (ii) may be
found in [16, Proposition 4.21] even for the more general class of bounded
Lipschitz domains.

Proposition 1.15. Let Ω be a bounded cellular domain in R
n according to

Definition 1.9(iii).

(i) Let p, q, s be as in (1.17) with p < ∞ for the F -spaces. Then

Aspq(Ω) = Ãspq(Ω) = Ãspq(Ω) (1.18)

for the corresponding spaces from Definition 1.3 and the interpretation given
in Remark 1.4.

(ii) Let

0 < p <∞, 0 < q < ∞, max
(

n

(
1
p
− 1
)

,
1
p
− 1
)

< s <
1
p
.

Then
Aspq(Ω) = Ãspq(Ω) =

◦
Aspq(Ω) (1.19)

for the corresponding spaces from Definition 1.3.

Proof. Step 1. According to Remark 1.4, the second equality in (1.18) is
justified if

{

g ∈ Aspq(R
n) : supp g ⊂ ∂Ω

}

= {0}. (1.20)

Recall that

Aspq(Ω) ↪→ L1(Ω) if s > σp = n

(
1
p
− 1
)

+

. (1.21)
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Since |∂Ω| = 0, one gets (1.20) for these cases. It remains to prove (1.20) for
the admitted spaces with s � 0. It is sufficient to deal with

Bspp(R
n), 1 < p <∞,

1
p
− 1 < s < 0.

We use the duality [11, Sect. 2.11.2]

Bspp(R
n)′ = B−s

p′p′(R
n),

1
p

+
1
p′

= 1, 0 < −s <
1
p′

.

Let ϕ ∈ S(Rn). Then from Proposition 1.13(i) it follows that both ϕχΩ and
ϕ(1 − χΩ) belong to B−s

p′p′(R
n). On the other hand, the translation

g(·) �→ gh(·) = g(·+ h) with h ∈ R
n

is continuous in B−s
p′p′(R

n). To justify this claim, we recall that D(Rn) is
dense in B−s

p′p′(R
n). If ψ ∈ D(Rn) approximates g ∈ B−s

p′p′(R
n), then ψh ap-

proximates gh (uniformly in h) and the claimed continuity of the translation
operator follows from

‖f − fh |B−s
p′p′(R

n)‖
� c‖f − ψ |B−s

p′p′(R
n)‖

+ c‖ψ − ψh |B−s
p′p′(R

n)‖+ c‖(f − ψ)h |B−s
p′p′(R

n)‖
� c′‖f − ψ |B−s

p′p′(R
n)‖ + c′‖ψ − ψh |B−s

p′p′(R
n)‖.

(1.22)

Then one gets that D(Rn \ ∂Ω) is dense in B−s
p′p′(R

n). Let now g ∈ Bspp(R
n)

with supp g ⊂ ∂Ω, and let ϕ ∈ S(Rn) be approximated in B−s
p′p′(R

n) by
ϕk ∈ D(Rn \ ∂Ω). Then one gets

g(ϕ) = lim
k→∞

g(ϕk) = 0 for any ϕ ∈ S(Rn).

Hence g = 0. This justifies the second equality in (1.18). The first equality in
(1.18) follows now from Proposition 1.13.

Step 2. If p < ∞ and q < ∞, then one gets from the standard localization
(multiplication with a smooth resolution of unity) and the continuity of the
translation operator as indicated above that D(Ω) is dense in Ãspq(Ω). This
proves (1.19). 
�

Remark 1.16. Assertions of type (1.18), (1.19) under the indicated condi-
tions for p, q, s have some history. As far as bounded C∞ domains are con-
cerned, one may consult [13, Sects. 5.3–5.6, pp. 44–50], where also the above
duality argument comes from. In the case of bounded Lipschitz domains, we
quoted what is known in [16, Proposition 5.19] referring to [15, Sect. 1.11.6]
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and (in greater detail) to [14, Proposition 3.1, Sect. 5.2]. But there is no full
generalizations of Proposition 1.15 to bounded Lipschitz domains. In par-
ticular, it seems to be unknown whether there is a full counterpart of the
pointwise multiplier assertions in Proposition 1.13(i) for bounded Lipschitz
domains. What is known so far can be found in [3, Corollary 13.6] and in
[14]. This may support even at this level (before discussing boundary val-
ues of derivatives) to specify bounded Lipschitz domains to bounded cellular
domains.

Proposition 1.17. Let Ω be a bounded cellular domain in R
n according to

Definition 1.9(iii). Let k ∈ N, and let

0 < p < ∞, 0 < q < ∞, max
(

n
(1
p
− 1
)

,
1
p
− 1
)

< σ <
1
p
.

Then
Ãspq(Ω) =

◦
Aspq(Ω) with s = σ + k (1.23)

(equivalent quasinorms) for the corresponding spaces according to Defini-
tion 1.3.

Proof. If f ∈ Ãspq(Ω), then from Proposition 1.13(ii) it follows that

Dαf ∈ Aσpq(Ω) = Ãσpq(Ω), |α| � k

(equivalent quasinorms). Now one gets (1.23) from (1.19) and the translation
argument in connection with (1.22). 
�

Remark 1.18. Assertions of this type for the Sobolev spaces and the classical
Besov spaces in (1.1)–(1.3) in bounded C∞ domains are known since a long
time and may be found in [10, Sect. 4.3.2]. The extension of these assertions
to more general spaces Aspq, especially with p < 1 is a somewhat tricky game.
One may consult [15, Sect. 1.11.6, pp. 66-67] and the references given there.

1.6 Frames

It is our main aim to study wavelet bases for function spaces Aspq(Ω) as
introduced in Definition 1.3 in bounded cellular domains. But, to provide
a better understanding, it seems to be reasonable to recall some assertions
about wavelet frames for spaces in bounded Lipschitz domains. We follow
closely [16, Sect. 5.4.1]. Let

σp = n
(1
p
− 1
)

+
and σpq = max(σp, σq), 0 < p, q � ∞, (1.24)
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where b+ = max(b, 0) for b ∈ R. Let aspq(Z
Ω) with a ∈ {b, f} be the sequence

spaces as introduced in Definition 1.5, and let
{

Φjl

}

be the u-wavelet systems
according to Definition 1.7(i). If {ai} and {bi} are positive numbers for an
index set I, then ai ∼ bi (equivalence) means that there are two positive
numbers c1 and c2 such that

c1ai � bi � c2ai for all i ∈ I.

Theorem 1.19. Let Ω be a bounded Lipschitz domain in R
n according to

Definition 1.9(ii). For any u ∈ N there is a u-wavelet system Φ =
{

Φjl

}

with
the following property. Let

0 < p <∞, 0 < q < ∞, s ∈ R,

and let

u > max(s, σp − s) B-spaces, u > max(s, σpq − s) F -spaces.

Then f ∈ D′(Ω) is an element of Aspq(Ω) if and only if it can be represented
as

f =
∞∑

j=0

Nj∑

l=1

λjl 2−jn/2 Φjl , λ ∈ aspq(Z
Ω), (1.25)

unconditional convergence being in Aspq(Ω). Furthermore,

‖f |Aspq(Ω)‖ ∼ inf ‖λ |aspq(ZΩ)‖,

where the infimum is taken over all admissible representations (1.25) (equiv-
alent norms). Any f ∈ Aspq(Ω) can be represented as

f =
∞∑

j=0

Nj∑

l=1

λjl (f) 2−jn/2 Φjl , (1.26)

where λjl (·) ∈ Aspq(Ω)′ are linear and continuous functionals in Aspq(Ω) and

‖f |Aspq(Ω)‖ ∼ ‖λ(f) |aspq(ZΩ)‖

(u-wavelet frame).

Remark 1.20. Details, references and further results may be found in [16,
Sect. 5.4.1]. In particular, the above assertions can be extended to p = ∞
and/or q = ∞ for the B-spaces and q = ∞ for the F -spaces.
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1.7 Bases

A set {bj}∞j=1 ⊂ B in a separable (infinite-dimensional) complex quasi-
Banach space B is called a basis if any b ∈ B can be uniquely represented
as

b =
∞∑

j=1

λj bj , λj ∈ C (convergence in B). (1.27)

A basis {bj}∞j=1 is called unconditional if for any rearrangement σ of N (one-
to-one map of N onto itself) {bσ(j)}∞j=1 is again a basis and

b =
∞∑

j=1

λσ(j) bσ(j) (convergence in B)

for any b ∈ B with (1.27). Since all wavelet bases in this paper are isomorphic
to standard bases in the sequence spaces aspq(Z

Ω), they are unconditional.

Proposition 1.21. Let Ω be an arbitrary bounded domain in R
n. For any

u ∈ N there are interior u-wavelet systems
{

Φjl

}

according to Definition
1.7(ii) which are orthonormal bases in L2(Ω) (orthonormal u-wavelet bases).

Remark 1.22. This is the main result of [16, Sect. 2.4.1]. It can be extended
to arbitrary (not necessarily bounded) domains Ω and to Lp(Ω) with 1 <
p < ∞ [16, Theorem 2.36]. For our purpose the following observation is of
interest.

Theorem 1.23. Let Ω be a bounded cellular domain in R
n according to

Definition 1.9(iii). Let for u ∈ N

Φ =
{

Φjl : j ∈ N0; l = 1, . . . , Nj
}

be an interior orthonormal u-wavelet basis in L2(Ω) according to Proposition
1.21 and Definition 1.7(ii). Let Aspq(Ω) and aspq(ZΩ) with a ∈ {b, f} be as
introduced in Definitions 1.3 and 1.5. Let 0 < p, q <∞, and let

−∞ < s < min
(1
p
,

n

n− 1

)

. (1.28)

Let u > u(Aspq), where u(Bspq) = u(s, p) and u(F spq) = u(s, p, q) are suffi-
ciently large natural numbers. Then f ∈ D′(Ω) is an element of Aspq(Ω) if
and only if it can be represented as

f =
∞∑

j=0

Nj∑

l=1

λjl 2−jn/2 Φjl , λ ∈ aspq(Z
Ω), (1.29)
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unconditional convergence being in Aspq(Ω). Furthermore, if f ∈ Aspq(Ω), then
the representation (1.29) is unique,

f =
∞∑

j=0

Nj∑

l=1

λjl (f) 2−jn/2 Φjl ,

where λjl (·) ∈ Aspq(Ω)′ are linear and continuous functionals on Aspq(Ω) and

f �→
{

λjl (f)
}

is an isomorphic map of Aspq(Ω) onto aspq(Z
Ω)

(interior u-wavelet basis).

Remark 1.24. This coincides essentially with [16, Theorem 5.4.3], where
one finds proofs, explanations and also some generalizations. We inserted
Theorems 1.19 and 1.23 to provide a better understanding of what follows in
the next sections. Since p <∞, q < ∞, one gets from the above theorem that
D(Ω) is dense in all spaces Aspq(Ω) with (1.28). In particular, these spaces
have no traces at ∂Ω. If s > 1/p, then the situation changes drastically. The
corresponding spaces have traces and representations of type (1.25), (1.26) in
terms of interior wavelet systems cannot be expected. The boundary ∂Ω must
be taken into account. One could try to start with frames from Theorem 1.19.
But there is no hope to convert these frames into wavelet bases as considered
in this paper. We follow here a method first developed in [16, Chapt. 5]
and applied there to very specific domains such as balls in R

n. Now we
deal with bounded cellular domains what causes some additional problems
in connection with traces and extensions, which might be of self-contained
interest and which will be considered first.

2 A Model Case

2.1 Traces and extensions

Let n ∈ N and l ∈ N with l < n. Let R
n = R

l × R
n−l with x = (y, z) ∈ R

n,

y = (y1, . . . , yl) ∈ R
l, z = (z1, . . . , zn−l) ∈ R

n−l, (2.1)

where R
l is identified with the hyperplane x = (y, 0) in R

n. Let Ql be the
unit cube

Ql = {x = (y, z) ∈ R
n : z = 0, 0 < ym < 1; m = 1, . . . , l} (2.2)

in this hyperplane. Let
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Qnl =
{

x = (y, z) ∈ R
n : y ∈ Ql, z ∈ R

n−l} (2.3)

be the related cylindrical domain in R
n. Let tr l be the trace operator

tr l : f(x) �→ f(y, 0), f ∈ Aspq(R
n), (2.4)

on R
l or Ql (if exists) defined in the usual way by completion of pointwise

traces of smooth functions with respect to spaces specified below. Let

N
n
l = {α = (α1, . . . , αn) ∈ N

n
0 : α1 = · · · = αl = 0} . (2.5)

Then

Dαf =
∂|α|f

∂z
αl+1
1 · · ·∂zαn

n−l
, α ∈ N

n
l , (2.6)

are the derivatives perpendicular to Ql. Let

σlp = l
(1
p
− 1
)

+
, 0 < p � ∞, l ∈ N,

be as in (1.24) indicating now l. Let Aspq(R
n) be the spaces as introduced

in Definition 1.1, and let Bσpq(Ql) be the spaces from Definition 1.3 in the
context of R

l.

Proposition 2.1. Let l ∈ N, n ∈ N with l < n, and r ∈ N0. Let 0 < p � ∞
(p < ∞ for the F -spaces), 0 < q � ∞, and

s > r +
n− l

p
+ σlp. (2.7)

Let
tr rl : f �→ {tr lDαf : α ∈ N

n
l , |α| � r} . (2.8)

Then
tr rl : Bspq(R

n) ↪→
∏

α∈N
n
l ,

|α|�r

B
s− n−l

p −|α|
pq (Ql) (2.9)

and
tr rl : F spq(R

n) ↪→
∏

α∈N
n
l ,

|α|�r

B
s− n−l

p −|α|
pp (Ql) (2.10)

(continuous embedding).

Remark 2.2. Assertions of this type have a long history. Although S.L. So-
bolev dealt in his famous book [9] with boundary value problems for elliptic
equations, he did not care for the exact traces of Sobolev spaces. This came
in the 1950s and 1960s and may be found in [7, 1]. A detailed account of the
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history of assertions of type (2.9), (2.10) was given in [10, Sect. 2.9.4] and
[11, Sect. 3.3.3] including the remarkable observation that the trace of the
F -space is independent of q. Nowadays, one can prove (2.9), (2.10) rather
quickly. One expands f ∈ Aspq(R

n) into atoms or wavelets and takes the re-
quired derivatives. Restrictions to R

l give again atomic expansions, where
(2.7) ensures that one does not need moment conditions for the resulting
atoms. It is also (more or less) known that (2.9), (2.10) are maps onto the
corresponding target spaces and that there are linear and bounded extension
operators. But for our purpose one needs rather specific wavelet-friendly ex-
tension operators. We dealt with related constructions in [16, Sect. 5.1.3] for
bounded C∞ domains in R

n. Then one has l = n − 1 in the above context.
But one can modify the technique developed there such that it fits first to
the above model case and finally to bounded cellular domains.

We describe the corresponding modifications of the constructions in [16,
Sect. 5.1.3] adapted to our later needs. First we apply [16, Theorem 3.13] to
the spaces

B̃σpq(Ql), 0 < p � ∞, 0 < q � ∞, σ > σlp,

according to Definition 1.3 (with l in place of n). Let
{

Φjm(y) : j ∈ N0;m = 1, . . . , Nj
}

⊂ Cu(Ql) (2.11)

with Nj ∼ 2jl be an interior orthonormal u-wavelet basis for L2(Ql) according
to Proposition 1.21 (with l in place of n) and Definition 1.7(ii). Let u > σ.
Then one has for g ∈ B̃σpq(Ql) the wavelet expansion

g =
∞∑

j=0

Nj∑

m=1

λjm(g) 2−jl/2 Φjm (2.12)

with
λjm(g) = 2jl/2

∫

Ql

g(y)Φjm(y) dy (2.13)

and the isomorphic map

g �→
{

λjm(g)
}

of B̃σpq(Ql) onto bσpq(Z
Ql).

In particular, if p < ∞ and q < ∞, then
{

Φjm(y)
}

in (2.11) is an interior
unconditional u-wavelet basis in B̃σpq(Ql). We incorporate temporarily p = ∞
and q = ∞. Then (2.12) converges in any space B̃σ−εpq (Ql) with ε > 0. We
refer for technical details to [16, Sect. 3.2.2]. Next we modify the construction
of the extension operators as used in the proof of [16, Theorem 5.14] adapted
to the right-hand sides of (2.9), (2.10). Let
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χ ∈ D(Rn−l), supp χ ⊂ {|z| � 2}, χ(z) = 1 if |z| � 1, (2.14)

with z ∈ R
n−l as in (2.1). One may assume that χ satisfies sufficiently many

moment conditions,
∫

Rn−l

χ(z) zβ dz = 0 if |β| � L. (2.15)

Let Φjm be the wavelets according to (2.11), and let

Φj,αm (x) = 2j|α| zα χ(2jz) 2(n−l)j/2 Φjm(y) (2.16)

with α ∈ N
n
l according to (2.5). Let r ∈ N0. Then

Ext r,ul {gα : α ∈ N
n
l , |α| � r} (x)

=
∑

|α|�r

∞∑

j=0

Nj∑

m=1

1
α!

λjm(gα) 2−j|α| 2−jn/2 Φj,αm (x)
(2.17)

is the counterpart of the wavelet-friendly extension operator used in the proof
of [16, Theorem 5.27], where {gα} ⊂ L1(Ql) and λjm(gα) as in (2.13) with
gα in place of g. Let Ãspq(Q

n
l ) be the spaces as introduced in Definition 1.3,

where Qnl is the cylindrical domain in (2.3).

Theorem 2.3. Let
{

Φjm
}

be the interior orthonormal u-wavelet basis in
L2(Ql) according to (2.11). Let χ be as in (2.14), (2.15) (with L ∈ N0 suffi-
ciently large in dependence on q for the F -spaces). Let r ∈ N0, and let Ext r,ul
be given by (2.17) with (2.13). Then

Ext r,ul : {gα : α ∈ N
n
l , |α| � r} �→ g

is an extension operator

Ext r,ul :
∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pq (Ql) ↪→ B̃spq(Q

n
l ),

0 < p � ∞, 0 < q � ∞, u > s > r +
n− l

p
+ σlp,

(2.18)

and

Ext r,ul :
∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pp (Ql) ↪→ F̃ spq(Q

n
l ),

0 < p <∞, 0 < q � ∞, u > s > r +
n− l

p
+ σlp,

(2.19)
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with

tr rl ◦ Ext r,ul = id identity in
∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pq (Ql). (2.20)

Proof. Since s > σlp and for p < 1

s >
n− l

p
+ σlp =

n

p
− l > σnp , (2.21)

from Definition 1.3 it follows that one can identify B̃σpq(Ql) in (2.18), (2.19)
with B̃σpq(Ql), considered as subspaces of Bσpq(Rl), and Ãspq(Qnl ) with Ãspq(Qnl )
as subspaces of Aspq(R

n). The case l = n−1 is essentially covered by Theorem
5.14 in [16] and its proof. There we dealt with a bounded C∞ domain Ω in
place of Qnl and its boundary ∂Ω in place of Qn−1. Since we replaced Bσpq(∂Ω)
now by B̃σpq(Qn−1), we avoided any difficulty which may be caused by the
boundary ∂Qn−1 of Qn−1. But otherwise, one can follow the arguments in
[16, Theorem 5.14] for all l ∈ N with l < n. In particular, the functions
Φj,αm in (2.16) are the adapted atoms. By (2.21), one does not need moment
conditions in case of the B-spaces. If ε � q < ∞ for some ε with 0 < ε < 1,
then one may choose L ∈ N with L � n

(
1
ε − 1

)

in (2.15) in the case of
F -spaces. 
�

Remark 2.4. It comes out that Ext r,ul is a common extension operator for
given r, u and 0 < ε � 1 with ε � q in (2.19) in place of 0 < q.

2.2 Approximation, density, decomposition

Let Ql and Qnl be as in (2.2), (2.3). By Definition 1.3, the completion of

D(Qnl ) in Aspq(Q
n
l ) is denoted by

◦
Aspq(Q

n
l ). Proposition 1.17 extended to Qnl

shows that
Ãspq(Q

n
l ) =

◦
Aspq(Q

n
l ) (2.22)

(equivalent quasinorms) if

1 � p <∞, 0 < q <∞, 0 < s− 1
p
�∈ N. (2.23)

If p < 1, then one has to exclude some (p, s)-regions in order to get (2.22).
This is a first hint that it might be reasonable to restrict the further con-
siderations to p � 1. But we add a second more substantial argument. For
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0 < p < ∞, 0 < q < ∞ and the largest admitted r ∈ N0 in (2.7) one may ask
under which circumstances

D (Qnl \Ql) is dense in
{

f ∈ Ãspq(Q
n
l ) : tr rl f = 0

}

. (2.24)

Of course, Qnl \ Ql is considered as a set in R
n. As for the classical cases,

we refer to [10, Sect. 2.9.4, p. 223] complemented by [11, Sect. 3.4.3, p. 210].
We begin with a preparation. We use the same notation as in (2.1)–(2.3) and
Proposition 2.1.

Proposition 2.5. Let l ∈ N, n ∈ N with l < n. Let r ∈ N0, and let

0 < p, q <∞, s > r +
n− l

p
+ σlp. (2.25)

Let u ∈ N with u > s. Then

{g ∈ Cu(Rn) : supp g ⊂ {y ∈ Ql} × {|z| < 1}, tr rl g = 0} (2.26)

is dense in {

f ∈ Ãspq(Q
n
l ) : tr rl f = 0

}

.

Proof. By the same decomposition and translation arguments as in connec-
tion with (1.22) now for h = (hl, 0) (parallel to R

l), it follows that it is
sufficient to approximate

f ∈ Aspq(R
n), supp f ⊂ Qnl , tr rl f = 0

(hence vanishing near ∂Qnl ). For given ε > 0 one can approximate f in
Aspq(Rn) by fε ∈ S(Rn) with

supp fε ⊂ Qnl and ‖ tr rl fε | tr rlA
s
pq(R

n)‖ � ε,

where tr rlA
s
pq(R

n) stands for the trace spaces according to (2.9), (2.10). Let

fε = Ext r,ul {tr rl fε}

with Ext r,ul as in (2.17) and Theorem 2.3. By the properties of Ext r,ul , one
gets

fε ∈ Cu(Rn), supp fε ⊂ Qnl , ‖fε |Aspq(Rn)‖ � c ε

for some c > 0 which is independent of ε. Then fε− fε is the desired approx-
imation. 
�

Remark 2.6. We return to the question (2.24). By Proposition 2.5, it is
sufficient to approximate the functions g from (2.26). Let

Sj =
{

x = (y, z) : y ∈ Ql, 2−j−1 � |z| � 2−j+1
}

, j ∈ N0,
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and let

1 =
∞∑

j=0

Nj∑

m=1

ϕjm(x), Nj ∼ 2jl, y ∈ Ql, 0 < |z| < 1,

be a resolution of unity by suitable C∞ functions ϕjm with

supp ϕjm ⊂ Bjm ⊂ Sj , j ∈ N0, 1 � m � Nj ,

where Bjm is a ball of radius 2−j. Let g be as in (2.26) (in particular, g
vanishes near the boundary ∂Ql). Then

g =
∞∑

j=0

Nj∑

m=1

λjm 2j(r+1) 2−j(s−
n
p ) ϕjm g (2.27)

is an atomic decomposition of g in Bspq(R
n) with p, q, s as in (2.25) (not to

speak about immaterial constants). No moment conditions are needed, but
we used tr rl g = 0 according to (2.8) for g ∈ Cu(Rn) and related Taylor
expansions in the z-directions, where the factor 2j(r+1) comes from. We have

λjm ∼ 2−j(r+1−s+ n
p ).

Let gJ with J ∈ N be given by (2.27) with j � J in place of j ∈ N0. Then it
follows that

‖gJ |Bspq(Rn)‖ � c
( ∞∑

j=J

(
Nj∑

m=1

|λjm|p
)q/p
)1/q

� c′
( ∞∑

j=J

2−jp(r+1−s+ n
p − l

p )q/p
)1/q

� c′′ 2−Jδ if δ = r + 1− s +
n− l

p
> 0.

(2.28)

Then g− gJ approximates g in Bspq(Rn). These functions vanish near Ql. An
additional mollification gives (2.24) for B̃spq(Q

n
l ). By elementary embedding,

one gets this assertion also for F̃ spq(Q
n
l ). The largest admitted r ∈ N0 in (2.25)

is given by

r = s− n− l

p
− σlp − ε for some ε with 0 < ε � 1.

If p � 1, then

δ = 1− ε > 0 if and only if s− n− l

p
�∈ N.
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If p < 1, then (2.28) requires

δ = 1− ε− σlp = 1− ε− l
(1
p
− 1
)

> 0. (2.29)

Although there are some p < 1 and 0 < ε < 1 with (2.29) the situation is not
very satisfactory. Together with (2.22) and (2.23), it is a second good reason
to restrict what follows to p � 1.

After these discussions we are now in a similar situation as in [16, Corollary
5.16, Theorem 5.21]. There we dealt with bounded C∞ domains Ω (instead
of Qnl ) and its boundary ∂Ω (instead of Ql). We describe briefly the (more
or less technical) changes. First we remark that one gets by Proposition 2.1
for the same parameters as there that

tr rl : B̃spq(Q
n
l ) ↪→

∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pq (Ql) (2.30)

and
tr rl : F̃ spq(Q

n
l ) ↪→

∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pp (Ql). (2.31)

Combining this assertion with Theorem 2.3, one gets for the same parameters
p, q, s (and r, u) as there that

P lr = Ext r,ul ◦ tr rl : Ãspq(Q
n
l ) ↪→ Ãspq(Q

n
l ).

By (2.20), from

(P lr)
2 = Ext r,ul ◦ tr rl ◦ Ext r,ul ◦ tr rl = P lr

it follows that P lr is a projection onto its range, denoted by P lrÃ
s
pq(Q

n
l ). Then

T lr = id −P lr is also a projection and

T lrÃ
s
pq(Q

n
l ) =

{

f ∈ Ãspq(Q
n
l ) : tr rl f = 0

}

. (2.32)

Furthermore, Ext r,ul is an isomorphic map of the right-hand sides of (2.30),
(2.31) onto P lrÃ

s
pq(Qnl ), hence

Ext r,ul
∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pq (Ql) = P lrB̃

s
pq(Q

n
l ) (2.33)
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and a similar assertion for the F -spaces. Now we clip together the above
considerations. Recall that Ql and related spaces refer to R

l, whereas Qnl
and Qnl \Ql and related spaces are considered in R

n.

Theorem 2.7. Let l ∈ N and n ∈ N with l < n. Let

1 � p < ∞, 0 < q < ∞, 0 < s− n− l

p
�∈ N, s− 1

p
�∈ N. (2.34)

Let Ql and Qnl be as in (2.2), (2.3). Then

Ãspq(Q
n
l ) =

◦
Aspq(Q

n
l ). (2.35)

Let r =
[

s − n−l
p

]

∈ N0 be the largest integer smaller than s − n−l
p . For

s < u ∈ N let Ext r,ul be the extension operator according to (2.17), (2.13),
and Theorem 2.3. Then

◦
Bspq(Q

n
l ) =

◦
Bspq(Q

n
l \Ql)× Ext r,ul

∏

α∈N
n
l ,

|α|�r

B̃
s− n−l

p −|α|
pq (Ql) (2.36)

and

◦
F spq(Q

n
l ) =

◦
F spq(Q

n
l \Ql)× Ext r,ul

∏

α∈N
n
l ,

|α|�r

B̃
s−n−l

p −|α|
pp (Ql) (2.37)

(complemented subspaces).

Proof. First we remark that (2.35) follows from (2.22), (2.23). By (2.32) and
(2.33), one can decompose Ãspq(Q

n
l ) into the second factors on the right-hand

sides of (2.36), (2.37) and the space on the right-hand side of (2.32). The
assumptions (2.34) ensure that one can apply the considerations in Remark
2.6 resulting in (2.24). This proves the theorem. 
�

3 Spaces on Cubes and Polyhedrons

Let

Q = {x ∈ R
n : x = (x1, . . . , xn), 0 < xm < 1; m = 1, . . . , n} (3.1)

be the unit cube in R
n, where 2 � n ∈ N. We wish to extend Theorem

2.7 from Qnl to Q. This is a technical matter which needs some care. It is
based on the crucial observation that the corresponding extension operators
of type (2.16), (2.17) from an l-dimensional face of Q of type Ql into Q do
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not interfere with the boundary data at all other faces (edges, vertices) of
Q. This can be extended without essential changes to bounded polyhedral
domains in R

n. But this will not be done here in detail. One may consider
Q as a prototype of a polyhedron in R

n. The boundary Γ = ∂Q of Q can be
represented as

Γ =
n−1⋃

l=0

Γl, Γl ∩ Γl′ = ∅ if l �= l′, (3.2)

where Γl collects all l-dimensional faces (edges, vertices). Then Γl consists of
finitely many l-dimensional cubes of type Ql as in (2.2) (open as a subset of
R
l). We wish to apply Theorem 2.7, where we have now faces of dimensions

l = 0, . . . , n− 1. This suggests the restriction

1 � p < ∞, 0 < q < ∞, s >
1
p
, s− k

p
�∈ N0 for k = 1, . . . , n.

The trace (2.4) is now given by the restriction

tr l : f(x) �→ f |Γl, f ∈ Aspq(R
n),

of f to Γl. If α ∈ N
n
0 and γ ∈ Γl, then Dαγ f denotes the obvious counterpart

of (2.6), where only derivatives referring to directions perpendicular in R
n to

Γl in γ are admitted. One replaces (2.8) by

tr rl : f �→
{

tr lDαγ f : |α| � r
}

, l = 0, . . . , n− 1, (3.3)

for traces on Γl. Let 1 � p < ∞, and let be either

0 < s− n

p
�∈ N or 0 < s− n− l0

p
<

1
p

for some l0 = 1, . . . , n− 1.

If s > n/p, then we put l0 = 0. Let

r =
(

rl0 , . . . , rn−1
)

with rl =
[

s− n− l

p

]

, l0 � l � n− 1. (3.4)

Then

tr rΓ : f �→
{

tr lDαγ f : γ ∈ Γl, |α| � rl; l0 � l � n− 1
}

(3.5)

is the appropriate modification of (2.8) for (maximal) traces on Γ .

Proposition 3.1. Let Q be the cube in (3.1) with the boundary Γ = ∂Q
according to (3.2). Let

1 � p < ∞, 0 < q < ∞, s >
1
p
, s− k

p
�∈ N0 for k = 1, . . . , n. (3.6)
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Let l0 = 0 if s > n/p and otherwise l0 = 1, . . . , n− 1 such that

0 < s− n− l0
p

<
1
p
.

Let tr rΓ be as in (3.4), (3.5). Then

tr rΓ : Bspq(R
n) ↪→

n−1∏

l=l0

∏

|α|�rl

B
s−n−l

p −|α|
pq (Γl) (3.7)

and

tr rΓ : F spq(R
n) ↪→

n−1∏

l=l0

∏

|α|�rl

B
s−n−l

p −|α|
pp (Γl). (3.8)

One can replace R
n on the left-hand sides of (3.7), (3.8) by Q.

Proof. This follows immediately from Proposition 2.1 and the above consid-
erations. 
�

Remark 3.2. One can extend the above assertion to q = ∞ in (3.6) and
also to p < 1 with appropriately adapted restrictions for s as in Proposition
2.1. But our main concern is the restriction of Theorem 2.7 to the above cube
Q. For this purpose one has to clip together the extension operators Ext r,ul
as used in Theorems 2.3 and 2.7 with a reference to (2.17). Recall that Γl
consists of l-dimensional (open as subsets of R

l) disjoint cubes of type Ql in
(2.2),

Γl = Γl \
⋃

k<l

Γk, l = 1, . . . , n− 1

(corner points if l = 0). In particular, D(Γl) is the disjoint union of sets of

type D(Ql). In the same way, one has to interpret
◦
Bσpq(Γl) and B̃σpq(Γl). With

p, q, s as in (3.6), one gets, by Proposition 1.17, that

◦
B
s−n−l

p −|α|
pq (Γl) = B̃

s−n−l
p −|α|

pq (Γl), l = 1, . . . , n− 1, |α| � rl.

Let Ext r,uΓl
be the obvious generalization of (2.17) from Ql to Γl, and let

Ext r,uΓ =
{

Ext r
l,u
Γl

: l0 � l � n− 1
}

(3.9)

with r and l0 as in (3.4). If s > n/p, then l = l0 = 0 is admitted. These
are the corner points of Q. Then one has to modify (2.16), (2.17) (one may
consult [16, Sect. 5.2.3], where we dealt with the one-dimensional case and
traces in points).
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Theorem 3.3. Let Q be the cube in (3.1) with the boundary Γ = ∂Q ac-
cording to (3.2). Let

1 � p < ∞, 0 < q < ∞, s >
1
p
, s− k

p
�∈ N0 for k = 1, . . . , n. (3.10)

Let s < u ∈ N. Let l0 and r be as in (3.4) and Proposition 3.1. Let Ext r,uΓ
be given by (3.9). Then

Ext r,uΓ :
{

glα : l0 � l � n− 1, |α| � rl
}

�→ g

is an extension operator for

Ext r,uΓ :
n−1∏

l=l0

∏

|α|�rl

B̃
s−n−l

p −|α|
pq (Γl) ↪→ Bspq(Q) (3.11)

and

Ext r,uΓ :
n−1∏

l=l0

∏

|α|�rl

B̃
s−n−l

p −|α|
pp (Γl) ↪→ F spq(Q). (3.12)

Let tr rΓ be the trace operator according to (3.5). Then

tr rΓ ◦ Ext r,uΓ = id identity in
n−1∏

l=l0

∏

|α|�rl

B̃
s− n−l

p −|α|
pq (Γl). (3.13)

Furthermore,

Bspq(Q) = B̃spq(Q)× Ext r,uΓ

n−1∏

l=l0

∏

|α|�rl

B̃
s−n−l

p −|α|
pq (Γl) (3.14)

and

F spq(Q) = F̃ spq(Q)× Ext r,uΓ

n−1∏

l=l0

∏

|α|�rl

B̃
s−n−l

p −|α|
pp (Γl) (3.15)

(complemented subspaces).

Proof. We use Theorem 2.7 and an induction by dimension l � l0. Let l0 � 1.
Then, by Proposition 1.15,

B
s−n−l0

p
pq (Γl0) = B̃

s−n−l0
p

pq (Γl0).

Now, by the above considerations with rl0 = 0, one gets that

Ext r
l0 ,u
Γl0

: B
s−n−l0

p
pq (Γl0) ↪→ Bspq(Q).
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If l0 = 0, then one has to modify according to [16, Sect. 5.2.3], where we dealt
with the one-dimensional case. This decomposes Bspq(Q) as in (2.32), (2.33),

Bspq(Q) =
{

f ∈ Bspq(Q) : trr
l0

Γl0
f = 0

}

× Ext r
l0 ,u
Γl0

B
s−n−l0

p
pq (Γl0) (3.16)

into complemented subspaces. Let l = l0 + 1. The trace space of the first

factor on the right-hand side of (3.16) is now B̃
s− n−l

p
pq (Γl). But this observa-

tion ensures that one can apply the splitting technique in connection with
Theorem 2.7. Then one gets the factor with l = l0 + 1 on the right-hand
side of (3.14). It remains a complemented subspace now with trr

l

Γl
f = 0 for

l = l0 and l = l0 + 1. We remark again that, according to the construction
(2.17), the extensions at different values of l do not interfere. Iteration ends
up finally with (3.14), (3.15), where one has to use the counterpart of (2.35)
or Proposition 1.17 with Ω = Q both for the B-spaces and F -spaces. This
proves also (3.11)-(3.13). 
�

Remark 3.4. Beyond the technical details the proof relies on the following
two remarkable facts:

1. With p, q, s as in (3.10), the boundary data of f ∈ Aspq(Q) on different faces
of Γl, but also for different Γl and Γl′ with l �= l′ are totally decoupled.

2. The wavelet-friendly extension operator for a face of Γl respects this ob-
servation and does not interfere with the boundary data of other faces of
Γl and with the boundary data of faces of Γl′ with l �= l′.

4 Wavelet Bases

4.1 Cubes and polyhedrons

Theorem 3.3 brings us in the same position as in [16, Chapt. 5], where we
asked for wavelet bases in spaces Aspq(Ω) in the case of bounded C∞ domains
Ω. Let aspq(ZΩ) with a ∈ {b, f} be the sequence spaces as introduced in Def-

inition 1.5, and let
{

Φjl

}

be the u-wavelet systems according to Definition
1.7(i). We recalled at the beginning of Sect. 1.7 what is meant by a (uncon-
ditional) basis. If a basis in Aspq(Ω) generates an isomorphic map onto the
standard basis of some sequence space aspq(Z

Ω), then it is unconditional. We
will not stress this point in what follows.

Theorem 4.1. Let Ω = Q be the cube (3.1) in R
n with n � 2. Let

1 � p < ∞, s >
1
p
, s− k

p
�∈ N0 for k = 1, . . . , n, (4.1)
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0 < q < ∞ for the B-spaces, 1 � q < ∞ for the F -spaces. Let u ∈ N with
s < u. Then there is a u-wavelet system

Φ =
{

Φjl : j ∈ N0; l = 1, . . . , Nj
}

⊂ Cu(Ω), Nj ∈ N

(where Nj ∼ 2jn) in Ω according to Definition 1.7(i) such that f ∈ D′(Ω)
belongs to Aspq(Ω) if and only if it can be represented as

f =
∞∑

j=0

Nj∑

l=1

λjl 2−jn/2 Φjl , λ ∈ aspq(Z
Ω), (4.2)

unconditional convergence being in Aspq(Ω).
The representation (4.2) is unique,

f =
∞∑

j=0

Nj∑

l=1

λjl (f) 2−jn/2 Φjl ,

where λjl (·) ∈ Aspq(Ω)′ are linear and continuous functionals on Aspq(Ω) and

f �→
{

λjl (f)
}

is an isomorphic map of Aspq(Ω) onto aspq(Z
Ω)

(u-wavelet basis).

Proof. By [16, Theorem 3.13], all the spaces on the right-hand sides of (3.14)
and (3.15) have interior u-wavelet bases according to Definition 1.7(ii) (where
the spaces on Γl are considered in R

l). This is the point where one has
to replace 0 < q < ∞ in the case of F -spaces by 1 � q < ∞. In [16,
Proposition 5.34, Theorem 5.27], we described in the case of bounded C∞

domains how wavelet bases for Ãspq(Ω) can be complemented by transferred
wavelet bases for trace spaces such that one gets wavelet bases for Aspq(Ω).
This applies also to the above situation now based on (3.14), (3.15), resulting
in the theorem. 
�

Remark 4.2. In [16, Chapt. 5], we used the above decomposition technique
to prove the existence of u-wavelet bases in planar C∞ domains (in R

2) and in
those bounded C∞ domains Ω in R

n with n � 3, where all connected bound-
ary components are diffeomorphic to the (n− 1)-dimensional sphere S

n−1.

Corollary 4.3. Theorem 4.1 remains valid for bounded polyhedrons Ω in R
n.

Proof. The proof of Theorem 3.3 is based on the extension operators (2.16),
(2.17), clipped together by (3.9). But one does not need that the respec-
tive faces intersecting each other are orthogonal. It is sufficient to know that
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they intersect with nonzero angles. Similarly, one can replace the perpendic-
ular derivatives Dαγ in (3.3) by oblique derivatives. This does not change the
arguments and one gets the above assertion. 
�

4.2 Cellular domains

What follows might be considered as the main result of the paper.

Theorem 4.4. Let n � 2. Theorem 4.1 remains valid for any bounded cel-
lular domain Ω in R

n according to Definition 1.9(iii).

Proof. Diffeomorphic maps of cubes onto the corresponding domains gener-
ate isomorphic maps both for the related spaces and also for wavelet bases.
The extension operators used in Theorem 3.3 extend boundary spaces (and
wavelets) from Γl to R

n, in particular to all adjacent cells. Hence the construc-
tions resulting in Theorem 3.3, but also the indicated constructions taken over
from [16] apply simultaneously to all cells (diffeomorphic images of cubes) re-
sulting in the above theorem. 
�

Corollary 4.5. Let n � 2. Theorem 4.1 remains valid for any bounded C∞

domain Ω in R
n according to Definition 1.9(ii).

Proof. This follows from Theorem 4.4 and Proposition 1.11. 
�

4.3 Comments

As described in Theorem 1.19, the spaces Aspq(Ω) in bounded Lipschitz do-
mains Ω have common wavelet frames. If D(Ω) is dense in Aspq(Ω), then it
makes sense to ask for interior wavelet systems according to Definition 1.7(ii)
which are frames or bases. We described related assertions in Theorem 1.23.
If D(Ω) is no longer dense in Aspq(Ω) (with q < ∞, p <∞), then one may ask
whether these spaces have not only wavelet frames, but even wavelet bases.
This was the subject of [16, Chapt. 5] complemented now by the assertions
in the above Sects. 4.1, 4.2. The question arises to which extent the diverse
restrictions in Theorems 4.1, 4.4 and Corollaries 4.3, 4.5 are natural. We add
a few comments.

Comment 4.6. Theorem 4.1 relies on the total decoupling of the boundary
data of Aspq(Q) on the faces Γl of Q as described in Theorem 3.3. This decou-
pling is no longer valid if one admits the exceptional values s− k

p ∈ N0. We
discussed this point in [16, Remark 5.50] with a reference to [4, 5]. It comes
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out that this disturbing effect even happens for the classical Sobolev spaces
W 1

2 (Q), where Q is a square in the plane R
2. Then s − n

p = 1 − 2
2 = 0 is

an exceptional value. In other words, our method cannot be extended to the
critical values s− 1

p ∈ N0 in (4.1).

Comment 4.7. In continuation of the discussion in the preceding comment
one may ask whether the exclusion of s − k

p ∈ N0 in (4.1) is an artifact of
our method which can be removed by other arguments. But it comes out
that at least s− 1

p �∈ N0 lies in the nature of the problem. The second main
point in Theorem 3.3 (besides the decoupling) is the total reduction of the
spaces Aspq(Q) to Ãspq(Q) and B̃σpq(Γl). This reduces the question for wavelet
bases in Aspq(Q) to wavelet bases in spaces of type Ãσpq(Ω). But for these
spaces one has a rather satisfactory theory, subject to [16, Chapt. 3]. We
relied especially in Theorem 2.7 on Proposition 1.17 which again excludes the
above exceptional values. We discussed in [16, Chapt. 6] in a larger context
what can be said about spaces Aspq(Ω) if s is an exceptional value. We quote
a few assertions which are related to the subject of this paper. Let Ω be a
bounded C∞ domain in R

n, and let

Aspq(Ω), 1 < p, q <∞, s− 1
p
∈ N0,

be exceptional spaces. Let
◦
Aspq(Ω) and Ãspq(Ω) be the corresponding spaces

according to Definition 1.3. Then D(Ω) is dense in Ãspq(Ω) and (by definition)

dense in
◦
Aspq(Ω). But, in contrast to Proposition 1.17, one has now in these

exceptional cases

◦
Aspq(Ω) �= Ãspq(Ω), 1 < p, q < ∞, s− 1

p
∈ N0. (4.3)

Even worse, whereas the spaces Ãspq(Ω) have interior wavelet bases, it comes
out that the spaces

◦
Aspq(Ω) in (4.3) do not have interior wavelet bases

according to Definition 1.7(ii). In other words, the situation is totally different
compared with the corresponding assertions based on Proposition 1.17 and
[16, Theorem 3.13].

Comment 4.8. By the above consideration, it is clear that s − 1
p �∈ N0 is

a natural restriction in the context of the above theory. But what about the
additional restrictions s− k

p �∈ N0 with k = 2, . . . , n in Theorems 4.1, 4.4 and
Corollaries 4.3, 4.5? The approach in [16, Chapt. 5] is restricted to special
domains such as balls and tori. This improves the situation as far as wavelet
bases on the boundary, for example spheres, are concerned. We describe a
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special, but remarkable example. Let

Hsp(Ω) = F sp,2(Ω), 1 < p < ∞, s ∈ R,

be the distinguished (fractional) Sobolev spaces briefly mentioned in (1.1),
(1.2) in the case of R

n. Let B
3 be the unit ball in R

3 and M
3 be the torus

of revolution in R
3. Then from [16, Theorems 5.35, 5.38, Remark 5.36] and

Corollary 4.5 it follows that one has wavelet bases in

Hsp(M
3) if 1 < p <∞, 0 < s− 1

p
�∈ N,

in
Hsp(B

3) if 1 < p < ∞, 0 < s− 1
p
�∈ N, s− 2

p
�∈ N0, (4.4)

and in

Hsp(Ω) if 1 < p < ∞, 0 < s− 1
p
�∈ N, s− 2

p
�∈ N0, s− 3

p
�∈ N0, (4.5)

for bounded C∞ domains Ω in R
3. But it is unlikely that the additional

exceptional values in (4.4) (or (4.5)) are naturally related to the different
topologies of ∂B

3 and ∂M
3. The situation is especially curious if p = 2. By

(4.4), it is unclear whether the very classical Sobolev spaces

W k
2 (B3), k ∈ N,

have wavelet bases.
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